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Chapter 1

Introduction

Number Theory: algebraic properties of integers.
Analytic: tools from complex analysis, inequalities, issues of convergence and rearrangements of
series.

Example 1.1. LetS—l—%—F%—i—!—%—%—F---.1—|—%+%+%+- —%—l—l—
1,,+,,,+,,i+1,L+ ,lflfif... l+l+i+i+.. flfifif
1 6,'5 077 BV A R T L A 1
y-its stwmomtutoo=l-g+s-a+5-gti—) =39

Theorem 1.2. Any conditionally but not absolutely convergent series of real numbers can be rear-
ranged to converge to any number we like.

Remark. Since Zp prime p =ooand > 07 | ——L— < oo, # primes > #{n(logn)? | n € N}. So
#{p<z} >z I(logw)2 = (bg PR since there are at least x primes from 1 to z(log x)?.

n=1n logn)

Definition 1.3. A system a; (mod my), as (mod ma), - -+, ar (mod my) with my; <mg < ---my,
and 0 < a; < m; is a covering system of convergence if for every n € Zx, there is a j so that
n = a; (mod m;). It is a disjoint covering system if every n € Zx( is covered by exactly one
congruence.

Remark. For any disjoint covering system of convergence, the two largest moduli must be equal.

Theorem 1.4. Let a; (mod ay),as (mod ms), -+ ,ax (mod myg) with my < mg < -+ < my be a
disjoint covering system, then mp_1 = my.

Proof. Consider

fi(w) = x% + %M 4 gt T2 4= Z 2" Vi=1,...,k.

n=a; (mod mj)

Since it is a disjoint covering system, % + % +- 4 1f;fnk = fi(x)+ folx)+- -+ fulz) =
L_(*). Now let w = €2™"/™ then w™ = 1. RHS is well-behaved at x = w, but LHS is not.

1—x
If mi_1 < my, we have exactly one term @ and all other terms would be finite. Hence for *)

0
holds, we must have my_1 = my. If mp_o < mi_1, then we must have w® -1 = —w* to cancel
last two infinite terms. So e2Tik—1/mr — _gy2miar/mk - Hence my, is even. In fact, if m; < mo <

- < mp_1 = my, then we must have m; =2, my =4, m3 =8, ---, mp_1 = my, = 2872 O
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Fact 1.5. Useful facts about C. Let 0 < j < n — 1 with n € Z>.
0 ifj#0
_ p2mij/n
(a) Let w=¢e , then Y77 Ow {n =0
1 rikx 2T ik O lfk7/:0
(b) If k € Z, [, e*™**dx = 5= [] ekdx:{l FhEo0

Question: what happens if k ¢ Z. Nice fact: a, = > ,_, sin(k). Exercise: ay is bounded.

Recall 1.6. Let f and g be non-zero functions of z. f(z) ~ g(z) as © — oo means precisely that

7“%9)(_5(36) — 0 as x — o0, it is equivalent to say fg 3 — 1lasx — oo, ie., % —0asx — oo.

f(z) = o(g(x)) means that Ez,) —0as z — oo.
f(z) = O(g(x)) means there exists ¢ > 0 and xq so that |f(z)| < cg(z) for z > .

Definition 1.7. Let 7(x) be the number of primes < z for x € N.

1
Li(z) = [ —
i(x) /2 logtdt’

Theorem 1.9 (Prime number theorem).

Definition 1.8.

where log is log, .

mw(x) ~ Li(z).

1-
Remark. Sometimes we see Li(z) = [ ]olgtdt limg o+ fo 1ogtdt + fl-‘rﬁ ]olgtdt
Theorem 1.10. "
7(z) ~ .
(z) log x

But Li(x) is a better approzimation to m(x) than 1

Proof. Let € > 0 be small. Then if x > t > z'7¢, then logz > logt > (1 —¢)logu, ie., @ <
1 1 1 1 z—2'"¢ 1 1

Togt < (1—€)logz " S0 fl € logfdt < 1—5110?;.% < 1—eloggcm and Ll fO logfdt > lozr This

means that Li(z) ~ 2. So prime number theorem implies 7(z) ~ 2. O

Lemma 1.11 (RH = Riemann Hypothesis (approximately)). For any € > 0,

7 () — Li(z)| = O(22+°).

Fact 1.12. More careful analysis shows that Li(z) = i + qoimz + O((logx)s). So if RH is true,

T T

’w(x) - ~ Toga)?"

log x
Question 1.13. If we average a nice number theoretic function, how does it behave?
Definition 1.14.

1 if n is prime
Ip(n) = { 0 if n is not prime



Fact 1.15.

Definition 1.16. Let
7(n) = # of divisor of n = Z 1.

d|n

Question 1.17. Pick z uniformly in {1,..., N}, what are E[7(X)] and Var(7(X)). Fix z > 0,
how many integer lattice points in a circle of radius z?

Theorem 1.18. There are infinitely many primes.

Proof. Method 1. We construct an infinite list py,po,...,p;, -+ of primes. First p; = 2 is prime.
Now given pi,pa,...,Dk, let pri1 be the least prime factor of pips---pr + 1, so po = 3, ps = 7,
ps = 43. Then p1,pa, ..., Pk, -+ is an infinite list of primes. Question: Which primes are in/not in
this list? Is 5 in the list? Heuristically speaking, how dense do we expect this list to be relative to
the list of all primes?

Method 2. Claim. There are infinitely many primes congruent to 3 (mod 4). If n = 4k + 3, then

at least one of its prime factors is congruent to 3 (mod 4). Hence if p; = 3,p2 = 7,...,pi is a list of
primes congruent to 3 (mod 4), then 4pyps - - - pp — 1 is congruent to 3 (mod 4) and is not divisible
by p1,pa,...,pr. Hence it has a prime factor py+1 = 3 (mod 4). So we construct py,...,pg, - an

infinite list.

Method 3(Euler). Lemma. Let H, = > ;_, +. Then H, ~ logn as n — oo. Let s > 1,
and consider ((s) = Y27, 7=. Then for all Re(s) > 1, ((s) converges and since H,, — oo, ((s)
diverges at s = 1, hence lim, ,+ ((s) = co. But if s > 1, ((s) = [[,(1 - p—ls)*l. So if there are only
finitely many primes, then the RHS would be bounded at 1, but lim,_,;+ {(s) — o0, a contradiction.
Question: Can we use the rate at which H,, approaches co to estimate 7(z)?

Method 4. Define F,, = 22" + 1, the n'" Fermat number, for n > 0. Claim. (Fermat) F), is
prime for all n. FALSE. ABOUT AS FALSE AS IS POSSIBLE. Probable fact: F,, is compositve if
n > 5767 Lemma. If m # n, then ged(F,,, F,) = 1, and
gn+1

Fop1—2=2"" —1=(22")2 1= +1)2¥ —1)=F,(F, —2) = F,F_1(F,_1 — 2)
=FFy - B3R Fy(Fy —2) = FFy - F1F

ie, Fop1 = FoFy---F, + 2. Since F,, is odd for all n > 0, ged(F,,, Fr,41) = 1. By induction,
ged(Fp, Fy) = 1 for m # n. Let p, = least prime factor of F,,. Then pg,p1,p2,...,Dn,-.., iS an
infinite list of primes.

What more can we say about prime factors of F,,? Let p | F,,, 22" = F, — 1 = —1 (mod p) and
22" = (22")2 = 1 (mod p). Since 2" | 2"+ the order of the residue class of 2 is 2. Also, since
(Z/pZ)*| =p—1,2"" | p—1. So p=2""1k + 1 for some k > 1. O

Corollary 1.19. If ¢1, g2, - - - is a list of all primes with ¢, < p,, for n € N, then ¢, < F,, for n € N.
So m(z) > log, log, .

Exercise 1.20. Proof Method 1-2 give a lower bound too. So does defining p,, = least prime factor
of (n!+1).
Many of the things we discuss will be “average theorem”. e.g., if we pick a random integer

n <,
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(a) What is the probability it is prime?
(b) What is the distribution of the value of a nice function of n?

Recall m(z) = 37, , 1,(n). 1,(n) is a complicated function but it is computable in time polynomial
in log(n). (Agrawal et al, AKS, 2002) But thanks to the Prime Number Theory, we know quite a
lot about the “smoothed” function 7(z). So long as we don’t ask for too preicise an estimate for
m(x), we can approximate it.

Since we know 7(x) ~ Li(z) or xz/log(x), can we use this fact to estimate other “smoothed
functions”? For example,

ZIL logn—ZIng, Z]l Z ZIL n:Zp.

ne p<zT n<x p<w n<r p<z

Roughly speaking (Heuristic), PNT says is that for a large number N,

1 1
P(z is prime) ~ <the average of {1,(n) |n <z} = — Z 1,(n) _> () RS
x x

~ logz
Note
B\ )| = Zﬂpw)f(n)] = 3 B, ) = 3 Fm) P prime) = 3 f()
P n<z n<a n<z 2 ogn

So Y ,<, f(p) should behave like Y, , . f(n)t. Similarly, >

logn

log p should behave like

p<T

logn __
2 o<n<a =2z — 1~ . So we expect []

oo = e”. More precisely, we expect

p<x
(a) for every ¢ > 1, Hpgxp = 0(e*),
(b) for every ¢ <1, e = O([[,«, p)-

Theorem 1.21 (Abel summation). Suppose {ai}r>1 and {by}r>1 are sequences (here ay, will be
weired but have a reasonable “smooth” estimate, and by, will be a nice smooth function of k). Suppose
we know A(z) =", , ar (to some precision): 3, arby = A(@)by + >y, 1 Ak) (b — brt1).

Here if we are lucky, by, — bi+1 behaves nicely, and is small enough that we can bound the sum
and control errors in our approzimation of A(k).

Proof.

D arbe = (A(k)— Ak —1)by = Y _ A(k)bg — > A(k—1)b

k<Lz k<Lz k<Lx k<z
=Y Alk)br — Y A(k)bppr = A(@)be + Y A(k) (b — bry). O
k<Lx k<z—1 k<z—1

Example 1.22. Let a; = 1,(k) for k € N. Then A(z) = 37} _, ax = 7(2) ~ ;5. Let by = logk
for k € N. Then by, — b1 = logk — log(k + 1) = log(+27) = —log(E) = —log(1 + £). If e < 1,



log(l4+¢€) =e— 5 +5 — ? + ---. This is an alternating series, so € — % <log(l+4+¢€) <e So
bk — bit1 = —% + 552 + O(35) = —¢ + O(s%) for k > 2. Hence

D logp=>_ 1,(k)logh = Z arbp = A(z)bs + > A(k)(bx — brr1)

pPT k<z k<z—1
r(@)log) + 3 wb) (1 +0())me- X o X o
: k k2)) "~ log k klogh |
k<z—1 k<Lz—1 k<z—1
Example 1.23. Estimate Y ,_, 1 . How to estimate this? Various techniques: We will see Euler-

Maclourin, a very general method for estimating Zkgn (k) when f is a nice smooth function in
terms of [ f(z)dx

What can we do with Abel summation? How big is n!? (Stirling approximation: n! ~
(2)"V2mn) We'll estimate

1 1
log(n!) = nlogn —n + ilogn+log\/27r+o(1) =nlogn —n+ ilogn+0(1).

Let ap, =1, b =logk for k> 1, A, =Y ;_, a = n and by — bx_1 :—log(l—i—%) fork=2,...,n
Then

n n—1 n—1
1
log(n!) :Zlogk > arby = Apbn + Y Ag(b — be—1) = nlogn — > klog(1 + )
k=1 k=1 k=1 k=1
n—1 1 n—1 oo ( )j 1
_nlogn—log2—kz2klog 1+k)—nlogn—log2—kz2jzlk I

n— 1 - n—1 oo _
:nlogn—log2—z Z— ZZ Ly
k= 2 k=2 2k* k=2 j=3

1 1 n— o0
=nlogn —log2 — (n—2) < %7 n>;23 ]k‘J

k=1

1 301 X (—1yt
_nlogn—n+§logn—log2—|—2+ =Y - kZZJZSk7+O(1)

1
=nlogn—n+ ilogn—l—C’—l—o(l),

where v = lim,, oo (—logn + Y_;_; +) = 0.577 is the Euler-Mascheroni costant and

n—1 oo

C= log2—|— + ’y ZZk = log V27
k=2 j=3
Hence n! ~ (2)"/nC (*).
Aside: to show C' = /27 use 22" = Zk__n (n+k) Use *x to estimate (n) Now approximate

()

) for k = o(n). After easy but somewhat tedious calculation, we see C' = /2.
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Euler-Maclourin summation give not just the same result but a different formula for log C. plus

an explicit asymptotic formula for subsequenct terms in %, #

Exercise 1.24. (a) If |z| < 1, give explicit bounds in

(1) |=log(l —z) — x| < cz?
i. for z € (0,3);
ii. for z € (—3,0).

Plot to compare reality.

(2) flog(lfx)fsz—;’<cx3
i. for z € (0,3);
ii. for z € (—3,0).
2 3
® [ ma-g -2

i. for z € (0, 3);
ii. for z € (—3,

(b) Consider Y ;_, @. Take ar, =1, b, = @~

(1) Given careful estimates for by — b_1.

1

(2) Use abel summation to estimate ZZ:Q Togk"

(¢) Can you improve this? Compare to doing integrating by parts twice. You may wish to consider

something like Y (k — 1)(@ — m)

Side note. f; @dt ~ ;UZ,?;O W as an asymptotic series, meaning that for any m, as

T 1 m k!
f2 logtdt - ka:O (log x)k+1

m to use to approximate Li(x), i.e., to minimize

= O((fg(gz;ﬂz) In particular, for any z, there is a “best”

T ] m k!
f2 logtdt - kaZO (log z)k+1 "

T — 00,

(d) (1) For z = 10%,10%,10%,10%,10%,107,(...?), find m to minimize ‘Li(m) > ﬁ .
Once the sum exceeds Li(z), if we take one more term, we’'ve gone too far. So we know when
to stop. Question: how often is the best approximation when > < Li(z) and how often when
Li(z) <327

(2) How big is m as a function of # when | [ — Y| is minimized?

(3) How big is ﬁ in this region. How good is the approximation? (If logz is big, say 106,
then the first few terms of the sum start out very well, decrease very rapidly, then finally start
increasing and diverge to oo very rapidly. How does this relate to the optimal choice for m?). The

graph of Y} ﬁ is the following:

Replace k! by the I' to obtain a continuous of y: F(m) = fomﬂ %dy. Plot F'(m).



Chapter 2

Arithmetic, multiplicative and
completely multiplicative functions

Let N={1,2,3,---}.
Definition 2.1. Define the Mébius function p: N — {0,£1} by

0 if n is divisible by the square of a prime
utn) = § v the s b

(—=1)* k is the number of prime factors of n

Remark. The Mobius function is fundamental to the theory of multiplicative functions.

2.1 Mobius inversion

Theorem 2.2 (Mébius 1832). Assume F : [1,t] — C. For all x < t, define G(x) = >
then F(x) = ngm u(m)G(:%).

Theorem 2.3 (Dirichlet,1857). If arithmetic functions g and f satisfying g(n) = Zd‘n fld) =
S f(G) forn =1, then f(n) =32, m(d)g() forn > 1.

Proof. Let F(x) =0 whenever ¢ N and F'(n) = f(n) when n € N. Set g(n) = G(n). O

Remark. In effect, the original f(n) can be determined given g(n) by using the inversion formula.
The two sequences are said to be Mdbius transforms of each other.

Compare this to A, a, in Abel summation: If A, = Zkgn ag, then a, = A, — A,_1.

For nice ordered sets, we can define sums over interesting sets, and invert the definitions.

. 1 ifn=1
Theorem 2.4 (Dedekind). Forn €N, 37, u(d) = { 0 ifn>1"
Proof. Let f(1) = 1 and f(n) = 0 for n > 1. Then g(n) = > 4, f(3) = 1 for n € N. Then
F(1) = X (). O

Exercise 2.5. Prove Dedekind implies Mobius.

Example 2.6. Let n =6 and d = 1,2,3,6. Then u(1) + p(2) + p(3) + u(6) =1-1-141=0.

7
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2.2 Multiplicative and completely multiplicative functions

Example 2.7. ¢(n) is a multiplicative function.

Proof. By CRT,

Z)(mZNnZ) 2 Z/mZ x Z/nZ
ko (k, k)

bmy 'm + anm'n — (@,b),

where m, ! is the inverse of m modulo n and n,,! is the inverse of n modulo m. If ged(m,n) = 1,
then mZ NnZ = mnZ, given 0 < a < m and 0 < b < n, there is a unique 0 < k < mn so that
k = a (mod m) and k = b (mod n), so p(m)p(n) = p(mn). We actually have (Z/mnZ)* =
(Z/mZ)* x (Z/nZ)* since we have the units (R x S)* = R* x S§*. O

Remark. The RSA encryption algorithm relies on the difficulty of factoring n = pq, where p, q are
large distinct primes. If we know m = ¢(pq) as well as n = pg, m := p(pg) = (p—1)(¢ — 1) =
n—(p+q) +1,ie,p+ % =n —m+ 1, gives a quadratic in p, which can be easily solved. Hence
knowing p, ¢ if and only if knowing pq, (p — 1)(g — 1).

Definition 2.8. Let f, g be multiplicative functions. Define the Convolution of f,g by

f#g(n Zf g(5)= 3 fang(d).¥nen.

d1d2 n

Definition 2.9. Let fi,..., fr be multiplicative functions. Define the n-fold Convolution of
fla"'afn by
(fix-x fi)(n Z fi(di) -+ fi(dg),Vn € N.

d1 dk n
Remark. k-fold convolution must be associative.

Throught experiment, is there a correponding idea for F : [1,¢t] — C and G : [1,¢] — C, looking
at functions of real intervals? Does it give any thing intersesting?

Theorem 2.10. If f,g are multiplicative functions, then so is f % g. This gives us an algebra on
the set of multiplicative functions.

Proof. Let m,n € N such that gcd(m n) = 1. If d | mn, then d = dydy with d; | m and ds | n.
Note ged(dy,d2) =1 = gcd(d1 de ). Since f, g are multiplicative function,

= r(dg("g) = 2o X st () = 30 3 fan (7)o ()

dlmn di|m da|n di|m daln
= > fdng( )Zfdz o( ) = Falm)-fgln). =
di|m

Exercise 2.11. Prove or give a counterexmaple to each of the following.

(a) If f, g are completely multiplicative, then f x ¢ is multiplicative.
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(b) If f,g are multiplicative, then f % g is multiplicative.
(c) If f, g are completely multiplicative, then so if f  g.

(d) Ifone of f, g are completely multiplicative and the other is multiplicative, then fxg is completely
multiplicative.

Corollary 2.12. The set of multiplicative functions form a group under *. The identity is 1, where

1 ifn=1
1(”){ 0 ifn>1"

Question 2.13. What is the inverse of f under x? (Hint: Md&bius/Dedekind). So we get lots of
new functions.

Example 2.14. 7(n) = #divisors of n. =3, 1 =3, L(d)1(3) = 1 * 1(n).
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Chapter 3

Dirichlet Series

Definition 3.1. Given an arithmetic function a : N — C, we define the associated Dirichlet series

OOCL
=E - seC
nS
n=1

Remark. This is defined formally for a variable s, but if we want to evaluate it at a given s, we
need to worry about convergence.

Some Dirichlet series don’t converge for any s € C: for example Y 1

. |
which s € C, we use for fixed s, 7= — 00 as n — oo. However, suppose we have a series Y-

an
n=1 ns

and it converges at so € C. Then |"2| — 0 as n — oo. Write so = ¢ + 979 with 09,79 € R, then
n = An = n . |€7iT0 logn‘ = On
nS() nUoniTg noo neo :

e 1|n6 converges absolutely by Direct

Hence if s = o + it with o > 0, then it is easy to see > -
comparison series test.

Example 3.2. Particular Dirichlet series of immense importance: introduced by Euler for integer
s > 2 and considered for complex s by Riemann using the Rz’emann zeta-function ((s).
If s € C with Re(s) = 0 > 1, we define ((s) = > 77, -L. Observe thls is a valid definition for
s=o+it with o > 1, since Y 7, | == n% converges, i.e., > oo, nb converges absolutely.
It diverges to oo at s =1 since > ", % A flm Ldn =logm — oo as m — oo. Hence ((0) — oo
as o — 1T,

Next, let s = 1+ it with ¢ € R\ {0}. Let S, = Y, 2. For, {z,} C C, 377 | z, converges

if and only if for € > 0, there exists £ € C and N € N such that |S,, — ¢| < € for any n > N if and
only if there exists N € N such that ‘Zzzmﬂ a:n‘ = |Sp — S| < € for n > m > N. We’ll show
the series doesn’t converge. Note -1 = nllﬂf = Lemitlosn — Leos(tlogn) — L sm(t logn). Consider
just Re( 1+n) = %cos(tlogn) Let 2mr — T < tlogn < 27Tr+ T ie. Qtﬂ — 5 <logn < m + 17
ie., exp(ZL — Z) <n<exp(E- + ). Then cos(tlogn) > % and
() 1 2mr s 7r
v > 7o o () (e () o= ).

n=exp( 25— )

11
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where ng = exp(%r — ). So we get this partial sum is bounded below by a constant depending
only on t.
Hence >~ ﬁ fails to converge for all ¢t € R.

Theorem 3.3. Assume F(s) =" 0 nd G(s) = 322 9™ converge absolutely at s. Then

n=1 ns m=1 ms

F(s)G(s) =00, f*gié@) and it converges absolutely at s too.

WV

Proof. Since we’ll be concerned with absolute convergence, we can assume s is real and f(n), g(m)
0 for m,n € N. Since they converge absolutely, we can rearrange at will. So

ROCOED SIS SECLS S5 SRLLSLINS o) Rt !

m=1 r=1mn=r

=3 f(n>g(m>=27152f () Zf*g = (F«Q)(s). O

n|r
Corollary 3.4. Extend in a natural way, we get

(s)
if n = p* is a power of p

if n is not a power of p . Then
a1 =1 otherwise

.. .Fk(s).
apk
0

)
Theorem 3.5. Let p be fized. Forn € N, let f,(n) =

[e'e) (7 [e’e] P k oo A
Fyls) = Sata B = X0 B = i e and

= p(n = p(n =1 =1
ICENIOSEEED SNI S E O3 | FXGED SF | (S

p<zx p<zrn=1 n=1p<x n=1 p<zx p<$,pan

So

where f(n) = Hpan Ay, d.e., fis the multiplicative function defined by the sequences ayn, k =
0,1,2,--- and p=2,3,5,7,---

Example 3.6. Let a,r = 1 for any prime p and k € N. Then F,(s) = > ,7, p% =(1-2%)'and

f(n)y=1forn>1. So
5) :;; = Hp Fy(s) = Hp (1- E) :

Note in this example, Fj,(s) =1 + s + p% + -+ is absolutely convergent for Re(s) > 0, but {(s) is

only absolutely convergent for Re(s ) > 1.

Remark. Can you construct sequences a,r, k =0,1,2,--- and p = 2,3,5,7,--- so that each F}(s)
is absolutely convergent for Re(s) > 0, but

(a) F(s) diverges at s =2, s =3, s=n?
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(b) F(s) is never convergent.

The argument that a,, is fixed once x exceeds doesn’t fail: it is only convergence which fails. Hence
if we define f(n) = ][, apx, then if F'(s) converges absolutely, F(s) := [[, Fy(s).

1 if k=0
Note (1—5) ™)' =1—-=1— 5+ 5+ 5+ Setapn = —1 if k=1 . Then
0 ifk>1
- _ if n is divisible by the square of a prime
fn) = III apk = { (=1)7  j is the number of prime factors of n = nln).
pk||In
So prov1ded ( y converges,
1 ( 1 o f(n) _ < p(n)
R (PR 2 o
Observe the Dirichlet series of 1 is 1.
Theorem 3.7. 1+ pu =1, where 1(n) =1 forneN
Proof. Since 1 = C(s)c(ls) =y, Ly, “n?) =3 1*”(") , we have 1% = 1. O

Corollary 3.8. >, u(d) = 1(n).

Remark. ﬁ is absolutely convergent at Re(s) > 1 since Y - | (
> > | —my, which is absolutely convergent if Re(s) > 1.

n=1 pRe(s) "

o 1
- Zn square free pRe(s) <

Question 3.9. What happens when s = 17
Exercise 3.10. Show by counting that }_, , ¢(d) = n

Since n =3 g1, P(d) = g #(§) = 2Zapn Ld)e(G) = 1% ¢(n), we have

Euler observed the ((s) diverges as s — 17, so [](1 — p%)_l diverges as s — 17. So there are
infinitely many primes.
Euler asked: how does ) % behave?
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3.1 The (¢ function: elementary approach
Definition 3.11. For Re(s) > 1, {(s) is defined by

1
() =D —-
n=1 n®
Remark. There is a natural extension from ¢ : {2,3,4,---} - R, to (: {s € C| Re(s) > 0} — C.
Is there a natural way to extend ( to larger domain?
First observation: need to deal with the problem at s = 1 Let’s restrict ourself to real s > 1.
Then - is decreasing in (0,00). So fnJrl Ldor <L < [ Ldx for n € N. Hence

—1 z°
=1 < q
/—dx Z*** ZE<H/ —dz,
n=2 1

e, A5 <> L (s) appears to look like a singulrity

at s = 1.
n+1 1d8

n

Question 3.12.

errors and sum them too, giving error of the form o(1)? How does ¢(s) —

’7 Can you identify

A different approach: Define the Dirichlet i series, sometimes called the alternating ¢ function,
denoted 7(s), ¢*(s), A(s) or a(s) by
i n+1
n=1

By the alternating series test, for Re(s) > 0, n(s) is conditionally convergent.

Recall 3.13. If {a,},>1 such that 0 < @, — 0 as n — oo and any1 < ap for n € N, then

>0 (=1)"*a,, converges at least conditionally.

Proof. Note
a1 —ag+az—as+as—as+--- = (a1 —az) + (a2 —as) +--- + (agn—1 — agn) + -

Let Son, :=a1 —az+ a3z —as + -+ asp—1 — a2y and Sopqq 1= Son + a2n41 = S2n. Then So, 1 =

ay — (ag —az) — (aqg —az) — -+ — (a2 — azn41) < a1. So the sequence Sa, 54, S, -+ is a bounded
monotonic sequence, hence converges. Since a,, — 0 as n — 00, |Sa, — Sont1| = |aznt1| — 0 as
n — 00. So S1, 59,53, -+ converges. O
Note
s n+1 1—e 1
=log?2 = lim log(2 — €¢) = lim dx.
Z & e—0 g( ) e—0 Jy 1+x

3
—
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So for Re(s) > 0 with s # 1, we can define ((s) by
n(s)
) =51

Let’s consider for this extension of ¢ to (0,1) U (1,00), lims—1(s — 1){(s) = lims_1().

Proofs that there are infinitely many primes (usually) lead to lower bounds for 7(z). Recall
pn < 227 ie., log, logs P, < 1, i.e., m(x) > logy log, x. Similarly get bad estimates from Euclid’s
proof. We’ll get much more interesting estimator that Euler would have easily given.

Fact 3.14. For all € > 0,

(a) we have [ L diverges, [° convergeb L5 dx diverges, [5° dx converges,

1
wlogz z(log z)tte

dx diverges, fs dx converges, - - -;

f3 mlogmloglogz zlog:r(loglog:r)”rE

1 1 1 1
(b) > 5 diverges, ) —rr converges, » nlogn diverges, > n(log nyTFe converges, ) mTogniogTogn
i 1 e
diverges, > wTogn(loglogm)TFe Converges,

Theorem 3.15 (Euler). If s > 1, then [[,(1 — p—ls)_1 = S0 | L. If finitely many primes, LHS

n=1 ns

bounded as s — 1. Since RHS — oo as s — 11, LHS is a infinite product.

Theorem 3.16 (Euler). Let {a,},>1 be with 0 < a, <1 forn € N. Then [[r- (14 ax) converges
if and only if >y, ar converges if and only if [[,o,(1 — ai) converges to > 0 if and only if
T2, (1 —ag)~! converges. Hence if [1,(1- %)*1 diverges, then Zp% diverges.

Proof. Take logs and use careful approximations. O

Remark. Fix € > 0, supose p,, > nlogn(loglogn)!™ for n > ng, then 1 < for

1
Dn nlogn(loglogn)l+te

n > ng, S0 Yoo, ;T converges, a contradiction. Hence p, < nlogn(loglogn)!*™ infinitely often.

2
SR g . w : :
TTogz ~ ps > Toga(ioglog )T+ infinitely often. This

suggests that estimates for 7(z) might be around

Note p, =~ nlogn is equivalent to n(z) ~ x

logm
We now extend previous discussion to show that 1(s) converges conditionally for Re(s) > 0.

o] 1)+t oo . .
If s =1, n(s) = Zn=1¢ =Y — ) = Sy m, which is absolutely
convergent. Assume now s € R>?. Note

2k —1)s  (2k)s/) (2k(2k —1)) 2l<: —1)s
n=1 k=1 k=1 k=1
By the Binomial theorem for non-integer exponents,
—1
(1+$)a=1+ax+Mx2+--~+ <a>xm+... ,
2 m
where () = w Assume 0 < s < 1 now. Then (s —1),(s —2),---,(s —m + 1) are

all negative for m > 2 So ( ) > 0 when m > 2 is even and ( ) < 0 when m > 2 is odd. Hence
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. s _ s 1—(1— . s
e, 1—(1—5)% <. Son(s) =31, 2(k 1)5 <3 Sr@h—T=- Lhus, 7(s) is conditionally

convergent.

Remark. Since (1 — i)g =1—-g + (;) (2]1€)2 — (;) 7(211@3 + ey

o<(ioasy-1+2ct I b o1 Lo . <2
2k 2k 2(2k)2 3 (2k)3 (2k)2 ~ (2k)3 CO(2k)2(1 - o) (2k)%

M S S S 1— (1_7 S

L.e 3 — (2k)2 <1=(1-g)° <s5 Son(s) =33, T@k=1)7 Zz‘;(m — €x), where

0<€k<mfbrk>l.

Question 3.17. Can you make a similarly argument work for s € C with Re(s) > 07 Difficulties

might arise comparing > to =~ or to 17 ‘(;l)’ = ‘w <? Instead, more directly, write

s=o4it.c>0. 1 _ 1 cos(tlogn)—isin(tlogn) and so Re(n(s)) _ Zoo (_1)n+1 cos(tlogn)

nonit no n=1 ne

Im(n(s)) = Zzozl(fl)”sm(;]&. These are no longer alternating series because

(a) the signs only alternate,
(b) the absolute values of summand are no longer monotonic.

However, the series will decompose into a sum of alternating pairs, together with “glitch” terms
cos(tlogn)  cos(tlog(n+1))
ne B (n+1)°
and similarly for the sin terms and bound the contribution of the terms when cos(tlogn) switches

signs.

exponentially far apart. If we can bound the size of alternating pairs, e.g.,

Exercise 3.18. Go back to Calculus I/IT and find bounds for Cos(fllf gn) Cos(zicfl?j 1) by differ-

entiating CO“(;% Deduce that n(s) = Y07, (—1n):+1 converges conditionally for all s € C with
Re(s) > 0.

Question 3.19. ((s) => o7, -L for Re(s) > 1, {(s) = .—L=n(s) for Re(s) < 0 with s # 1. Both
definition agrees in {s € C | Re(s) > 1}, big question, how do we extend ¢ to the rest of C?




Chapter 4

Averages of Arithmetic Functions

Number theoretic functions typically bounce around a lot. We want to be able to describe this
smoothed-out behaviors. We’ll do this using the concept of “average order”. We’ll say that two

functions f and g have the same average order if anw fn) ~ anx g(n) as x — oo. Typically, g

will be a “nice function”, e.g., g(n) = n, g(n) = log%,n, gn) =n? ---.

n) ~ £, Sometimes we may wish for extra asymtotic terms
2 y

. s . _ z(z+l) _ 22 T z? T
on RHS. For exmple, if x is an integer, > ., n="5—"=%5+5. S0 >, ., n~ % +3.

f(n) has average order n if )

n<T

Remark. Typically a more accurate asymtotic estimate will imply extra smoothness properties of
f. Some functions for which we might try to find average orders: 7(n),o(n) and ¢(n).

Since 7 is multiplicative, 7(n) = [T, r(p*) = [Tk +1) = f(n). So ay. = T(p*) =k+1
and then the Dirichlet series

00 T(n) %) ap - 5 5 A
7; ns :l;IFp<S):HZ(pk)S_H(1+p+])2+2)3+"').

p k=1 D

Question 4.1. How big can 7(n) be? One approach: multiply by losts of distinct primes together.

Let ny = [[,<; p. Then 7(ng) = (18) + (]f) + (g) +o (Z) = 2%, This will be almost the best we
can do. Check logn; = Zpgk logp ~ k by assuming PNT and Abel summation. So ny is about e”
and T(le) — Qk — eklogQ ~ nlogQ — TLU‘GQ.

The average order is

> =3[ =3 G +ow =3 5+ 0w

n<x d<z d<z d<z

=z(ogz 4+ v+ O0(1)) + O(z) = zlogx + O(x),

since each divisor d gets counted | %] times and § —1 <[] <

g

Recall/Check . logn ~ zlogz —x + logz. So 7(n) has average order logn.

When d is large, the summand is small and the error in approximating | 4| by % is relatively
large. Furthermore, there are lots of large values of d < . When d is small, the summand is much
large, and the relative errors are small, and there are fewer values of d.

17
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Dirichlet observed that ), d<z 1 18 the number of integer points which lie beneath the hyperbola
uv = x. So

Yormy=2 > 1->1=2Y Y 1-|va _QZ*JFO

n<x md<z,m>d d?2<«x d</x m< g d<yz
= 2<xlogf+xw+0(f)> +O0(Vz) = 2zlog \/x + 2y + O(\/7)
= zlogz + 2vx + O(\/x).

k+1_q

Note o(p*) = 1+ p+p? 4+ +pb = o

Question 4.2 (Open). Does there exists odd n so that o(n) = 2n?
Example 4.3. Note

Sow-EFe- ¥ -3 Su- i (E])

n< n<x dln md<z m<z d<Z m<x
1 x x 1 IQ T
— 5 m<x(m — €m) (E + 1 — €7n) = 5 7;;(1712 + E(l — 2€m) — 67”(1 — 67”))
_15”22 o+ 520 > L) o) = 522 ¢@) > L) 1 o@oga) + o)
- 2 m<zx m2 2 m<zx m 2 m>x m2 s
2,.2

= 1m2C(2) +O0(z) + O(xlogx) = %ng(Q) + O(zlogz) ~ + O(zlogx).

2 12

A 2
Hence average order of o(n) is &-n.
Question 4.4. How large can o(n) be?

Example 4.5. Since n =3_,,, ¢(d), ¢(n) = >_,,, #(d) g by Mobius inversion. So

5ot = S E 0 5 o= 2w S e S35+

n<x n<z dln md<z d<z m< g d<z
1 x? x 1 p(d)
ZQZM(d)(dQ—l—O(d)) :5952 E + O(zlog x).
d<z d<z
Now > 2, “(g;i) is absolutely convergent and is @ = %. So the average order of p(n) is %n.

Interpretetion: Fix x large, Pick two integers uniformly in [1,z]. The probability that they are
coprime is about %

Remark (Upper bound on 7(z)). Tchebyshev(when? How long from proving these to Hadamard/de
la Valee-Poussin proving m(x) ~ Li(z)?) proved that there are constants A, B so that for all z > 2,

<7(z) < He also proved that if there is a contant C' so that LL) — 1, then C = 1.

log x

logw 1 g:v

Problem 4.6 (Open). Show there are infinitely many n so that (T:’) is coprime to 205; but only
finitely many n so that ( ") is coprime 1115.
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4.1 Estimate 7(x) using factorials and binomial coefficients

Definition 4.7. Let p be prime. The p-adic valuation or p-adic order is the function given v, :
Zso — NU {oo} defined by
vp(n) := {k: p¥ || n} =: ord,(n).

Theorem 4.8 (Legendre’s formula).

= 3]+ 3]+ 3] - ] 3]+

where k is such that p* < n < pFt+l,

Remark. Note v,(n!) < %+%+~~+%+~~: i1 p <n, () > {%J If p?> < n,

vp(n!) > 2. By definition, n! =[] ., pr(™) e, log(n!) = > p<n Vp(n!) logp.

Questlon 4.9. Can we use this identity to prove that there are infinitely primes? Let’s suppose
that there were only finitely many primes p1,...,pr < p. Then

log(n!) < Z logp Z nlogp = nklogp < nplogp.
p<n P psn

But we know log(n!) ~ nlogn—n+3logn+O(1). Solog(n!) > nplogp as soon as logn >> plogp.
Clealry, this naive bound is not going to be near the truth. Let’s try and be smarter.

Note log(n!) = >_ ,, vp(n!)logp. How big is the error in estimating vy (n!) by 507 or 7 and
can you improve the estimate?
p(n)10g8p + 3 a ey, log p.

If § <p < n,then y,(n!) =1, so log(n!) =3 p<z V.
If 3 <p< 3, thenyy(n!) =2, s0log(n!) =3 gg” »(1 )logp—|—zn<p<n 2logp—|—zn<p<nlogp
In fact, so long as p? > n, v,(n) = L%J and p* < n if and only if p < ([nﬂ’il)ﬂ = [nﬂ S0
fn2]-1 fn3]-1
log(n!) = Z n)logp + Z Z klogp = Z vp(n)logp + k Z log p.
p2<n k=1 05 <p<%H p2<n k=1 T <P %

Assuming PNT, what is contributed from k = 1: Z%<p<n logp < qu;gn logn = logn(m(n)—

7(5)). Since m(n) ~ g and 7(5) ~ %@,
ny, , N n 2log 5 —logn logn — 2log 2 n n
m(n) —m(5)“= - =n =n ~ ~ .
2 logn  2log 5 2log 5 logn 2log 5 logn 2logg  2logn

Assuming PNT,

p>n% k=1 5<p<E k= P E P HHT
1 1
n2 nz2
k(n n ) 1 1 1 1
= — E —— =~ nlogn2 = —nlogn
2\ T k1 2 1

Where are we making errors here? Can we bounded them?
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Exercise 4.10. Write e(n) = m(n) — -2, estimate )

~ Togn’

B <p< klogp assuming PNT, with error

bounds in terms of e(n).
Remark. Using n! to investigate the distribution of primes:

(a) get m(z) — o0;

logp.

(b) where is the greatest contribution to log(n!) =3 ., vp(n)logp~n}_ ., 5%

(1) primes are more frequent when they are small;

(2) t’%’f—ﬂ)askeoo.
So the biggest contribution is from the smallest primes. This suggests that this approach will have
difficulty being sensitive enough to behavior of large primes to estimate them. (Assuming PNT,
heuriestically since we want to check that this method won’t be sensitive enough to count large
primes). So splitting > v,(n)logp = Zpgn% vp(n)logn + Zp>n% vp(n)logp gives approxi-
mately equal contributions. So, to use this to estimate m(x), we’d have to control our first half very
well, which is hard, since v,(n) is not nicely behaved when p is small compared to p. The difficulty
is that v,(n) is too big, and bounces around too much.

2 2m

2m\2m
Let n = 2m. Consider (QNT) = 572:;1): ~ ((i))zm 212m T < AT for m > 1. Note every

prime between m + 1 and 2m divides (27;”) So Hm<p<2mp < 4™ Hence m™@m)=m(m) < gm je.

w(2m) —w(m) < log,, 4™ = Togfn‘l = ’llolggﬁz < pouy if > 2%0me number Qo we get (with some work)
2

m(n) < 102;”.

Remark. Note if we consider (*”"~"), we can get 7(n)—m(%) < ngt%’ m(5)-7m(%) < lmg%vj%’

--+. Some case then gives 7(n) < %(1 +e).

: : n 2n 3n
Exercise 4.11. A lower bound on m(z) is 535 + ot T Tostn T

We have # digits in n base p < log,n + 1, # number of carries < log, n.

Exercise 4.12. yp((g)) = {k: : pk H (g)} and

z/p<(:>) =1p(n) — 21/p(g) =# {times we carry computing g + % = n in base p} < log, n.

2

Remark. If p > n2, ie., p? > n, then v,(n) = L%J and v,(5) = L%J, so vp(n) — 2up(5) =
L%J —QL%J =0or 1.

Let ap(n) = vp(n) — 2v,(%). Then (g) = Hpgnpap(n). So

1 2
Zap(n) logp = log (Z) ~nlog2 — ilogn+log1/—.
5 ™

p<n 2
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Also, assuming PNT,

Z ap(n)logp < Z log, nlogp = Z 1ogn=10gn77(n%) %logn1
pén% pén% pén%

So this contribution is small enough that it is on the order of the conjected value in RH.
Question 4.13. When are v,(n) = 2v,(5) and vp(n) = 2v, (%) + 17

Exercise 4.14. Let n = 2m. Then for p > /m, p || (2m) when one of the following holds (i)
g>mor227m<p,g<p<n(ii)%"<p< , 1 <p< 73, (iii)%"<p<27m,%<p§g, (iv)
F<p<TF,g<p<ioSo

n
log (n> = ap(n)logp + Z Z log p.
2

1 n
2k<n?z2

[ )
I8

2% <PS3RtT

N

p<n
o=, So we can
ogx

estimate Z% <p< g log p using abelian summation and deduce Chebyshev’s result that ¢ must

be 1. However, trying to prove that ¢ must exist using this method eludes Chebyshev and many
others.

Hence the second term captures most of nlog2 and there exists ¢ so that 7(x) ~

Books to read: The Thread, Philip Davis, Mathematician’s apology, G.H.Hardy, Two cultures.
C.P. Snow.

4.2 Return to ¢

Bernoulli asked what the value of 3 -, 1 was. Euler showed }_>° | 5 = %2. (Why “showed” not
“proved”?)

If p(x) = [[;—,(x — a;) is a polynomial, then [z" !|p(z) = —a; — - -+ — a,. Note sinz has roots
at 0, £, £27,-- -, so let’s write sinz = [[;- (2 — 7k). This is a bad idea.

Better idea: write p(z) = ([J(1 — ai)) - p(0), where a;’s are roots of p(x). Since sin0 = 0 and

sinx

lim,_.o = 1, Euler wrote S22 = [Tizo(1 — %) - 1. This is a bad idea since 352 4 g —-L =

x xT
Yook £0 L is not absolutely convergent.

Better idea: merge the roots at +7k and write S22 = [T (1 — %) (Tt is not a rigorous

thing to do: but it turns out that for deep reasons in Complex Analysis that for sin z, this works.)
Then we have an identity

. ) z?
sinx :xkl:[l(l — 7r2k2)’

RHS converges to sinz at every x € R. FEuler assumed this, and deduced that [z°]sinz =

2 . J—
(22 [The, (1 — <) = — >0 # But [23]sin(z) = 3—,1 = —%. Hence 21?;1ﬁ = %. So

°]
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C2)=> 1tz = %2. [z5]sinz = . Similarly,

2 1 I 1 1 =
[“””4]1_[(1_5772):%7#1@77212:2(27r2k27r2z2 Z 2k2>

k=1 1

(5 ) - 40) - B -22).

k=

EX
<

8
/

—

I
ZIM 5
o~
o
—

I

But [2°]sine = &; = 135, we have ((4) = g—;.

Fact 4.15. There are no non-real zeros of sin z.

iz

Proof. Write 2sinz = e — e™%%, so if sinz = 0, * = ¢ %*. Set z = = + iy with 2,y € R, then
Y = 7Y g0 e7Y| = |eY], i.e., y = 0, hence z € R. O

Definition 4.16 (Euler’s formula for sin(nz)).

sin(rz) = 7wz ﬁ (1 . Z—Z), zeC.

k=1

Motivated by this, our goal now will be consider ¢ as a function of s € C and write

0 (R (o

r: nontrivial roots
Note 4.17. (a) So far () is opaque.

(b) The “trivial” zeros of {(s) are all known: all negative even integers. Note we don’t know how
to even define ((s) if Re(s) <0

Euler’s factorization of sin(rz) = —w [[;=___(k — x) didn’t work. No convergence! Likewise,
sin(mz) = 72 [[p0 4= o (1 — %) didn’t work either, because Z,:;O,k__oo £ diverges. However, if
we were to group together (1 — Z) and (1 + ¥), then the convergence issues vanished.

An alternative approach: % goes to zero too slowly. We want a function which has a root at
x = k, but when we expand it out in terms of ¥, the linear terms vanish. If we consider e® , this
has no roots, but

(1-5)et=(1-D) (142 L2 e )= T N
k B k ko 2k2 ' 6k3 B ko 2k2 k2 6k3  2k3
.’Iiz .’Ii3 .’Ii4 1‘2 .’173
=1- - ...=1- 0]
%2 33 8k oKz T (k3)

This factor has a root at £, but [[;2 1201 — £)ek =12 ps0. (1 % + O(i—i)), for small

x at least, will be convergent. So mx HZ;O,,C:_OO(I Z)et converges. Keep the terms (1 — %) and
x . . . z 2
e’ paired, we can write sinz = mz [~ (14 F)e % (1 — E)ek =7x Hk 1(1 = %) as before.
In our hoped-for expression for ((s), the terms H 14 5-)e~ 27 work even if now we don’t

have the symmetric part with n < —1. Provided Y — = 1s convergent the remaining product over

the non-trivial roots [J(1— £)e* works, simialrly. This will be something we’ll have to worry about.
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Note

log(¢(s)) = log() i(log ) + Z(log -2 ;)

Since log(¢(s)) = >_, —log(1 — ;15)7

(s . logp lo lo
o S s Ly

p P k>0 p k=0 p k21

We'll want to relate 7(z) to the behavior of this Dirichlet series.
Note if we take log f, where f is a complex function of z, we get bad behavior when f(z) =0

and f(z) =o0. If f(2) = (z —r)®, near z =r, ];((Z)) behaves like % = -%-. So if r is either
I'(2)

a pole or a root of some order, possibly even fractional, it converted to a simple pole of )

Our goal is to understand 7(z) = Zp <z 1. However, we’ll see that it is sometimes easier to work
with related functions: for example,

Maz)=>1=>"1+ Y 1+ > 1+ (@) +7(@?) + m(@s) +m(@d) +--- =Y w(ar).

k 1 1
pise PS® p<a2 p<as

Then good approximation for TT(x) can give approximations for 7(z) via

=
c:\»—-

n(@) =Y m(@)u(r) = w(x) - w(z?) — m(2%) - w(@F) + n(x

r>1

) —

Note that these apparently infinite series for TT in terms of 7, and 7 in terms of TT actually only

have at most log, « terms for any fixed x > 1. If r > log, , w7 < gTer = 2. We'll also want to
transform between estimate for Zpgw log p, Zpk@ log p, and estimate for TT(z), m(z).

Definition 4.18. Define the von Mangoldt function A : N — R by
| logp ifn= p" is a prime power
Aln) = { 0 otherwise

Exercise 4.19. Now let a,, = A(m) and b, = ]Ogm Write ¢(z) = 3 ve, logp =3, A(m).
Express TT(z) in terms of ¢(x) using summation by parts.

Theorem 4.20.

logn = Z A(d)

d|n

Then by Mébius inversion,

- Z wu(d)logd.

d|n

Proof. Tt follows from the fundamental theorem of arithmetic. O
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4.3 Gamma Function

Definition 4.21. Define the gamma function by

I'(s) :/ e """ 1dt, Re(s) > 0.
0
Remark. This integral converges because
a) [y lettsdt < [ |t5 |dt = [ tReE)Ldt < oo;

b) [ ettt converges for any t > 0, & < ef, so et < t—ﬂ!, now choose n, > Re(s), then
floo’ —ts— 1’dt > "5 A 1|dt = n,! [t~ “(n+1- Re(g))dt ns' < oo. The second point
actually shows that fl e~'t5~1dt converges for all s € C!

—Re(s)

Fact 4.22. T'(n + 1) = n! for n € Z>,.
Theorem 4.23 (Functional equation). I'(s 4+ 1) = sI'(s) for Re(s) > 0
Proof. Use integration by parts. O

We could also now define I'(s) for s € C~\ {0,—1,-2,—3,—4,---} via I(s) = [~ e "t dt if
Re(s) >.0' anfi I'(s) = @ = 1;((:1%)) == % for Re(s) > k!. This only breaks at
non-positive integers.

Instead, let’s consider fol e~ 't*71dt more carefully. Provided Re(s) > 0, we have

k 1 1
/O dt = /Z%ﬁs—lydt:/o et\ts—l\dt<e/0 Rl 1dt < oo.
=0

So by Fubini/Tonelli theorems,

_ S
tts 1dt / ts ldt ( / tk+s ldt _ )

— k=0 ' k=0

kttsl

Hence for Re(s) > 0,

T'(s) = i (-D* 1 + Ooefttsfldt
N k' k+s  J; '

k=0
This formula works for all s € C~{0,—1,—2,-3,---} and in fact, if we define I'(s) this way, then
L(s) = > pe 0 k, k+5 is analytic around s = —k.

Exercise 4.24. Show that with the new definition of T'(s) for all s #0,—1,—-2,-3,--- , T'(s+1) =
sI'(s). So the two extensions to C \ {0,—1,—2,---} agree.

Why are we interested in I'(s)? sin(s)? Our underlying goal is to studying = (z)? We will see
that m(x) can be expressed as a function over the roots of {(s).

Lemma 4.25 (RH). Riemann Hypothesis is: zeros of ¢ in 0 < Re(s) < 1 all lie on line s = 1 + it.



4.4. UNDERSTAND WHY T'(S)I'(1-5) = m 2

Remark. Implication for 7(z) is this: if RH is true, then |7 (z) — Li(z)| = O(z2 7). If all roots
have Re(s) < % + «, then for any € > 0, |v(z) — Li(z)| < O(zzto+e). If there is a root with
Re(s) = 3 + a, then |r(z) — Li(z)| will get as big as gata—e,

We’ve managed to define ¢ for Re(s) > 1 via {(s) = >_ L We've extended the definition to

n>1 ns

Re(s) > 0,s # 1vian(s) = 2, (_nl) = (1 —25"1¢(s).

Question 4.26. What should ¢(0) be? What is lim,_,o+ n(s)? If s = o +it, what is lim,_,g+ (o +
it)? Can we extend the definition of ((s) to Re(s) = 07

We'll see a better way to extend the definition of (.

Recall 4.27 (Analytic Continuation). Given a complex analytic function f on D C C, pick z9 € D,
then in B, (z9) C D, we have a convergent power series

L& ) (24
oy =3 (s - ),

— k!

Then f: Bg., (20) — C is an analytic continuation of f at zp, where the radius of convergence of
the power series is

R,, =sup{r > 0| 3F : B.(z) — C an analytic continuation of f at zy}.
Then we can extend the function f to DU{z € C | [z — 29| < R., }.

Example 4.28. Let f(z) = 142422423+ -+ = -1 if |2| < 1. Then f(2) is analytic in |2 < 1. But
1\k
at 29 = —3, say, the function f(z) for z near z is given by a power series f(z) = > 7o ax (Z—;?) ,

which has radius of convergence %

We’ll show
(a) T(s)I'(1 = s) = &G

sin(ws)’

(b) ((s) satisfies the functional equation: the reflection formula

s _s 1—s _1-s
r(i)g(s)ﬂ - r( . )g(1 s T, seC.
This gives ((s) for Re(s) < 4 in terms of ((s) for Re(s) > 3 defining ((s) for all of C except s = 1.
At s =0, T(0)¢(0)r—2 = F(%)C(l)ﬂ'% saying nothing about ¢(0), where IT'(0) and (1) are poles.

Question 4.29. Whatis 1-14+1—1+1—---? What is 1+14+1+1+---? What is 1+2+3+4+5+4---7
What is1—-24+3—-4+5—---7

4.4 Understand why ['(s)['(1 — s) = —F

sin(7s)

First, note since I'(s) has pole at 0,—1,—2,---, I'(1 — s) has pole at 1,2,3,---. Note sin(7s) has
s

zeros at £k, —7— has poles at £k.

? sin(7s)
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Second: At s = 1, —T—~ = 7. Note I'(3 fo et 2dt, substituting ¢ = w2, then dt =

sin(%)
2udu = 2vtdu, i.e., t—2dt = 2du, so I'(% *2[0 “du:ffoooe”fdu:ﬁ. So at s = 1, the
formula is correct.
Hence the formula seems reasonable at least.

Outline to prove Euler’s formula sin(rz) = ma [ [0, (1— 2) Define I, (z) fog cos(xt) cos™ (t)dt
for n > 0. Then Iy(z) = Lsin(%%) with Io(0) = . So by integrating by parts, we have n(n —
n(n—1) I, T n2—z2 I,(x) - In_o(x I, (x

DI, -a(z) = (n% = 22) I, (z). Then Mr=P fo=2t) = woef Inld) o fo=2ld — (1 23) 220 Hence
by induction,

(z) - 22\ o ()

> 1.
0 kl:[l( )IQ,L(O)’ "

Sincel — cos(xt) < if, check

™ ™

z bl 2t2 2n t 2,2
|75,(0) — I (2)| = / (1 — cos(xt)) cos®™ (t)dt < / %S()dt < %%/ cos®™(t)dt — 0,
0 0 0

which 1mphe5 Egg — 1 as n — oo. Moreover, since [[7 (1 — %) converges for each x € C, we

in(7m I usis
have%():;;(gg—nkl (%))foerR Le., sin(%r) = ZE[[2 1(— ))forxeR

Thus, sin(rz) = mz [[,, (1 _172) for z € R.

Remark. For z € C, need some work with the integer to prove it directly, or muttes something
about analytic continuation which agree on a disk).

Suppose we know f is an analytic function in |z| < 14 € with € > 0 and we know f on the circle
|z| = 1. Then Cauchy’s integral formula gives

o b f(z) ds.
f(z0) /I —

210 Jiz=1 2 — %0

So knowledge of f at |z| = 1 gives f for |z| < 1, provided that f(z) is analytic on an open subset
of C containing |z| < 1.



Chapter 5

Roadmap

We want to understand ¢(s) for Re(s) < 0, so we can have it defined for all s € C \ {1}. To do
this, we want to prove the reflection formula

r(%)g(s)w—% = r(l 3 S)g(1 — )77, 0 < Re(s) < 1.

Then since ((s) is analytic in Re(s) > 0,s # 1, we’ll define ((s) by the reflection formula for
Re(s) < 0 (except s = 0 since it is the reflection point of s = 1). The resulting function will
be the (unique) analytic continuation to C ~\ {0,1}. To define at 0, we consider lim,_,o+ n(s) =

limg o+ D0y (_QZH. The result wil be analytic at 0 as well. To do this, we need to show
L(s)I'(1 —s) = si(zs- Lo show it, we've proved Euler’s product for sin(x): we want to show

I'(s)I'(1 — s) has the approximate product form to get I' # 0. To do this, we’ll show

— 1n®
[(z) = lim n—Lin ,
n—oo T)n
where (z), =z(xz+1)---(z+n—1).
Theorem 5.1. There is a unique F satisfying F(0) = 1, F(x + 1) = 2F(z), lim,_ o ZJ(E?EZ)) =1.
Furthermore, F(x) = lim,_ (n(;l))in””' So, if we prove lim,,_ s E(;’FEZ)) =1, we’ll deduce I’ = F.

Proof. Assume F'(z) satisfies the conditions. Then F(z +n) =(xr+n—1)(x+n—2)---zF(z) =

(x)nF(z). So I;g;z;l)) = (fli”y Hence lim,_ oo (flln 5((:3 = lim, oo ZUE?EZ)) = 1. So F(z) =
lim,, o = ((:)):w = lim, oo ("le))’inm. This shows that if the limit exists, F is unique. We’ll
show I' satisfies lim,,_ o E(fFJEZ)) = 1 for 0 < z < 1, hence the limit does exist and I' satisfies

T (n—1)In"
I(z) = lim, 00 o

Indeed, let J = nl;((‘f:ﬁ))! = (571)! fooc e 't 1dt. Replace t by ny, dt = ndy, we obtain

1 n"

[e%S) [eS)
J —_ efny x+n71nx+n71nd — / efny z+n71d .
n‘”(n—l)!/o Y 4 (n—=1)!J, Y Y

27



28 CHAPTER 5. ROADMAP

We want to show this converges to 1 as n — oo. Since 0 < z < 1,

nn n

1 e’} 1 0o
—ny,nd —ny nfld ) n (/ —ny nfld / —ny,nd )
(n—l)!(/oe Y y—|—/1 e Yy Y <J<7(n—l)! 08 Y Y+ ) e "y"dy

Note

1 [e%s} 1 1 oo
/ efnyyndy 4 / efnyynfldy — / ynd(_iefny) + / efnyynfldy
0 1 0 n 1

1 %)
T / efnyynfldy
0 1

- oo —1)l e
— _L +/ e—nyyn—ldy _ (’II _ ) . 677
0 n n

n

L,
n

and

1 [eS) 1 oo 1
/ efnyynfldy + / efnyyndy — / efnyynfldy + / ynd<77€7ny)
0 1 0 1 n
1 oo 0o
1
/ e—nyyn—ldy _ 7e—nyyn + / yn—le—nydy
0 n 1 1

—n oo —1)! —-n
67 + / yn—le—nydy _ (n ) + € .
0 n

n n

n

So we get (n’il)!(w —e << ”fnl),(w—i—%), e, 1—(£)"L < J<1+(2)"L. Since

nn" n (n nn" n

(2)"h ~ e, limy oo J = 1. O

Remark. We can also do the above proof through considering the difference between upper and

lower bounds by integrating fol e~ (yn Ll —y")dy = %e‘”yy"‘é =Ll

Intuitively, how big is fol e~ ™ (y" 1 —y")dy? Approximate the integral near its maximum value:

let 0 = dily(e_”y(y”_1 —y") = e ™y 2(ny? — 2ny + (n — 1)), then y = 1 & ﬁ How big is the
integrand at y; = 1 — ﬁ? Note

n - TR 1\ 1 n _m 1 e
eIy 1(1—y1)=e +\f<1_7> %%e eVie f%%%’

where
n— 1 1 1 1
Yyl = exp((n - 1)10g<1 - ﬁ)) = exp((n - 1)(% + o + e +- ))
1 1 1 1 1
(v b (1) o) =)
exp<\/ﬁ+2+(3 \/ﬁ+0 - > exp \/ﬁ+2
Now expand the integrand about y = 1 — —=, it looks approximately normal, with width about

n
e ce "

\;;j = ¢ Similarly, for [~ e "(y" —y""!)dy.

ﬁ, so we expect integral to be about ﬁ
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So now apply the results to get

) = lim (n—1)n® (n—1)lnt== _ (n—1)1%n
I'(z)l(1 ) nl_)oo (2)n (1—2), z(1+z)- - n—1+z)1—2) - (n—2x)
~ lim (n—1)%n
Cnscox(l+x)(l—-2)24+2)2—2)---(n—1+2)(n—1+2)(n—2)
_ lim (n—1)1n

n—oo z(l —22)(22 —22)--- (n —1)2 — 22)(n — )

1
= lim ) 2 2 .
T PO e 2l

oo (1 — 4 b2 ey ") - &
So -
'e)Il'(l—2)= ——— R.
(@)P(1 =) sin(nz)’ ve

Since I'(x) has simple poles at 0, —1,—2,--- and I'(1 — z) has simple poles at 1,2,3,---, the poles
of T'(z)I'(1 — x) are at precisely the poles of - Consequently, I'(x) cannot be zero. Indeed, if

I(z) = 0, then x ¢ Z, also since sm(m) # 0, I'(1 — x) has a pole there, but we know the poles of

I'(1 — x) correspond to zeros of sin(nz), a contradiction. Hence I'(x) # 0 for any z € C.
= [,C e "t*71dt. So by a change of variable, [~ e "t*"!dt = -LT(s). Hence

o] 1 0 o]
Z EF(S) = Z/ e~ M5,
n=1 n=170

Remark. Integrands are positive if s is real, but more care is needed otherwise.

oo . L 00 L e—t o0 ts—l
s) :/ I A :/ 5~ —dt :/ dt.
0 ; 0 1—et o et—1

Exercise 5.2. Prove carefully that fol S—illdt converges for Re(s) > 1, and f o dt converges
for all s € C.

For Re(s) > 1

Fact 5.3.
t t 1 — Btk t x= Byt
et —1 ¢ 3 Tliiiz :z ]l;' :17§+Z (;];C)l’
+ 5 +3|+ Tatat - o W k=1 '
where Bgy’s are the Bernoulli number, which converges in the disk [¢| < 27.
Since the zeros of e* — 1 are at z = 27ki, k € Z, the poles of =5 are at 2rki, k =1,2,---. So
the power series converges for |t| < 2.
Note

1 s—1 1 2k+s—2
¢ ot BQt 11 By 1
dt = 572 — dt=—— - — S
/0 ] /o< +Z ) 51 2s+kz>:1(2k)!2k+s—l’
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which is valid for all s € C,s # —2k + 1,0,1 (for all s € C if we allow poles). So we can define

T By 1 o a1
T(s) = R _— dt.
C)(s) = 55 2s+kz>1(2k)!2k+s—1+/1 pr—

Since we have a valid expression for I'(s),s € C~ {0, —1,—2,—3, - } which is non-zero, we can
use this to define an analytic function {(s) with a simple pole at s = 1.

Remark. Note we don’t have a good handle on the value of {(—2k)T'(—2k).

By the following proposition, we see that does give an analytic (and hence the analytic) contin-
uation of ¢ to C~ {1} or of (s — 1)((s) to C.

Proposition 5.4. Suppose f(z) = =2~ + fi1(2) and g(z) = =2~ + g1(2), where f(z) is analytic

near zo and g1 (z) is analytic near ZO‘.Z_FE%CH o
a + 2 -
lim f(Z) — lim Z—bzoifl() — lim a+(2 ZO)fl(Z) _ a+0f1(20) _ 2.
=m0 g(2) 2z botgi(z) o bt (- 20)g1(2) b+ 0gi(20) b

Note 5.5. The pole at 0 in this expression comes from I'(s) since 0 is a simple pole of I'(s) and

((s)T'(s)-
Since I'(s) has poles at even negative integers but I'(s){(s) does not, we must have ((—2k) =0
for k=1,2,3,---.

Theorem 5.6. ((0) = —% = By and
Bn+1
-n) =— > 1.
(o) =~
Proof. By the expression of ((s)['(s), it has a pole %M_ﬁ in the vicinity of s = —(2k — 1).
(—1)2k~1 1

= at s = —(2k — 1), we know that

Since I'(s) has a pole TE-1Ts —iTs

Bag 1

¢-I'(—(2k—1)) 2%)] Zhts—1 Boy,
C=@k-1) =T ar=1 e :*2;"
(—( ) oiTs (2k)!
Moreover, ¢(—2k) = 0 = — gy = — sy for k> 1.
Similarly, ¢(0) = (;%)0 =—4 = Bi. O

0!

We know ((s) diverges at s = 1, and we’ve seen Euler’s evaluation of ¢(2k),k > 1. ¢(2)

C4) = 79%7 ¢(2k) = 7** with £ € Q. The expression involving Bernoulli numbers:

k+1 B2k(277)2k
2(2k)!

6 8 10 12 14 .
So ((6) = g ((8) = gy, C(10) = ghoe, ((12) = G802 ((14) = 2. So ((2k) is
irrational, and indeed, transcendental!
1970s, ¢(3) was shown by Aperg to be irrational. Believed by all to be transcendental. Believed
by all not to be a rational multiple of 73.

((2k) = (-1)
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Question 5.7. What about ¢(5),¢(7),¢(9),{(11)? Zudelin (2001) showed that at least one of these
four values must be irrational.
Digression: 33 is the sum of 3 cubes. Is 427

Our gosl is to relate ((s) and its zeros to m(x) and related functions.

Fact 5.8. If we approximate f(x) on [a,b] by fourier series, if f(z) has a discontinuity at ¢, then
our approximation looks like average of the end points.

If we want a function which has a nice approximation by something like Fourier series, it makes

sense to have jumps average at discontinuities. So, for example, we’ll define

I(z) = - (#{n < = | n is prime} + #{n < | n is prime}).

N | =

Som(3)=0,7(2) =3, 7(25) =1, 7(3) = 13, 7(4) = 2 and so on.
Fact 5.9. )
H({E) = Z 1+ 51{1 is prime}-

p<x
Definition 5.10. Define the Jacobi Theta function by

o(t) = i e kL

k=—o0
Remark. 6 converges for ¢ > 0. For small ¢, this looks like a discrete analog of the normal integral.
For large t, it looks like 1 + 2¢~™ ~ 1.

Theorem 5.11.

9(%) = V10(t).

Remark. Is this believable? If ¢ is big, 6(¢) ~ 1, 6(+) is a sum of terms for which ”TI“Q is not too big,
that is, k2 is not too much bigger than ¢, that is, k is on the order of v/t. If we carefully approximate
9(%) by a normal integral, if ¢ is big, 6(t) ~ v/t. Remarkably, it is not just approximation true, it
is exact!

Fact 5.12.

1S e\

(i £ =

But it is correct to 42 billion digits!

Proof. Set —1]8—?0 = —7mk?t, ie., t = 10%0, ie, t = ﬁ. Since % = 1097 is large,
107°6(t) = 10*5\%9(%) = 10*5105\/7?9(9 ~Va(L+2e7F) & /(14 2e710").

So
100

2
(135 Z 6_1§f0> z:7r(1+4e*10m),

k=-100

which turns out to mean we get 7 to about 42 billion digits. O
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Fact 5.13.

P(100 heads and 100 tails tossing a fair coin 200 times) ~

5.1 Mini Polemic

fooo e tt*~1dt is the wrong way to think about this! dt is the wrong differential! Better:

use & fo e~** 4 Reason: consider the change of variable u = t*. Then du = at®~'dt =
at™* et dt = au . So the change of variables u = t® introduces a change of differentials < T = éd—;

We’ll Want to consider for ¢ > 0, f(t) = > 2, e~k = 1(6(t) — 1) or 6(t) = 2f(t) + 1. Note

f(t) = 1(\1[9(1) 1) :é(\}%(2f(1)+1)—1> =%f(%)+2iﬁ—%.
Let R(s) = m2I(
hence for Re(s ) > 1,

R(s) =7~ 50(3)c(s) = i niw—%r(g) - /OOc (i e‘””2t>t5tt - /OOc Flays

n=1

s dt 1 s dt
[t [t [ o
1 \/ -3 §d 1 > 1—s s dt
_/1 (—2++xff )t —+/ f(t) 7_m+/1 f)(t +t)?
So by symmetry R(s) = R(1 — s) for Re(s) > 1 or Re(s) < 0. Hence
_s (S 1-s _r1l—35
T F(§>C(s)f7r F( 5 )C(l—s).
Definition 5.14. Define Riemann Xi function by

&(s) = s(1 — s)R(s).
Then £(s) = £(1 — s) and £(s) is an entire function.

£)¢(s). Start with T'(5) = [[Te 5%, so La 30(5) = [;° e*”"%t%%,

5.2 Zeros of (

Where can ¢ be zero? We know s = —2,—4,—6,--- are “the trivial zeros” of (. No other zeros
coming from poles of I'. Can we have ((s) = 0 with Re(s) > 1? No: indeed, if {(s) = 0, then
ﬁ is a pole, but ﬁ =>, ”flf’) converges absolutely if Re(s) > 1, so ﬁ has no poles with
Re(s) > 1, i.e., ¢(s) has no zeros with Re(s) > 1. Hence, other than —2, —4, —6, - - -, the reflection
formula tells ¢(s) has no zeros with Re(s) < 0. Thus, all non-trial zeros of {(s) have 0 < Re(s) < 1
Furthermore, all non-trivial zeros p either have p = % + it, or come in pairs p = o + it with o > %,
pl=1—-0+itwithl—o < 3.

Short term goal: factor ((s) as a product of zeros plus necessary extra terms, and to then

consider CC/((SS)) = 4 (log ((s)), which is naturally a sum over zeros of ((s).




5.2. ZEROS OF (¢ 33

Theorem 5.15 (Weierstrass). If f(z) is an entire function, and the zeros of f (with multiplicity)
are aq, g, -+ with a, — 00 as n — 00, then there exists a polynomial g(z) and an integer k so
that f(z) = zFed® Haj Emj(aij), where for each root o, we have an integer my, and En,(Z) =

z 22 23 z™m
(-8ew(F+om T30+ ar)

Lm
truncation at 2~ of log(l — %)

Example 5.16.

o0 oo o0

sin(rz) =z H (1 - %) =7z H (1 - %)e% = zelo87 H (1 - Z) exp(%).

k=—o00,k#0 k=—00,k#0 k=—o00,k#0

When we try to write sin(rz) = 7z [[o. k20(1— %), we had a product whose correspondmg series
was only conditionally convergent. Introducing the e* term means (1 — %)et =1 — %2 + O(ks)

m

In general, we need exp(Z + 2a2 + gag + 4 ) as a correction factor.

ma™

Example 5.17.

1 it .
= T2 ) %,
I(s+1) ¢ H( Jrn ¢

n=1

Example 5.18. Since we’ve seen that (s — 1)((s) is entire, by Weierstrass, (plus some work)

(s — 1)C(s) = %(2?”) ﬁ (1 + %)e—i H(1 - %)e%,

n=1

where 1(25)* = exp(—log2 + slog(%)) :gexp(g(s)), [1572,(1 + &&)e 2 is the product over the
trivial zeros —2, —4, —6, - - -, and Hp(lf%)e? is the product over the zeros with p = o+it,0 < 0 < 1,
the nontrivial zeros.

Since (s — 1)((s) is entire, it has a power series expansion valid in C, which we could obtain by
multiplying out the terms in the two infinite products. Also, F(ls) = ﬁ =se [0, (1+ %)e‘%7

1 _ s y5 T S Ve~ 3m
S0 73y = 3¢ [[.=:(1+ 5-)e” 2=, hence

-1t = L e I 2)e

Note there is a statement here about covergence. It implies that the roots p cannot grow too slowly:
z 2 3
in particular (I—2)er =1— 555 + O(%), so for fixed 2, in order to have convergence, we need

> o |p | converges. So |pn] Should grow substantially faster than nz.
Let Ny = #roots in [0,1] x [T, T], then we cannot have N7 as big as T2.

Definition 5.19. Define the (second) Chebyshev 1-function by

Z logp = ZA

pk<La n<x
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Remark. This formula relates ¢(z) to the roots p of ((s).

Since (s — 1)((s) is entire and (s — 1)((s) is real for real s, we have if p is a root of ¢ in the
critical strip H = {0 < Re(s) < 1}, so is p. So we can write the product as
2

[[(1-2)(1-2)ers - H(l— (2+2) +S>ei+‘,
P p oh p b/ pp

o

peH
where 5(% + %) = s%. If p = % + it, i.e., it is a root as predicted by RH, then p+p = 1, so
s+i=2Z, (pp = 1 +t*) hence

5 S 2 s
(- 5) () =TI (1 5+ 05
ocH p p pp  pp

Remark. If p = o + it with o # %, then the value p' = (1 — o) + it is also a root by reflection

formula, as are p and p’.

Note
%(log((s —1)¢(s) = % <log(; <2§)ﬁ(1 + %)e—% 1;[(1 - Z)ei)>,
311 * /((5)) :k’g(%) +:1<21nl+12; 21n) Z(_;lui; ;)
o5t 2 ()
ie.,

¢'(s) d d 1 Lod . ogpy p~Slogp

0 :ds(l"g“(s”):%:ds(‘log(l‘psn:gl_pgds@ B S ers
1 =1 lo Aln
:—zp:(logp)(lps ~1) = —Zp:logp; o —; pfsp = ; és)

Earlier we wrote ¢(z) = 3, <, A(n). This is fine if  is not a prime power. We need to smooth
out the jumps.

Definition 5.20. Define

U(z) =

N |

(Z A+ 30 A(n)> =S A(m)+ %A(m).

n<x n<x n<x
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For now all summations include half of the final term. e.g., U(z) =3, _, A(n) =3 ., logp.
Let
0 1 L [log, =] L
Z Zl—i— Zl—i— Zl—i— :ZE(?) m(x) + Z %ﬂ'(x?)
’C<z p<x p<w% p<:v% =1 k=2

By Chebyshev, there are constants Cy,Cs > 0 so that for all z > 2, C; % gz < m(z) < C’g@. So

() - <ﬂ—“§?“l<;><1< 5y (g(1+”.+'1)
T m(x)|l = 2 kﬂ 271' m(x 3 Togs 7]

1

1 1 1 1 2
< —m(x2) 4+ w(xz3)log(logy x) < ngli Oy log(log, ).
2 2 711 log z

wl=

%
Hence |T(z) — m(x)| = O(

log:r) This is smaller than the difference between 7(z) and Li(x) even
if the Riemann Hypothesis is true. So RH has same implication for |II(x) — Li(z)|, as it does for
|m(x) — Li(z)].

Note by Mobius inversion,

0-35

:\»—‘

’.:I
—
&
|
=
—
8
[N
|
=
—
8
Wl
|
=
/—\
U!\»—A

@\»—A

x®) + (z®) +

We now wish to relate ¥ and II. If we let a,, = A(n), by, = 15, 1. AN
g r ifn=p
SO Y,y nby = II(x) (again half the term for x)

; k
then a,b, = { 0 ifn#p
. Hence (taking care to check how Abelian
summations behave with “half the z-term”) we can show

H(x):Axbm+2Ak<bk—bk+l):@(”%Zwk)( L L )

= logw ' £~ logk log(k+1)
U(z) U(k) E+1 \Il( 1 U(x) x

= 1 = .
gz ; ogklog(k+1) 2 &~ loga Z <logklog(k+1)  logz O\ Tog )2

So if we show U(z) ~ x, then II(z) ~

sz S0 T(#) ~ o7 and (x) ~ @
So our local goal is to Prove von Mangoldt s formula

zf 1 1
U(z)=a— d > 2 log(1 — ?) —log(27),

and show the contribution from }° ;%’ is o(z). This will prove the Prime Number Theorem

Definition 5.21. The Mellin transform M : f — M f is given by

Mf:%mf@n

Remark. M is linear, so we can compute MV through 1 M P —=

M(log(1 — 77)), M (log(2m)).
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Theorem 5.22.

¢(s) _ —
() SO =Y A / :

n>1 n>1

=—s Z A(n)x_sdg = _8/1 \Il(x)x_sd?x =—sMU,

where the third from last doesn’t include half z-term, the Penultimate does include, but this
doesn’t change the integral.
Observe for k € Z, MaF = [ zkg—sdz = provided Re(s) > k. So for all s # k, the

1 x
S i, we have

IIA~

complex function 1 is defined. Since log(1 — %)

=1

sM(zZlog( ) 10g(27r)> =— Z;s— 22 Es—l—12n+10g(27r)
= log(2m) — Z n(s +2n) Z —5C

=2 —~ (s = p)

But we know (o)
¢(s) = log(2m) — —s " Z 2n(s +2n) * Z p(s—p)’

where sign difference is from the half of the final term.

Exercise 5.23. M log(1 — I%) reasonably behaved as an integral, in the vivinity of x = 17
Exercise 5.24. Do we need to worry about p being complex in sMx??

Definition 5.25. Von Mangoldt’s explicit formula:
U(z) =z — lim Z S log<1 - i) — log(2m).
T p 2 x?

Remark. We've just shown both sides have the same Mellin transform, hence are the same except
at points of discontinuity.
Key term in Von Mangoldt’s explicit formula is the sum 3 o %.

Nontrial roots of ( come in conjugate pairs p, p. If p = o + it, then

7 it —it
ﬁ + xjp = 2° xt . x l. _ x—i(eitlogw(a—it) —Q—eii“ng(J—l—it))
p p o+t o—1t Pp

= 22(0 cos(tlogz) + tsin(tlog ).
pp
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If we now write o + it = |p|e’® so that cosa = i and sina = ﬁ, then

P P 2% 200
4 mf = (cos avcos(tlogz) + sinasin(tlog o)) = il cos(tlogz — ).
p P el el
If we suppose RH is true, i.e., for all p, 0 = %, then the contribution to Von Mangoldt explicit
formula is z Zlm( £)>0 \%I cos(tlog x — ). If this sum is such that it behaves reasonable well (which

is true), then the summand is a reasonable function of a, so the summand changes fairly smoothly.
If we can show (which is true) for all € > 0, f(z) :=>_ % cos(tlogz — ) = O(x¢), then we'll get

U(z)=z—a7f(z )+O< )—|—O( )—:U—I—O(x%“).

+O0(z2 ).

Converse is true too: if we take a root p with o > %, we’ll get a contribution to the error on the
order of 7. Whenever tlogx — « is an integer multiple of 27, we’d get a contribution ‘%‘a:". So
the contribution would in periodic in log x.

Hence 7(z) = 552

Theorem 5.26 (Abel summation via integrals). Suppose f : R — C has a continuous derivatives
on the interval [y, x] on R with y < x. Let r € Ng. Then

y<r<zx
where as before A(t) =3, <, a(r).
In particular, if y =1,
S aln) 1) = Awf(@) - [ A0
1<r<a 1
Remark. A(t) is continuous except when ¢ is an integer (and indeed is constant on (n,n + 1).)

Proposition 5.27. Let f have continuous derivatives on [1,z], e.g., f(x) = log(x). (Check end-
points in the preceding.)

(a) Cicres alr)f(r) = Al@)f(x) = [ A f(t)dt.

(b) Yicreralr)(f(z) = f(r) = [ A®)f'(t)dt.
(c) If f has continuous derivative on [2,z] and a(1) = 0, then >, . a(r)f(r) = A(x)f(x) —

5 At

Example 5.28. (a) >, alr) _

T

(b) > <rcoalr)logr = A(x)logz — A(y) logy — fw A( t)dt
) Zicreale = Ji A@)dt, f(z) =z on [1,a].
(d) Yigrearalr) = zA(@) - ffA t)dt

AW gy
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— (r) _ T _A(t)
(e) It a’(l) - 07 ZZQT{I l(f)grr - logac + f2 tlog? t
We can get upper bounds on growth of some sums.

Example 5.29. Suppose a(r) is such that for some ¢ > 0, A(¢) < ¢t for all t. Then

A T A
> a(:) _ Aw@) +/ ff)dt <c+clogr = c(1 +logx).
1

x
1<r<Le

Morel: if we replace a(r) by its “average behavior”, we get the same growth in alr)
Example 5.30. Suppose there is a constant ¢ > 0,

(a) A(t) < ¢,

(b) f(t) = 0ast— oo,

(c) I = [|f(t)|dt converges.

e.g., if f(t) | 0. Then >_°2, a(r)f(r) converges and is at most cI.

For f(r) =1, if A(t) < cfor all t, then Y7, a(rr) e AW gt i.e., the sum converges.

Exercise 5.31. Suppose |a(r)| < 1 and A(n) < ¢ for all n. Show Y2, a(rr) < 1+ loge. Hint:
Aty <tforl<t<e.

Exercise 5.32. (a) Prove that if B(n) — B as n — oo, then +(B(1)+---+B(n)) — B asn — oc.

“(:), B(n) the summatory function. Express B(r)

(b) Suppose Y7, (T) converges. Write b(r) =

in terms of A(r), and deduce Avg’;) — 0asn— 0.

Lemma 5.33. >~ Singire) converges.

Proof. If €' # +1,

n 60 in6 —i0 —in6
s 1{e?(1—em) e (1—e ™)
iré ird | __ —
Zm (rf) <TZ_1 -2 ) T2 ( 1—eif 1—eif :

r=1

If € = £1, then sin(rf) = 0. So |s(n)| < |1_1ei9| + |1—e17i9\ < |1—2ei9|' So for any fixed 6, s(n) is
bounded. Hence $°° | &

@ converges (conditionally) by previous Exercise. [

a(n)

1 —s to Mellin transforms
n

Now we use Abel summation to relate the value of Dirichlet series > °°

v a(n)  A(x) T A(t) dt
>R -t2s 20T

n<e

So if Aﬂés) — 0, then the Dirichlet series > -, anf) converges if and only if s [ o Ast) % converges.
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The Euler-Maclourin summation formula works in a different way compared to abel summation.
We wish to evaluate Za<n<b f(n), where f(z) is a very well behaved function of z. We wish to

relate 3, < f(n) to f f(#)dt, where a,b € Z. Note

= [ s [ go-seni= [ foia-o-r el [ ree-a

where ¢, is a constant for n € N. If we choose ¢, = n — %, then on the interval [n — 1,n],

t—c, =t—n+1={t} — 1, where {t} is the fractional part of t. So

b
/ FOdt = Y (f(8) = fF)({t} = 1/2)]n +/ Oty —1/2)dt

a<n<b a<n<b

/ O+ 3 (Fln =)= f) =1} = 1/2)+ | ro -2

b
/ Fde+ 3 Y (F) — fn— 1) + / POty - 1/2)d

a<n<b
/f )it + 5 () /f ({t} - 1/2)at

Let’s write by (t) = {t}— 1 on [0, 1], which is not a polynomial on [0, 1], but a perfectly nice function.
Iteratlvely define b,.(t) by b..(t) = rby—_1(t) (so b.(t) is defined up to a constant of integration) and

fo t)dt (this gives us the constant of integration). We then extend these functions to B,(t) by
B, ()—b ({t}) ifte R\ Z.
If we choose ¢, = n, t — ¢, =t —n = {t}, then we have the following theorem:

-/ Y )+ / " @) )

Theorem 5.35. For any integers a < b,k > 0 and any function f € C**1[a,b], we have

Theorem 5.34.

/ f(t dt+zw(]ﬂ (b) — f(r( f(k+1)()d
(r+1)!
a<n<b
where the B,41(0) are the Bernoulli numbers and By11(t) are Bernoulli polynomials.
Estimating
b
! - ”“ ) (L1 ! 1
log(b!) 1<;<blogn / logtdt—l—z ' )'<b7‘ ar> + i, Bk+1(t>tk+1 dt.

This easily gives the (divergent) asymptotic series for log(b!).
Lemma 5.36. 3+ 4cosf + cos260 > 0 for all 6.
Proof. 3+4cosf + cos20 >0 =3+ 4cosf +2cos?0 — 1 = 2(cosd + 1) > 0. O
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Proposition 5.37. Suppose we have a Dirichlet series f(s) = > o) Wwith a, > 0 for n > 1,

n=z1l ns

and suppose the Dirichlet series converges for all Re(s) > 0. Then for 0 > 0¢, 3f(c) +4Re(f(c +
it)) + Re(f(o + 2it)) > 0.

3a(n)

no

4a(n)

Proof. Tt is enough to show Re( + o T n(f,(fz)“) > 0. Note

Re<a(n) (3 + 4 + 1 )) = a(n) (3 + 4 cos(tlogn) + cos(2tlogn)) > 0. O

no nit | p2it no
Corollary 5.38. Fix t € R. For ¢ > 1, define
H(o) = ¢(0)®[¢(o + it)[*|¢ (o + 2it)].
Then H(o) > 1.

Proof. Consider log(H(c)). For Re(s) > 1, f(s) := log(((s)) = —>_, log(1 — pi) =D ﬁ =

1 i ok
dons1 %, where a(n) = { (’)“ i)fx P72 0. Also, log|z| = Re(log z), so the result follows from

the previous proposition with og = 1. O
Corollary 5.39. Since ( is continuous,

lim, o) [¢(o +it)|"|¢(o + 2it)] > 1.

Theorem 5.40 (Weierstrass’s Theorem for Series). . Assume fi, fa, -+ are holomorphic in an
open set D and ZZO:1 fn(z) converges uniformly on every closed and bounded subset of D. Then

(a) F(z) => 07, fn(2) is holomorphic on D,

(b) For all k > 1, Y07, fi(k)(z) converges on D, and converge uniformly on every closed and
bounded subset of D with limit F*)(z). (So the series can be differentiated term by term.)

Example 5.41. Note ;i}l is not continuous in  given s, s. Define f, (s) = [**! 12

—rdx forn > 1.
n xr
Then we can show for any ¢ > 0,

(a) [° w{lﬂ} dz =Y, fn(s) converges uniformly on Re(s) > 4,

(b) for n > 1, f, is holomorphic on Re(s) > ¢ with derivative

n+1
d%fn(s) = /n x{i}l (—log x)dz.

%/1 o de = Ts Z fn(s) = Z %fn(s) =— Z/ﬂ o log zdz = — /n:1 e log zda.

n=1 n=1 n=1
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Theorem 5.42. The analytic continuation of ¢ to Re(s) > 0 is given by
1 1 ®x—|z| - 1 > {x}
= - — 7d —_— = d
¢(s) s—1 + 2 8/1 xstl s -1 8/1 ps 1

where x5~ takes the principal value e~ '08@)(s+1)

Proof. By previous theorem, >, f(n fl x)dx + fl {z}f'(z)dz. So
N N N 1-s
1 1 1 N
g —*1+/ fdxfs/ {f_}ld:r* -5 {x}l
=t 1 Tt 1zt s—1 s—1 1 xSt

If Re(s) > 1, |N1’S| = N'7% — o0 as N — oo, while by previous example, le % converges as

% < =7 So((s) =14 25 — th_,OOsle Z{i}l dx. O

N — o0 since

Corollary 5.43.

1 Nl=s o {x}
C(s):Z;—’_S—l S/N me-&-l

Corollary 5.44. ((s) # 0 for all s with Re(s) > 1

Proof. We’ve known ((s) # 0 for Re(s) > 1. Suppose ((s) = 0 for some s = 1+ it with ¢ # 0. Since
Lottt) — Yy, SOHDCATN) — (11 4t). Also,

((s) is analytic at s = 1+it, we have lim,_,;+ >>=5 -

since (0 —1)¢(6) = laso — 1T, (0 > 1)

tim, /(1 -+ i) C(or+ 208) = i, ““‘ (o +2it)
= 1 1 1 3 14 . 1
T T (o a7 el T

Soas o — 1T, ((0+2it) — oo, a contradiction since {(s) has no poles except s = 1 for o > 1. Hence
our assumption that (1 4 ¢t) = 0 must be false, and hence ((s) # 0 for all s with Re(s) > 1. O

Question 5.45. Since we know that for ¢ > 0, |((1 + ¢t)] > 0, can we obtain upper bounds on
. OO
I¢(s)], s = o +it,o > 17 Note [((s) = 1| =3_, -, ﬁ <5+ [, Sda.

o

Assume t > 0.

PN,

Let r*(s) = —s [~ %dw. Check |r*(s)| < %
1C(s)] < 3 + % <3+ £ + 5= =2+ 5. This is linear in ¢: not a very good bound. If we assume
t is a little bigger, say t > 2, then we can obtain better bounds.

Once we know that ¢ has no zeros with s = 1 + it, We’ll also know (since it has no poles except

= Ii Hence for |s — 1] > 1,

o

at s = 1 and no zeros when Re(s) > 1) that CC((SS)) 4 1og(¢(s)) has a pole at 1 and no other
poles when Re(s) > 1. Hence ((s) — CC((:)) is well-behaved for Re(s) > 1. When we consider the
corresponding Dirichlet series, this will lead us to () ~ 2 and hence to m(z) ~ 7 and hence

PNT.
Assume now o > 1,t > 2,5 = 0 + it.
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Theorem 5.46. Foro > 1 andt > 2, |((c +it)| < 4+ logt.

Proof. Prove for ¢ > 1, and deduce for ¢ = 1 by continuity (since t > 2 we avoid s = 1).
s)=2N L+ % +rn(s), where r,(s) = —s ]30 %dm. So |rn(s)| < UNU.
So for fixed ¢ > 1,t > 2, put N = [¢t], e 1nb < 22;1% < 1l+4+1logN < 1+ logt,
1—s
S <t <nlm@e)I< Bl < (148 < B < N2 <90 S0 [¢(s)] < 1+logt+142 <

4+ logt. O

e—itlog N

Exercise 5.47. When s = 1 + it, t > 0 fixed, C() ZN L

n=1 ns it
sum asymptotically approach to a circle of radlus + around ¢(1 4+ it).

4+ O(%). So the partial

Also want upper bounds on ¢’(s). By previous example,

N 0o o
logn N'= N1=s {z} {z}logx
! _ - - )] o
¢'(s) = E e 3—110gN o1 /N J;s+1dx+s/N e dx.

n=1

Let I1(s fN I{Sﬁ}l dx and I(s) = ]30 {ﬁfsﬁgzdx. Then for fixed o > 1,t > 2, setting N = |[¢].
Then ‘Zn . longsn < ‘anl lorgln < l(logN)Q + l < 110g2t+ é7 ye logN’ logN < logt <
Nl El

*+27 -1)? <t2<47“[1 floo 1d.’IJ—*\ , |sIa(s | |fwi2a€d < s |logN GQ}VUQ
(1+ )1og1\t[+1 <1+ E)(logN +1) < 2(logt+3)? Puttlng it together7

Nl—s Nl—s
log N —_—
+‘s1 . Mww

al logn
>

n=1

(logt + 3)2.

l\DM—‘

[QOIES

+ |11 (8)] + |sT2(s)] <

So we have upper bounds for ¢(s),(’(s). But we want upper bounds on CC(( )) too. So we’ll need to
improve the proof that ¢(s) # 0 for s = 1 4 it to obtain lower bounds on |((1 + it)| or equivalently,

‘ so that we get |((s)| < Pi(logt), £is)

| S P2 (logt) for polynomials P;()

upper bounds on ‘ c

(1+zt)

and P5(), then we can consider ‘C(s) - CC,((;)) < Ps(logt), where ((s ) — CC((SS) has no poles for o > 1.

We'll then interpret this in terms of Dirichlet series ¢(s) = S2°° , L and &) = y7°° A

n=1 ns C(s) — n=1 ns -
We'll show that since ‘((s) - CC/((;) < P3(logt), the function A(z) =3, ., (1 — A(n)) will have
A(z) = o(z), which will imply ¥(z) =>_

L_dt.

logt

A(n) will satisfy ¥(z) ~ x. This will imply the Prime

n<x

Number Theorem, () ~ f;

Theorem 5.48. Suppose for all o > 1 and t > ty, we have bounds M;(t), M2(t) > 1 so that
|C(o + 2it)| < My(t) and |(' (0 + it)| < Ma(t). Then ’C( +zt)‘ 25 My (t) Mo (t)3. In particular, with

to =2, My(t) =4 +logt < 5+logt and Ms(t) = 3(3 +logt)?, we get

¢(s)
¢(s)

C(a+zt)‘ 4(5+1logt)". So

< c(5+ logt)®.
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Proof. We'll prove for ¢ > 1, and deduce for ¢ = 1 by continuity. If o > %, the result is easy:
‘ﬁ < ((0) < 5%, where the second inequality is from
> 1 o 5/4
— <1 —d =14+ — 7= = 2% < 2° M4 () Mot

g R A L e 13 =5< 1 (1) Ma(1)
So we can assume 1 < ¢ < 5. Hence =27 < 51 < 21/3 —L;. So for o € (1,5/4), the in-
equality ¢(0)3|¢(o +it)[*|¢(o +2it)] > 1 implies (2£2)[¢(o + it)[*My(t) > 1. Hence |o +it| >

o—1)3/4

W =: f(0). Now find 7 so that f(n) = 2(n — 1)Ms(t) so that n — 1 = W)A@(t) < %

5 o f - -1 3/4 . f( 4 - -1 3
(0 < §) Note n —1 = 3y = somy omname 2400 — VL0 = §i = Sn):

Then we have two cases to consider: if n < o, then f(o) > f(n) = W; if n > o, then
C(n+it)— (o +it) = [} ¢ (z+it)dx, so [((n+it) — ((o +it)] < (n— o) Ma(t) < (n—1)Ma(t). So

by the trlangle mequahty,

1

[C(o - it)] > 1¢0n + )] = (n = DMa(t) = 201 = DMa(t) = (0 = DMa(t) > gomrvmrrss:

¢(s)

|- =

Completing the proof of the upper bound for m and hence the upper bound for

How does this average behaviors of a Dirichlet series affect the analytic behaviors and vice
versa? Suppose A(x) = > . an (3 when z € Z). How can we obtain information about A(z)

from f(s) = 3,5, 327 Some generating functions and complex analysis. If we could find a
generating function G(z) = Y " a,2" and if G(z) converges inside |z| < R, then for 0 < r < R
we'd have a, = 5 \2|=r Sl(fzdz So An = D pcn ks An = [z”]%zz) So if » < min(1, R),

_ 1 G(z)
A" — 2mi §|z|:7" (1—2z)znt1 dz.
Exercise 5.49. Go back through notes and find where we used integrals to transform z" into %

Rev1ew ¢ has a simple pole at s = 1 and no zeros with Re(s) > 1; |¢(1 +it)| < P1(loglt|) for
[t] > 2; ? has a simple pole at s = 1 and no other poles for Re(s) > 1; since ¢'(s) < Px(log|t]), [t| >
2,8 =1+t and ‘c(ls)‘ Ps(loglt]), s =1+ it, |t| = 2, we have ‘C((:)) < Py(loglt]) for |t| > 2

So by making the polynomials have even degree (which we can do) when adding positive con-
stants, we can extend ‘%’ < P(loglt]) for all s =1+ it,t # 0. Hence ‘C(s) - C{'((j)) < Ps(loglt|)
for all s =1+ it.

Dirichlet series

) 5 »

We want to conclude that if f(s) has no poles for Re(s) > 1 and f(s) = >_,5, ’;LT; and (some
condition about |f(s)| not growing too fast on s = 1+it), then A(z) =>_ . an has nice behaviors,
say A(x) = o(x). This would prove PNT! Then we’d have }_, . (1-A(n)) = o(z). So >, ., A(n) =
Y nes 1—0(z) = |x]—o(z) = z+o0(x). Hence ¥(x) ~ . Thus T1(z) ~ Li(z) by Riemann summation,
SO w\(z) ~ Li(x) by Mobius inversion.
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Note 5.50. We don’t know that a, is small: it can be relative large: |a,| = logn — 1 when n is
prime. This means we’re not going to be able to use any sorts of convergence results, especially

since the series we're subtracting ((s) and CC/((;)) both fail to converge at s = 1. We’re going to

need cancellations in the summands of A(x) to help us out. So suppose we have f(s) = Zn>1 on
Az) =3, <, an- What information about A(x) can we obtain from information about f(s)?

Some tools:

(a) Cauchy’s residue theorem: Suppose f(s) has a simple pole at so and f(s) — ST:SIO =719+ (s—
s0)r1(s) and 71(s) is analytic inside a domain D. Then provided T lies inside D (so in particular it

encloses no other poles of f(s)!) and encloses sg, then

2mj{f Jds =711,

(b) If T is a curve of length L and if |f(s)| < M for s on I, then ‘5{1‘ f(s)ds’ <ML

(¢) Principal values: suppose f(s) is such that for each T' > 0, fC—HT (s)ds = fc+.iT (c+iT)idt

c—iT
c+iT

exists, integral along the line ¢+ it, [t| < T, and if limp_.o [, f(s)ds exists, we'll write

c+iT
/ f(s)ds = hm f(s)ds

c—iT
for the principal value of this integral.
Note it doesn’t imply the integral converges: for that we’d need distinct upper and lower bounds

for T,T'. Hence we’ll take advantage, perhaps, of cancellation in the integral.

i >
(d) (Shifted) Heaviside function E(z) = { (1) ii 21 . Fact. If z > 0 and ¢ > 0, then
o fL 2 ds = E(z)logz. Why logz? 2° = esl°8® = 322 (Slog,w Let c1,co be the portions of

the circle of radius R = v/¢? + T2 to either side of L. 7.

C1 2

So

1 s 1 . log )"
— Tds— — sk_zwds = [s']e*18® = log .
27TZ c1Uca 27TZ c1Ucz k=0 k'
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So if [, ds — 0 as R — oo, then = [, 2 ds = logz. Want to show this holds if z >
18 N T c S

Conversely, if imp_, o f Zzds = 0, then since L. U cz doesn’t enclose 0, fL Ucs 132 ds = 0, so

27” $ 05 ~ds = 0. Want to show this holds if z < 1.

Theorem 5.51. 5= [, Zds = E(z)log.
Proof. We want to show
(a) ifx > 1, f ‘”st:OasR—>oo;

(b) ifx < 1, fczi—;dseOasRHoo.

Assume z > 1. Then on ¢, Re(s) < ¢, so |z|* < |2¢|, then |"§—2’ < % on ¢p, SO

1 ..c2nR _ a° 1 20 3. _
s-x¢it = % — 0 as R — oo, hence 5 ch Zyds = log .

N

1
21 fcl 52 dS‘

If z € (0,1), consider caUL. . On c2, Re(c) > ¢, so zRe() < g g 57 oz
Z—RCHOasRHoo. SincefC2ULc dsfoandf 2 ds — 0as R — oo, WehavefL S;dSHO. O

1 x5 < 1 c2rR _
fcz est‘ X 977 -

Likewise, using some contours c1, co, we can prove

Proposition 5.52. If z > 0,c > 1 ds = (z — 1)E(z), &= euey (3T

-2V =z -1

’ 27rz ch s(s— 1)

Now if we let f(s) = 3,5, #* and consider 2°f(s) = >_, 5 an(5)®, then 5

S) 43
271'2 L. s(s— 1)d8 Ought
to be”

12m/Lss—1)d8_za"(n_1)E(n) Zan(*—l)—xza” 3 an?

n>= >1 n<e n< ne

Let’s try to get there. Suppose f(s) = >, 5, &= is convergent for Re(s) > 1. A(x) = > , ., an.
Then for any ¢ > 1 and = > 1,

1 x® . L1y ["Aly)
2mi Jy, s(s — 1)f(5)ds =2 an(ﬁ - E> B /1 y? .

n<x

Proof in a moment.

Theorem 5.53. Suppose f(s) = >_,5, 7 is absolutely convergent for Re(s) > 1. A(z) =
anz ayn. Then forc>1,¢> 1,

1 “Aly)
9 . 5(571 s)ds = Zan — —/1 5 dy.

n<x Yy

Proof. Write 2° f(x) = G(s) + H(s), where G(s) = >, ., an(5)® and H(s) =3, an(5)°. Since
c¢>1, H(e) converges say to M. For n >z and Re(s) < ¢, [(£)*| < |£ °, so absH(s) < M. Since
G(s) is a finite sum, 5— ch Gls) gs = Zn@c an(E-1) (= Zn>1 an(Z-1)E()). ’i H(s) ds‘

’ 271'2 s(s—1) n 2mi JL. s(s—1)
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is bounded, so the integral exists, and since H(s) is analytic in Re(s) > 1, the integral is 0 (by
considering 7 [ HG) gs =0, so I; H(_Si)ds =0). Hence

2 s(s—1) e s(s

1/ 1 G(s) 1 H(s * Aly)
et Tty i RO EE R S

n<e

Theorem 5.54 (Riemann—Lebesgue) Suppose <p R — C has a continuous derivative, and that
75 le@)|dt converges.  Let F(X) = [ eo(t)dt (which exists for all X since |e’>‘t| = 1)

S F(=A) is the Fourier tmnsform ©(t). Then F()\) — 0 as A — oo. Furthermore, if [~ _ ' (t)dt
converges and ‘ffooo cp’(t)dt’ = Iy also converges, then F(\) = —2& [ e/ (t)dt and |F(X)| < I

giving a rate of convergence of F(X\) to 0 as A — o0.

Proof. Let € > 0. Pick (fix) T such that f (t)]dt < § and [;"|o(t)|dt < §. Let Fr(\) =
j; eMdt = LeMot)|Tp— L 7 Te“‘T !(t)dt by integrating by parts. Now ¢’ is continuous, and

hence bounded on [-T,T], say lp(t)] < M for t € [T, T), so |Pr(N)| < $le(T)] + $le(=T)| +
2MT = $(le(T)| + |o(=T)| + 2MT). Choose  sufficiently large so that |Fr(A)] < . Then
[FIN|<§+5+5=¢c O

Theorem 5.55 (Fundamental). f(s) =>_, -, % converges absolutely for Re(s) > 1 to a function
analytic on a region including Re(s) > 1 except at s = 1, where it has at most a simple pole, so

fls) = = +ag + (s = Dh(s),

where h(s) is analytic in a region containing Re(s) = 1, and hence there is a function P(t) and
to =1, so that | f(o +it)| < P(t) for allo > 1,t > tg and [, OOwdaz
converges to o' = ap —a, A(x) =), an.

Proof. Let f(s) = ;%7 +ao+(s—1)h(s) and p(s) = h are both analytic on Re(s) > 1
L= 21— 1 S0 (s~ Dh(s) = £(s) — 525 — a0 = f(s) — 2 — a’. Hence g(s) = L -
o — sy, ey s(s — Dp(s) = £5) — 2% — a. So |s(s — V()] < P(8) + la] + o] < Py (1),

25| = |5 = ot {e -0l Assume this is fixed. Then [s(s — 1) = |s||s — 1| > #2. So
lp(s)] < 13) and we’ll need to check foo Put) g convergeb hence so does fl lp(o + zt)|dt and
hence so does [ |¢(o + it)|dt. Now for x > 1 and ¢ > 1, define I(z,c) = 5 K s)ds.

Then for ¢ > 1,

1 1‘3_1 a 1‘3_1 Oé/ st_l
I = — _— _— _— _— _—
(@) =55 /L A= L (s— 2%~ o /L o

A 1
:/ (g)dy—alogx—a’(l—f).
1Y €z

Note this is independent of c¢. Now we need to show I(x,1) = lim._,1+7(z,c) = [(z,1). Check this:
use the fact that tails are small, and the functions are uniformly continuous on [—T,T]. Hence for

x> 1,
ZA 1 :L’A _ /
I(:z:,l):/ (g)dyfozlogl‘fo/(lff):/ Mdyfaurg.
1Y 1 x
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So if we show lim,_,, I(z,1) = 0, then we’ll have lim,_, o, foo A(y) Y dy = o'. But

1 e 1 e
I(z,1) = — / Lo(1 4 it)dt = — ’)‘tgo(l + at)dt,

21t J_ o 2mi

where A = log z and since ffooo|<p(1 +it)| < oo, by the Riemann-Lebesgue Theorem, I(x,1) — 0 as
z — 00. So we have Bunch o’stuff implies [ de converges. Now we need to show that the

convergence of this integral, for nice sequences a,,, implies the converges of M toaasr — oco. [
Proposition 5.56. Suppose A(z) is a real-valued function on [1, 00) and « is such that [, w) S8 dw
converges. Suppose further that either

(i) A(z) is non-negative and weakly increasing, or

(ii) A(z) = B(z)—(B(z)—A(z)) and B(z) and B(x)— A(x) are non-negative and weakly increasing
and for some g € R, f > mdw converges.

Then%—wxasxﬁoo.

Proof. First, we show (i) implies (ii): If [ 2022 gy and [ BEP@ gy converge, then so does

I B(I)fA(igf(ﬁfa)wdx, so if B, B — A satisfy ( ),A(x) — B, M — 3 — a, then @ — .

Observe also since A(z) is non-negative that if
or o > 0.
Case 1. « > 0: by replacing A(x)

— «, there are only two possibilities: a =0

@ we may assume o = 1. So

—X

take A(z) weakly increasing, A(z) > 0, and suppose f
A=)

dx converges. Want to show is that

if 0 < e < £, we can find zg(e) so that if z > o, ‘
A(a:)

- 1‘ < e. Part (a): find 2 so that if z > xq,
A(x)—aﬁ

% < 1+e. Part (b): find 25 so that z > x5, > 1—e. Since floo dx converges, for every
d > 0, we can find M(d) so that if My > My > M, ‘fM2 A(m dx’ < 0. Suppose S%O) >1+e.
Since A(x) is weakly increasing, A(M;) > A(My), so
My A(z) — My A(My) — My A(M, My 11 M
/ AW =, o / de - / ( QO)dx—/ L de = A(Mp)(~— ———)—log =L
Mo

Mo x2 xr M, X Mo 332 MO Ml M()

Now fix My = My(1 +¢€), so

A (5 — 1) = A (1 — i) = A € 1t

> log M _ (1+e€)
_— = € =¢6,l108 — =10 €).
MQ M0(1—|—€) MO 1—|—€ 1—|—6 ’ gMO g

So fMl A(x) 282 dx > € —log(1 +€). Now since € < 3, € — log(1 + €) > ﬁ say. In other words, we
can’t make the tail small. Lets tidy it up. Given € > 0, with € < =, let 5 =ec—log(l+¢) > —2 > 0.
Now let M = M (4) be such that if My > My > M, fMl A(z “dr < 6. Then we must have
%j\?) < 1+e Let My = My(1 + ¢€), since otherwise, a contradiction. Check similarly that for all
A(zx) >1—

Case 2. o = 0: then [~ A( dx converges, then for every € > 0, there exists M so that if xg > M,

(12'

I = A@) ¢ (%) But if A;(Czo) > ¢, since A(z) is weakly increasing, [ Alr) 5 oo Alwo) gO) > €,

22 o x2

€ > 0, there exists x5 so that if x > xo,

contradlctmg (*). Hence Lﬂi“) < ¢, completing the proof. O

T
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This puts the final nail in place in the proof of the PNT! Indeed, we have ¥(z) = >_ . A(n).
We've seen the Dirichlet series CC/((SS)). We've seen that CC/((lliff)) < P(t) for |t| > 2, where P is a
polynomial in logt. Setting f(s) = i.l((ss)), we get

(a) f(s)=>_ Al absolutely convergent for Re(s).

n=>1l ns

(b) f(s) = = +c+ (s — 1)h(s), h(s) is analytic in a region containing Re(s) > 1.

(¢) Sy < PO

V(z)—z
22

dx converges. Since A(n) > 0, U(x) is weakly

x

Hence by the fundamental theorem, [

. . . oo P — . . .
increasing, non-negative, hence f 1 %dm converges, SO — 1 as * — oo, which is equivalent

to m(x) ~ Li(z) by Abel summation.

Remark. Hadamard, De la Valée-Poussin in 1896, both proved PNT in much the same way. For
decades, wondered “are all the complex analysis tools necessary”? 1948, Atle Selberg communicated
some ideas to Paul Turan, who communicated then to Paul Erdos.

Primes act somewhat randomly. Often even if we can’t prove what a sequence behavior must
be we can determine what it ought to be by heuristic, probability argument. For example, the twin
prime conjecture: infinitely many p so that pi, ps are prime. The Goldbach conjecture: for all even
n > 4, n is the sum of two primes. The twin Goldbach conjecture: for all sufficiently large n, 6n
can be expressed as 6n = p+ (6n —p) and 6n = (p+2)+ (6n—p—2) withp,p+2,p+2,6n—p—2
are all prime. (Whenp>3, p=6n—1orp==6n+1).

Why should we expect these to be true? Heuristically, the “probability” that a number n is
prime is about @ by PNT.

The probability and odd n is prime is since all even numbers are not prime. If we also rule

2
logn
3 So probability 6n — 1,6n 4 1 are both prime is about

logn

out odd multiple of 3, we get more like

3 3 — 9 . 9
e (6= Toa6nTT) ~ Toz )" So anw L{6n+1 prime} should behave like 1 + Zn>2,n<z Toany®

In studying m(z) we determined that >_ . . . % ~ loglogz. How does > 6,11 primen<a
behave? Heuristically,

1
n

1 1 O | Y
Z -~ Z 1 ~ 1 tdtzloglogt|2 ~ loglog x,
p prime,p<x p 2<n<z nlogmn 2 0g
1 9 z 1
Euz” Z W =~ / Wdt’
6n+1 prime,n<x 2<n<zx g 2 g

which is bounded as  — oo.

Brun invented sieve methods to prove that » . ., prime.n < % converges. How many twin primes
< x should we see? Should look like (1027‘”1)2.

AIM: Riemann Hypothesis, Statement equivalent to RH.

Turning to Goldbach: 2n = p + ¢ has g(n) solutions, where g(n) > 0 for n > 2 and g(n) ~
7(1027;)2 + L(n).

Twin prime conjection:

dn

71'2(71 ~ W
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How many twin-prime pair representations of 6n do we get? 2n =p+q = (p+2) + (¢ — 2),
p,q,p~+ 2,9 — 2 are all prime. Need p, p+ 2 prime (so except for 3,5). Sop=6k—1,p+2=6k+1
and q=6l+1,¢g—2=6l—1. Sop+q=6k—1+6l+1=6(k+1). Hence 2n =0 (mod 6).

Exercise 5.57. Heuristically, how tg(6n) should grow? Also, how much spread in the graph should
we see?
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Chapter 6

Generating Functionology

Let n € Z)Q.

Definition 6.1. The power series associated with this will have a varible z and will be denoted by

f(z)=ao+arz+ - +apz" +--- Zakz

Remark. Under certain circumstances, f(z) will have nice properties, e.g., when evaluating f(2)
at z = 1 or regarding f as a function of a complex variable or a rational function, etc.

Example 6.2. Let a, = b" for any n > 0, where b is a constant. Then f(z) = > ,0"2".
So bzf(z) = Y500 "t = 30 S b2 = f(z) — 1, e, f(z) = 1%5. So we have a nice
representation for f(z) as a quotient of polynomial.

Example 6.3. Let ag = 1 and a,, = ba,_; for any n > 1, where b is a constant. Then f(z) =
L+ s ban 12" =1+b23 o, Ap_12" 1 =1+ dons0 @z =1+bzf(2), ie., f(2) = —1_11)2.

Example 6.4. Let ap =1, a; =2 and a,, = a,,_1 + a,,_o for any n > 2.
(a) Approch 1: f(z) = 1+2z+2n>2 Ap—1+ Qp_2)2™ = 1+22+Zn>2 an_1z7‘+zn>2 Opo2™ =
1422+ zzn>1 an 2" + z2 Zn>0 2" =1+ 22+ Z(f(Z) - 1) + Z2f(Z), Le., f(Z) = 1,1;;22'

(b) Approch 2: Since a,,z" = ap_12"+a,_2z" for any n > 2, we have Zn>2 anz"t =z Zn>1 anz" +

22 D ons0anz™ e, f(2), de, f(2) =1=22=2(f(2) — 1)+ 22f(2), ie., f(z) = 1jjf22

In C, we can write (1 — 2z — 2%) = (1 — az)(1 — B2), where a = 1+T‘/5 and B = 1_2\/5. So we

can write 1fjfz2 = 1f‘az + 17352 = Azn>0 az" + an>0 B"z"™ for some A,B € C. Thus,

n n
an:Aa”—i-Bﬁ”:A(#) —I—B(l_T\/g) for any n > 0. SmceB(1 f) — 0 asn — oo, we

have the n'® Fibonacci number is the nearest integer to A (HT‘@) when n is large enough.

Example 6.5. Let ap = 1, ay = 2 and a,, = ap—1 + ap—2 for any n > 2. Set pu; = Eﬂ and
0
n—1
_ Gn, _ |Gn-1 + an—2 _ 11 Gn—1 _ 11
My = [an_l} = [ a } = [1 O] [an_J for any n > 2. So p, = [1 0 1.

o1
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Remark. What can generating functions do for us?
(a) Sometimes allows us to find an exact value for a count of some type of object.

(b) When that’s not possible, perhaps can we obtain a recurrence? E.g., how many set partitions
of {1,...,n} are there?

¢) Find averages of values and other statistical properties of a sequence.
d) Find asymptotics for growth rate of sequences.

e) Prove nice properties of the sequence, e.g., monotonic log concave unimodal.

(
(
(
(

f) Prove identities, e.g., .7, (7)2 = (>").

n

Remark (Four Colors Theorem).
Theorem 6.6 (Tutte).
Theorem 6.7.

Corollary 6.8.

an
nzl ns-*

Definition 6.9. Dirichlet generating function: {a,}n>1 «— f(s) =>_

Definition 6.10. (a) An ordinary generating function (ogf): {antnzo «— f(x) = >2,5¢ana™
Purely formal series.
Useful for counting unlabelled objects, e.g., binary sequence with restrictions, partitions of integers.

anx”

(b) An exponential generating function (egf): {an}tnz0 < f(z) = _,50 “2
Useful for counting labelled objects, e.g., set partition: labelled trees, hands of cards.

Remark. Generally, egf’s tend to be more useful when the number of objects grows faster than
exponentially in n.

n

Example 6.11. (a) a, = - for any n > 0, ogf f(z) = e® = > >0 Fr
(b) an, =1 for any n >0, egf f(x) =e* = ZnZO %
Remark. Note e = Zn>0 % for all x € C. Let x > 0. Then ””n—: < e* ie., n! > "Z’—Z Let z = n,
n! > (2)". The truth is n! ~ (*)"v2mn.

Can we improve this? Maximize z"e~". Since L (z"e™*) = (nx
T =n. »
Can we do a better job of comparing e® and the terms around 77?7 Compare m to 77 at

=l x™)e~% it is maximized at

x =n for k = —1,...,1, where [ is something like n!/2. This method works very well. For many
combinatorial sequence it gives a lower bound for an ogf from reality by c\/n.

Remark (Notation, due to Knuth). If f(z) =>_ -, a,z", then
[2"]f(z) = an, [2"] = “the coefficient of ™ in”.

If g(2) = 3,50 b &y then [2r]g(x) = by
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Remark. Some useful series to know: Y 2" = 1+z+ 22+ = ﬁ Euler introduces
=
n d . d noo_ n n o _
that we can operate > -qa,2" by xg: T o>, gana" = En>1 na,z". So Y 5 na" =
d _1

= 3. Moreover, we can integrate it to get —log(1 —z) = [ T25dx = [ > nsothdt =

T T T T
x n+1
Zn>o fo t"dt = Zn>o nti Zn>1 %

Theorem 6.12 (Binomial Theorem). We have the following versions.

(a) Version A. > p_, (V)% = (14 )", where (}) = —"("’1)'};!("7’““) This formula works even if n
is not a nonnegative integer.

(b) Version B. If n ¢ N, then (1+x)" =", (Z)xk Useful convention: sum over all k for which
the summand is defined. (14+z)™1 =>", (_kl) , where ( kl) = M = (=1)*. So we have
1Jlrm =1+ )71 = Zk>0(_ D¥z*. Then % =(1- ) = Zk>0( DF(—z)k = Zk>o a®. Let
m € N. Then ¢ ) =1-2)"" =350 () (=1)ka*, where

<—m) _ (—m)(—m—1>-~<—m—k+1> e m k=) (l)k<m+k—1).

k k! k! m—1
So ﬁ =(1-2)™™ =310 (m;zrle)xk

=

(¢) Version C. W =(1—-a)"12= Zk%)(—l)k(_}cm)xk, where

-1 (*%)~~~(—1/2*k+1)_ 1-3---(2k—1) 2! _(_1)k o
<k2>: k! _(_1)kW_(_1)k2kk!2.4....2k_ 4k (k‘)

W =(1-2)72 =% 7 ()2 and then (1 — 4a)~!/% = 2 k>0 (0"

(d) Version C. Let z be a variable. (14+z)* =3, (?)a*. This is a bivariate generating function

and its terms are monomials of the form a;;x'z?, where j > i. We will revisit these coefficients
ai;’s later.

Remark. e® =3, %’: Why is the first binomial theorem true? Note if (%) denotes the number of
k- subsets of {1,...,n}, then (}) = (";1) + (Zj) Obverse that (g) = 0,0, is true and that f(n, k) =
k,(n Fin—py satisfies f(n k) = f(n—1,k) + f(n — 1,k — 1). Hence by induction on n, f(n, k) = (}).

Also, note #P({1,...,n}) =2". So >_, (3)z" is the generating function for subsets of {1,...,n},
where k marks the size of the subset (14+2)" = (1 4+ z)--- (1 4+ x) corresponding to picking a subset

n times

of {1,...,n} one element at a time. Hence (1 +z)" =Y;'_, (})z*
Note that

oo o0

S —_— - 1 B 1

n=0 n=0

I
8
S
—_
|
—
B
7N

—

\ ‘c@
N
~~_

ES
I
B
—

—
< @x-
S~—

ES)

+

—

(1—q)(1—y) Y0

Since z* term dominates, (Z) = [y”:z:k]l_yl_acy = [y"]# =[y

the binomial theorem for negative exponents that we derived eariler.

" e This implies
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6.1 Set partions and Permutation

Definition 6.13. A set partion of {1,...,n} into k parts is a set {S1,..., Sk} such that 0 # S; C
{1,...,n}, S;NS; =0 forany 1 <i# j <k and |_|?:15’j ={1,...,n}.

Remark (Notation). Kruth, Wif and only if, etc. : { Z } Stanley: S(n, k).

Definition 6.14. The numbers S(n, k) are called Stirling numbers of the second kind.
Remark. facts

(a) S(0,0) = 1.

(b) S(n,0) =0 for any n € N.

1 ifn>1
() SWl):{ 0 ifn=0"

(d) S(n,n) =1 for any n € Z+.
(e) S(n,n+t)=0for any n € ZT and t € N.

Remark. How can we compute a table of S(n,k)? Consider a set partition of {1,...,n} into k
parts. Either n is a part of by itself, or n is a part of size > 2. So S(n, k) =S(n—1,k—1)+kS(n—
1,k). Then we can compute S(n, k) for all k.

5(0,0) = 1
5(1,00=0 S(1,1)=1

5(2,00=0 S(2,1)=1 5(2,2)=1

S(3,1)=1 5(3,2) =3

5(3,3) = 1.

Definition 6.15. Define the Bell number By =1, B, =Y __, S(n, k) for any n € N.

Remark. Is there a formula for B,,? How fast does B,, grow?
Is there a nice form for the ogf for B, 7

Is there a nice form for the egf for B,,?

Is there a nice way for to compute B,,? E.g., a recurrence.

Remark. What about generating functions for S(n, k)? A, (y) = >, S(n, k)y*, Be(z) =3 S(n,k)a"
and C(z,y) =3 , . S(n, k)z"y*.

(a) Bi(z) =z, S(n—1,k—1)z"t+ka > S(n—1k)z""!, ie., By(x) = 2By_1(x) +kaBy(z).

So By(z)(1 — kz) = xBy_1(z). Then By(z) = 1, Bi(z) = 1=, Ba(z) = %, <o, Bi(z) =

(1_1)‘""7716(1_,@ Use partial fractions to expand RHS as Zle 1(_)‘]730 Fix 1 < r < k, multiply by

(1 —rz) and evaluate at z = %, By(z) becomes

(1/r)k 1 1

(=1 (0= =D/ =+ D)= k) 7 =1 (1) (k=)
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= D

RHS is a,. So a, = E,!(k_T)! = (71,2;%? (). Hence S(n,k) = [2"]Bi(z) = Zle[x”] % =
K—j
St =300 (71,3,! (];)]" When k > n, S(n, k) = 0.

7j=1
k'S(n, k) = ZJ L(=1)kd (’j)j” is the number of onto functions from {1,...,n} to {1,...,k}.

(b) An(y) = 3, S k)y* = y32, Sn — Lk — Dyt ~t + 370 g kS(n — Lk)y* = yAn_a(y) +
YagAn-1(y), e, An(y) = y(1+ Dy)An_1(y).

Define
1 _i (kY. J" R R
i L= S () - Y ey -
k=0 k=0 j=1 J =i k=)t e !
= =0 j= j= =j j=
bn n
So we try to find a nice expression for B(z) =3, 5, ™7
B(z)71zlzi£xnzlzl (z)* _ 1 l(ejxfl)
e £~ nlj! e &~ j! n! e 4!
n>=1j=0 =1 n>1 j=1
1 ey 1 1 1, 1 o1
jz1 jz1
So B(z) = e 1.
Why e~ is more natural than e*". Note e« ~1 =372 (e%l)J Yo % So the
T .7)2
4t term in the expansion has all powers of > j. To compute [n—T] Z;io M, we only

have to consider finitely many different j’s and only finite partitions of (1 + 5 + é—? 4 )
If fis a generating function, then we will be able to consider e/(*) as a generating function if
and only if f(0) = 0. So Zn>0 by, ””n = B(x) = ¢¢ ~. We want to obtain from this expression a

recurrence for b,,. Apply xd to the log of both sides, we have Zn>0 nbpEr = ze®e® ! = ze” B(x).
n—1 n—1

So nb, = [%]xe””B( )= [(n 2L ]e B(z). Hence if n > 0, b, [( )]e B( )= [(n 1),]69366 -1
Since e* = 21‘201% and e ! = ZPObJ‘;,, we have e%e®’ ™1 = $7°° 2L S ()b, So
[Erletes™ = S0 Zs (" ") bi. Thus, bn =300 ("2 )bk Then by =1, b(1) =1

-1

T e
by < e” —1 Let d =

’ nl T dr xm™

How fast does b,, grow? Note "1’ < e 1 for all z € R, ie.

1
% = 0. Slnce e =1 > 0 for any = € R, we have ze* —n =0, i.e., z ~ logn — loglogn ~
Jogn Jogn _
logn. Clearly, < — " obtains its minimal around logn. So nﬁ < Wn)"l’ ie., b, < nl (logn)nl =

n—1 n n
nloe—— =1(_c nlal( 2z 2mn.
(log n) e \ logn e \ logn
Remark. (a)
o0 oo o0 n oo n
E c;xt E d;a? :E E cprd, _pa" Tk = E E Cplp_px"™
i §=0 n=0 k=0 n=0 k=0

oS
= Z(Codn + Cldn—l + -+ cndo)x"
n=0
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© i e J M k n el n
(Z“f‘> Zbﬂ% :Zza’“%b’”’“(;— k)] :Z%Z <Z)“kb"k'
=0 j=0 n=0 k=0

n=0 k=0
Example 6.16. Can we give a combinatorial explanation of b, = Z;S ("21) bi?

Example 6.17. Using the xd% operator, we can get a useful information. Let f(x) = Zn>0 Ap "
and g(z) = 2,50 bn2™.
(a) Conmsider f(z) = e9(®). Assume g(0) = 0. Then log f = g, so z%log flz) = xd%g(z), ie.,

Z}C(/S) = xg'(z), i.e.,, xf (x) = f(x)(zg'(z)). Then we have

E na,r" = g anpx” E nb,x"

n>1 n>=0 n>1

1

So na, = Zz;é ar(n — k)b, _y, for any n € N. Thus, just as e¢" 1, we can compute the coefficients

of e9 recursively.

(b) Consider f(z) = g(z), here g(0) is not assumed to be 0 and if k& < 0, it will be assumed
to be 1. Similarly, xf'(x) = kzg' (z)g(x)*!, ie., zf'(z)g(z) = kxg'(x)g(z)* = kxg'(z)f(z). So
Dons1 MR Y S0 bpa™ =30 o knbpa Y0 oo anx™. Hence Z;;l a;bp_j = 2?21 kjbjan—;. So
anbo = Y0y kjbjan—j — 2272—11 ajb,—; for any n € N. If g(0) = by = 0, then we can’t do this.
But if ¥ € N and b, # 0 is the first nonzero coefficient of g, then we can write g(z) = b.a"h(z)
with h(0) = 1. Then f(x) = g(z)* = b¥z""h(z)*. So we can compute, for example, for k = —1,

o . . B _J 1 ifn=0 o
fz) = 70y Provided g9(0) # 0, i.e, f(x)g(z) =1, so [z"]f(x)g(x) = { 0 ifn>0 " So ag = 3=
and ZZ:O arb,_ =0, ie., a, = — Zz;é agbn_ for any n € N. When g is a polynomial of degree
d with constant term 1, a, = — Zz;rlnax{n—d,o} agbn_ for any n € N, this shows that a,, satisfies

a d-term recurrence.

¢) Consider f(z) = logg(z). Assume ¢g(0) = 1. en zf'(x) = z2logg(x) = PR ie.,
Consider f 1 A 0) = 1. Then zf’ d g (@)
00 _ k k
zf'(x)g(z) = xg'(z), ete. Alternately f(z) =log(1l + zh(z)) =3 o (—1)* 1%.
(d) When can we compute f(g(z)) as a generating function?

Definition 6.18. An integer partition A+ n is a nonincreasing sequence A\ > Ao = -+ > A\ > 1
with A\1,...,Ax € N such that n = Ay +--- + Ag. Define i(X) = (i1, 42, - - - ), where 4; is the number
of copies of j in A.

Remark. (a) Note # parts of Ais > ;5 i;.

(b) 4(\) has only finitely many nonzero terms. For example, the partition 5 = 34+ 14 1 can be
written as (2,0,1,0,0,---).

(¢) There is a bijection between integer partition and nonnegative integer sequences with finitely
many positive entries.
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(d) Partitions were studied extensively by Euler.
Definition 6.19. Define p(n) be the number of integer partitions of n.

Remark. n = 0, the sum of no parts, p(0) = 1;

n=11, p(1)=1;

n:2a 2’ 1+1ap(2):2a

n=3,32+114+1+1, p(zx)=3;

n=4,43+1,2+224+414+1,1+1+1+1, p(4) =5;
n=>554+1,34+23+1+1,2+2+1,24+14+1+1,1+14+1+14+1,p05B)=T;

Can we get an expression for p(z) = > oo, p(n)z™?

Remark. Choose a partition of n by picking i;, picking s, - - - .

(a) How many ways can we write n as a sum of 1’s? The generating function for this is 27@0 1lx™ =

R k
Tz - Zk>0 agT”.

(b) How many ways can we write n as a sum of 2’s? 0 if n is oddr; and 1 if n is even. gf =
n __ 2k __ 1 . k
Zn even ¥ = ZkZOm — 1-x2 T Zk}o bkl‘ .

(¢) How many ways can we write n as a sum of 1’s and 2’s?

Z(# ways of writing k as sum of 1’s)(# ways of writing n — k as a sum of 2’s)
)

= Z akbn— = [2"] Zakxk Zbkxk

k>0 k>0 k>0

Remark. Suppose we have two sets S, T of objects with weights.
egf for g is Zk>0 2" (# objects of weights k in S) = Zk>o apzh.
egf for T'is 37, -, 2" (# objects of weights k in T') = 37, bpa”.
Then the number of pairs (s,t),s € S,t € T of total weight n is

i arbp— = [2"] Z apz” Z bpz®
k=0

k>0 k>0

The # ways to represent n as a sum of 1’s and 2’s in non-decreasing order is the # ways of
choosing iy,i2 so that i; + 2iy = n, which is [z"]-- 2. # ways Qf writing zn'%)p(n)x" =
Hj:1 ﬁ [l’n} H;il ﬁ = [m"] H?:l ﬁ = [.’I;n] H?:l(]‘ + x7 + 22] + -+ :L-I_TL/]J])7 Wthh is
the product of n polynomials each of degree legn. So for any n, this gives a finite algorithm for

computing p(n) and indeed for generating all p(n) partitions, since if we consider H;‘;l 1_;_7»%_ and
) :

1—xiy;

truncate products and series. [x"] will be a polynomial in y,...,y,. each monomial will

o 1

be yil <oyl where (i, ...,0n,0,0,---) is the sequence of multiplicities for \. f(z) = Hj:l T

. . 'k
log f(z) = Y3, —log(1 — 9) =. Note —log(1 —27) = Y07, 2,

> 1

B> gl - o) =3 L= L[S0 ) = 1S = Lom)
d|n

Jj=1 d|n d|n
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Solog f(z) = X1 2" 20 = L(z), iec., f = eb.

Remark. Last time we saw how to compute the exponential of a power series with constant
coefficients 0.

Exercise: find a recurrence for p(n) in terms of p(0),p(1),...,p(n — 1).

Faa DiBrun considered f(g(x)).

(a) g(z) is a power series, f(x) is a polynomial,
(b) f(z) is a power series, g(x) is a power series with ¢g(0) = 0.

Coefficient of z™ is [z"]f(g(2)) = & (i)nf(g(x))’ _o- S0 it is enough to be able to compute

n! \dx

(d)" f(g(x)). Note £ f(g(x)) = F'(9(2))g' (x). & (£ F(9(2))) = £ (9(@))(g'(2))*+F (9(2))g" (@),

d\® 3
() f(g(sc)) _ f///( /) +2f// " /+f// " /+f/g/// _ f(3)g(1) +3f(2)g(2)g(1) +f(1)g(3)

dxr
— f(3)917171 + 3f(2)92,1 + f(l)g3 — ZC/\f(ﬂ(A))gA
AR3

where \ is a partiton of n, m(\) = # partitiones in A and if A = A\; +--- + \g, g = g™ - g%,
()" flg(x) = Yoy exfTMga.

Exercise: What are ¢)’s? Put f(y) = e¥, compute ¢y for A +— n for n < 5. Conjecture a form for
cx in terms of Aq, ..., Ax and iq,...,7,. Prove you formula works.

6.2 The Magic of Power Series

Remark. The number of partitions of n into odd parts = the number of partitions of n into distinct
parts.

Partitions into distinct parts. i3 =0or 1,73 =0o0r 1, i3 =0 or 1.

Let f(z) = (1+2)(1 +2?)(1423)---. Then

Loz (=a)4a)1tad)(itet) | (a1 +a®)(+ah)(+at)(1+a’) -
1—x =
_(=ah(A a1+ )1+ a1 +2)(1+28) -

(1+
1—a)1—2%)
(1

1—x

1+ 251 -2 -2%)(1 +25)1+27) -
- (1—x)(1—2a3)
_ _ 1
(- -2%)(1-a?) (1 -2l
_ (1+) _ (1+2)(1+2?)
T U1 (1-) (=) —25)

(1—22)(1 —2")(1 —25)(1 —a8)---
(1—2)(1—22)(1 —23)(1 — x4)(1 —25)(1—2%)---
=(1+2)1+22)(1+23)1 +a)--
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Remark (Euler Maclaurin). Suppose we wish to estimate Zzza f(k), where f is a nice smooth
function. We might recall from calculus II that is similar to [ f(z)dz integrating over an interval
near [a,b] of width b — a + 1. This leads to the equation of how big is

k k

k
f0— [ f@)de = / (F(k) — @)l — ex) = (2 — en) (f(R) — F@)liy + / (& — c) f'(@)de
k—1 k—1 k—1
k

e — ) @) [fy + / (2 — ex) f' ().

k—1
We’re going to want to repeat the process of using integration by parts. It turns out that it is a
very good thing if we choose ¢, so that fkk_l(ac —cg)dx = 0, ie., ¢, = k— 1/2 for each k. Then
x—cy=x—(k—=1/2)=ax—(k—1)—1/2={x} —1/2 for « € [k — 1, k], where {x} is the fractional
part of x. Then

k k
/ (F(F) — f(@))dz = —({x} — 1/2)f()[E_, + / ({2} — 1/2)f'(x)dx
k—1 k—1
k
— f(k—1)/2— f(k)/2+ / ({x} — 1/2)f'(x)da

k—1
So

b b b
S = [ f@de+ 3 Y0k =10) = f0)+ [ F@nds

=a k=a

o

-+ Claim ;" L1({z} —1/2)dx converges as n — oo,

Eoq k=1/2 ¢ oo
/k_lg({x}—lﬂ)da:—/k_l E({x}—l/2)dm+/ L ey — 1/2)dz

k—1/2 T

k—1/2 k
= [ 0t [ e} 1/ = 00/)

—1

Exercise. Find an explicit d so that fk iz} —1/2)de < .
Consequently, logn!—nlogn-+n— 4 logn — logc for logc = 1—i—f1 ({z}—-1/2)dz. So =) \/ﬁ — c.
Hence n! ~ (2)" \/nc. What is ¢? How can we show ¢ = v/27.

2n
Idea Zk—fn (n+k) 22n = 4" Zk—fn (nQ-iT-Lk) = (277) E;clzfn ((n{"k)) :
How big is Y p_ () ? Note that

&
2n (2n!) —
(n+k:) _ A Rm=R)! _ nn—1)---(n—k+1) _ 1(1-Ha-2)...1- &1
&) ) (- Dn+1) - (n+k) 1+ DA+ (1+5)
We know log(1 — z) ~ —z and log(1 + z) ~ x, etc when z is small
Remark. Another look at n! e* = Zn>0 £+, Some elementary complex analysis. We know i? = —1.
y ‘9 n enl n 0" n—
emzz (Zn') = Z g(—l)f—l— Z Z'H(—l)Tl = cosf +isinf.

n>0 n even n odd
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Any complex number z = a + ib with a,b € R. Then z = re??, where r = |2| = Va2 + b2 and
2|2 = (a +ib)(a — ib) = 2Z.

Complex analysis. Functions of a complex variable z which are well-behaved in a region D are
really well-behaved in D. In particular, if f: D — C,

(a) first derivative exists everywhere in a disc D means second derivative does too, hence infinitely
differentiable.

(b) f(z2) is well approximated by polynomials.

Integration for complex functions. Let v be a path in C. fv f(2)dz = > f(z;)Az;, where Az;
has a direction as well as magnitude. Now let v be a line zp — 21, we can parametrize v by
v ={z0+t(z1 — 20) | 0 <t <1} and 2(t) = 20 + (21 — 29) with % = 2z — z, then

dez _ /01 z(t)%dt - /Ol(zo +t(z1 — 20)) (21 — 20)dt

t2 1oz 22
(ot + (2 — _ ‘ _A A
(Zo + 5 (21 Zo)) (21 — 20) 9 B
. . k Zf+1 Z k+1 + . . . .
By induction, we have fv ZMdz = J5 — 347 for any k € Z*. Let p € C[z] with antiderivative P.

Then f,y p(z)dz = P(z1)— P(z0), where P'(z) = p(z). If v = y1 42, where 1 : 29 — 21,72 : 21 — 22
are two lines, then

/ / 2)dz +/ p(2) = P(z1) — P(z0) + P(22) — P(z1) = P(22) — P(#1).

So if 7y is a nice curve from zy to z1, then approximate v by a piecewise line, then we have f,y p(z) =
P(z1) — P(z) and is 0 when + is closed.

Consider z* when k € Z<° and v = {z € C | |z|] = 1}. Then ||

2|=1 Fdz = ifOQW eheifdh =
i [27 itk 10 g — i gy i |§7f: { 0 ifk#-1 Vi g [y e = { 0 ifk#-1
Same for |z| = r for other r > 0.

2mi ifk=-1 1 ifk=-1"

Remark. Let f(z) = >, 5,an2" be a generating function with radius of convergence R. Then
inside any open disc D, of radius r < R centered at 0, f(z) will be as well behaved as we like. In this
case, a, = 27” f zfﬂ(il dz, where -y is any closed curve enclosing 0 exactly onece in counterclockwise
direction inside D

e* =350 %T,L has infinite radius of convergence. So if v, = {z | |2| = n} = {ne’ | 0 < 6 < 27},
then

60

11 e 12 e
L . P 40
nl 2w ), 2t : 27m'/0 ei(n+1)0 e

1 2 o ) 1 27 o
- el cos 0-+in sin 06—1n9d9 — e cos Hezn(sm 9—9)d9.
2w 0 2w

2 4 2
First suppose 0 is small, say (9 << n‘i, then n cos 6 ~ n—n%—i—n% ~ n—n% when 0 = o(n_i). So

in this range, "0 = n T (1—|—0(1)). When 0 = o(n~ %), then in(sin —6) = in(—%—?—i—%ﬁ—k- ) =
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1 2 2

0, so ¢m6n0=0) _, 1 Note n=2 = o(n~3) and n=5 = o(n"3). If we let 6 lie between —n~5 and
n*%, we’ll get

(a) outside of this range, contribution to the integral is abot & e~ = , which is Z—n -0(1). So the
contribution to the integral is negligible.

[N

(b) n_%,I:---.Soasn—>oo,[=2—§ﬁ27r—>ff° _de—\/27r So—w(%)n L_ Hence

2mn
n! ~ (%)n 2mn.

Euler’s method: for nonnegative a;’s, a, < ggf) for any z € (0, R). In this case, f(x) = €%, this
was minimized.

6.3 Sequences with restrictions

The set of all finite binary strings.
Definition 6.20 (Binary strings). Binary string:
— Could have length 0, the empty string e.
— Starts with some number of 0’s (possibly none).
— k blocks of positive number of 1’s followed by positive number of 0’s., but & may be 0.
— Ends with some number of 1’s (possibly none).

Example 6.21. 0001001110101. Break each binary string into maximal blocks, it is given uniquely
as an element of 0*(11*00%)*1*, 0* = {e,0,00,000,0000,---}. 1* = {e 1,11,111,11111,---}.
11%00* = {1°07,i,5 > 1}. (11*00*)* = set of concatenations of strings in 11*00* (possibly none).
S* = set of concatenations of objects in S (possibly none) provided that no object is attainable in
more than one way. So we’ll not talk about {1,11}* (Related to regular languages). Let’s use
generating functions in conjunction with this....

then clearly, faup(z) = fa(z) + fe(x). Second if A, B are ...... (no long necessarily disjoint)
and if we consider A x B, where if a € A and b € B, weight((a,b)) = weight(a) + weight(b), then
faxs(x) = fa(z)fp(x). Similarly for multiple sets A4, ..., Ax. Suppose we weight strings by length.

String with k places has weight k. e.g., for 0 = {¢,0,00,000,---} is -1~ = W gf for
2
1 = Lo for 117 s 12, for 00 = 2, for 11700 = 525, (11°00°)" has ogf 1+ s + (i ) +
3
(ﬁ) +- = 17% So ogf for all binary strings is %ﬁﬁ = (1—1)12—12 = 1_121 =.

(1—=)2 (—=)2
How many binary strings of length n have k 1 s. Bivariate ogf: = marks length, y marks ... the

number of 0’s, 0* — =, 1* — 00% — 25, 11—
Alt. [yM[z"] = i = [yk][x"]m = [y 1 —y)" = (}). Binary strings with/without ||.
0*(100%)*{e, 1} 105 — = (1 +z)= 1};fm2 = 1 =+ 5 , where o = 1+‘f and 8 = 172\/5.

Example 6.22. Fibonacci strings. F,
Fibonacci strings of length n with k 1’s? ﬁ : L (14 ay) = 2

22y l—z—z2y"
1—x
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Last time: 0*(100%)* = (¢,1). = - P - (1 + 2y). Computing [z"] or [y*] in ﬁ [z™].
]

we wish to write 1_1,1_I2y and 1_‘1(@3)1, + 1_35((7’;)x. aly) + B(y) =1 and aff = —y, ie., = —ﬁ
and a(y) —

14,174 . . . .
%. So we are goint to compute [z"] in an expression involving

ﬁ =1,ie,a=

n
(Hi V21+4y) . Unfortunately, this will have to wait until we’ve see Lagrange inversion. Insteed, let’s

try [y*] first.
k] _ 1 ik 1 1, 1 1 2 \F
W= L—z—a?y g ](1—x)(1—%y) B 1—x[y ]1_ 2y l-u (l—m) '
So
1 2 n—2 1 —(k+1 n—2
o = e = M e = (e ) U = D

S S ]

1—z—22y 1—oz— 22y
So far = ("1 + (2D = (")

Corollary 6.23. F,, = >, (”_k‘H) Fy=1 F =2 F, =3, F3 =5, F, = 8, F5 = 13.
(g) + (?) + (;1) ( ) 13 = 14546+ 1. Revisiting partition function. Write A — n in non- decreasmg
order 1nstead of non-increasing order. Partition are generated by 1 2¥7374*5" = 7 1x T 112 I 11,3 .

2, T :N' keep track of the number of parts: y marks each part. —— zy ﬁ Ty T =112, T y.

Remark. Partition into odd number of parts vs Partiton into even number of parts. Partitions

into distinct parts.
k(2k+1)
2

Empiracally, it appears [, (—1)kz . In fact, [];2, =

Remark. How to use bivariate generating functions to count two aspects of partitions. Partitons

are generated by 1*2*3*...pn*.... L L 1 ... — (1+x+§i+~-~)(1+x2+x4+§f~-~)(l+
11 222
x3+§i+~--)--~. 3+3+2+2+2+1+1F 14, a partition of 14 into 7 parts. Consider instead
33
mﬁﬁ : (1+a:y+x v 4 ) (L4 2Py+aty? 4 2% ) (1 2B y+:l: v 4aSyt) -
o 222 T
214yT.

We could modify this to count something different for example the number of different part sizes
used.

l'2y

x?’y
.2 )

(L +ay +a’y +2’y) (L +a?y +aly +afy +-) = (1+ T

)1+

T— 2 )(1+

Theorem 6.24 (Euler’s Theorem). Let E(n) =# partitions into even number of distinct parts.
O(n) =# partitions into odd number of distinct parts. Then

E(n) — O(n) = 0 if n is not a pentagonal number
! e (-1)* ifn= k(3k+1) for some k € Z

152, (1 —af) = 3372 (—1)kak®a).
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Proof. Give a map which either takes a partition with odd number of parts (all distinct) to one
with even number, verse vice.

0o 0 0o 0 0 0 ©
0o 0 0 0o 0 0
0o 0 0 0 o0
o o0 o
o o
Trasform it to
0o 0 0 0 0 0 0 o
o 0 0 0 0 0 0
0o 0 0 0 o
o 0 o

If smallest row < size of diagonal, move it up. If diagonal < size of smallest row, move it down.
Problem can rise

(a) smallest row = size of diagonal, but they intersect.

o o -+ 0 O 0 o0 O
o o -+ 0 O 0 O

o O o 0 O

o o -+ 0 O

On the left, we have a k x k terms and on the right, we have @ terms. In total, it is K2+ @ =

k(3k—1)
S,

(b) smallest row = 1 more than diagonal and they intersect.

o o0
o

S O O
S O ©
S O O
S © O

Since number of rows in these exceptional Ferrers graph is k contribution to E(n) — O(n) = (—1)*

ifn:%. O

Remark (8550 Conjection). Pf’i? is a polynomial with positive integer coefficients.

6.4 Other generating functions for partitions

Remark (Durfee Square). For every A b n, there is a unique k so that Ay > k and A1 < k+ 1.
Then since the generating function for partitions into at most k parts = genera‘ging functions for
partitions into parts of size < k = [, (1 —2) 1. So [[;2, (1 —a) 1 = 3202 2% T, (1 —a7) 2.

Remark (Self conjugate partitions). Partial row and partial columns plus diagonal element on
both. Unfold the books: get a partition into distinct odd parts. ogf. ], (1 + z?*1).
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Remark. Euler: [[72, x =70 _ (—=1)*2FCHD /2. P(2) = [2,(1 — 2%).
So P(z) Y07 _ o (—1)kakBF1/2 =1 Hence Y r@rsn) o, P, reren) (2)(—1)% = 0 unless n = 0.
2 = 2

n

How far does P, grow? P, = [z"][[72,(1 — 2! < Il(f), where z € (0,1).
Euler Criterion: If >"|ax| converges, so does [[(1 + ax), so >z converges if |x| < 1, hence
[T(1 — 2%)~! converges.

How big is P(x)?

Remark. Can we bound Z(ff), where P(z) = [];2,(1 —2%)~! and use this to give an upper bound
for p,,. Suppose x € (0,1). B < F;ff) = exp{log[[,_,(1 —2")~* — nlogz}. Note that

exp {log ﬁ(l - mi)l} = exp {Zlog(l - xi)*l} = exp {7 Zlog(l — xl)}
i=1
—en{ T30 -

i=1 k=1 k=1""i=0 k=1
. —z)zk zk
Aside: (11—:,:)k = Trata2tgabT < %- So
o o oo
1 1 (1—x)2* 1 1
_ 7 1 _ - o
S—H(l—aj) —exp{ P < exp Zl T
i=1 k=1 k=1
Note Y02, 77 =((2) =%. So § < exp{6 } Since we expect (do we? will this be borned out

by this?) that as n — oo, thls minimizing Value of x approaches 1, we’ll parametrize by x =1 — €
and minimize w.r.t. ¢ (Note: any e will give a valid upper bound) Pn < exp{g; ™ _ nlog(l —e€)}.
Since exp(-) is increasing, we can minimize ”—z —nlog(l —e). fé( 6o — nlog(l — e)) = —g% + .

6
So &z = 1. So m* — w%e = 6¢>n. Then

6627

_ a2 Ny 2

= VT 71-n——7T——l——\/7r2—|—24n~7rw
12n 12n

If we now playing € = 74/ é into p, < exp{g—: —nlog(l —e€)}, we get

pn<exp{7r\/z nlog(l — W\F —exp{w\/> f }Nexp{mr\f } = exp( \/7 ).

n2
Remark. (155 Yoo . € 1) % 7 but it is correct to 42 billion decimal digits.

n=-—o0
Jacobi theorem and the inversion theorem.
Remark. How big is the number of patitions of n into distinct parts? # partitions of n into
distinct parts = # partitions of n into odd parts.

If we take a partition of n into odd parts, and remove a 1 from each part, we get a partition of

something close to n into even parts, corresponds to a partition of something close to 4 into any

parts. Heuristically, expect g, = pp/2, Pnj2 = €™ 3% = ¢7%. This turns out to be correct as an
order of magnitude.
Next approaches
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(a) Try Q(z) = [132, (1 + z) bound &) ete.

™
(b) Compute T[%(1 — 21 =L and [[, (1 - 22+1) 7 t0 p(a?) [[, (1 - %)L,
What proportion of partitions has a part of size 17 How big is pp—’l Asymtotically

2(n—1)
57 exp (7T ==

v exp [ w2/ >@ ( 2—1>
gexp(w\/%) p(\/;( Vn) p \/;\/m+\/ﬁ

2 2 ] 2 2
mexp | —m\/-—= | =1—m\/z—.
P 30 30
Other questions we could ask: can we get this estimate in any other way? What is the distribution of

the number of 1’s? What is the distribution of the number of 2’s,...,d’s? What is the distribution
of the size of the largest part? number of parts?

Remark. Partitions don’t have labels. Labels make things fun! We’ll see some examples of labelled
objects, and ways of combining them.
Our labels will typically be (always be?) {1,...,n}.

Example 6.25. Directed cycles.

(13426 7) in cycle form.

How many labelled cycles of length n, labelled with {1,...,n} are there? (n —1)!: ¢,. How
many pairs of cycles are there on a total of n vectices, labelled together by {1,-,n}? There are no
cycle on 0 vertices.

IS0 (1) (k—1)! Since the ¢;’s grow quickly, define ¢(z) = 30° caZr = 3200 | 20 = —log(1—
x). Let b, = # pairs of cycles labelled with {1,...,n}.

Remark. Suppose we have two sets of labelled objects A;, As so that objects of weights n have
exactly n lables 1,...,n. (e.g., graphs on vertices {1,...,n} trees with n edges labelled {1,...,n}.
set partitions of {1,...,n}).

6.5 Permutation

Definition 6.26. Construct a set S = A; x Ay of all parts of objects (a1, ) with a; € Ay and
ag € Ag and label set for (o, az) is {1,2,. .., weights(ay ) + weights(az) } and then labels partition
this set.

Example 6.27. A; has
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As has (1 2 3). (squre,( )) has total weights 7. Pick a 4-set of labels from {1,...,7} to label the
square and the complement to ( ).

Remark. The number of labelled objects of size n thus created is ZZ:O (Z) frgn_r, where f, =

# of labelled objects of weight, g,,, = # of labelled objects of weight m in A,. If f(z) = Y ,2 fk%’,c
is the edf for A;........
If Ay,..., A, are sets of labelled objects with egf fi(z),..., fm(z) respectively, then the number
of ordered k-tuples of labelled (v, ..., ax) with «; € A; has egf fi(x)--- fx(x). Some sets of com-
binatorial objects have a natural subset of objects which could be considered “connected”. e.g.,
finite connected graphs as a subset of the set of all finite graphs. finite trees as a subset of all finite
forests sets as a subset of set partitions. cycles as a subset of set of partitions.

Suppose our class A is a set of labelled connected objects with egf f(z). Then the egf for
A x -+ x A with all labellings is f(z)*. The set of all sets of k objects chosen from A and labelled
thus has egf 7 f(z)*. So as 2 tuples ((124), (35)) and ((35), (1 2 4)) are distinct, but {(124), (35)}
is the same as {(3, 5),(1 2 4)}.

Convention 6.28 (Important!). # of connected objects of weight 0 is 0, that is f(0) = 0. Then the
oy
sets of all labelled objects formed from relabelling sets of connected objects has edf > 7o ! (:!) =

exp{f(z)}.

Example 6.29. Set of all permutations: # of cycles on {1,...,n} is (n —1)! if n > 1. Cycles have
egf > 5 (n — DI = —log(l — ). So egf for all permutations is exp{—log(l — z)} =  as
expected.

Remark. The set of non-fixed point cycles has egf —log(1 —z) —x. So the egf for all permutations

without fixed point is exp{—log(1 — z) — z} = e~ " 1-.
A 1 z? z*

- = nl[z" —T — g™ k.. )y = (=)
[n!}lx_n'[gﬂ]lze =nlz"|Q+z+---+2"+--)(1 T+ 5 +(-1) T )
~, (=D N (D -1 o~ (D"
:n!21T=n!(e - Z o ) =mnle™" —nl Z T
k=0 k=n-+1 k=n-+1

o) —1)k
‘Zk:nJrl ( k!) :

Remark. We saw that #permutations of {1,...,n} without a fixed point is the closest integer to
2 (also, if n > 2, [ + 1], check this).

One way to interpret this is the following: random permution has probability ~ % of having no
fixed points. How about the probability that a permutation has one fixed point? two? seven?

Precisely one fixed point. Pick the fixed point in n ways. Pick a derangement on remaining set

in ~ ™=V ways. So ~ @

- permutations with one fixed point.

Remark (Exercise). (say n < 8), use sage to count # with 0,1---,8 fixed points.

(n—1)!
e

How far apart can [%'} and n| | be?. Here [] is a temporary nearest integer-notation.
(n—k)!

Clearly, fix k, # with exactly k fixed points is (})[**—"~] when n # k, 1, otherwise. So

e
nl=%7 ) [@] + 1. Is this reasonable? Divide by n! and approximate 1 =y 75 xclosest to 1,
reasonable.
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How many cycles does a ramdonn permutation have? Return to “all = exp{connected}”.Mixed
generating function, exponential for # of labels, ordinary for # cycles. egf for connected permua-
tions is —ylog(1 — x). Then # permutations of {1,...,n} with k-cycles

S exp(yton(t — ) = 2101 = ) = ¥t ( ) (1" =t + 1y )

Unsigned Stirling number of the first kind.
Let f(n, k) = [y* L] exp{—ylog(1 — z)}.

Wyly+ Dy +2)--(y+n—-1)=[1y+ )y +2) - (y+(n-1))
=[1]( +Dy+Dy+2)-(y+n-1)
3-(n—=1)=(n-1)L

(n=1)! _ 1
n! T n’

Probability of a random permutation has 1 cycle is
F,2) = lyy + 1)y +2)- (y+n-1) =y + 1)y +2)(y+n-1).

Can we find recurrence for f(n,k)? f(n,k) = f(n—1,k—1)+ (n—-1)f(n—1,k), f(n—1,k) =

fn,k—=1)+nf(n, k). Expected # cycles in a random permutation is

n'Zk yly+1)---(y+n—1).

1d 1 11
el 1)--- Doy = — 1)--- (=4 =)
n!dxy(y+ )y +n—1)]y=1 n!y(y+ ) (y+n )(y+y+ +)

Euler Mach,
Remark. # k-cycles in a permutation. Let y count k-cycles. The egf for cycles is

£L’k :Ck k

T
—log(l—x)f?er? :flog(l—:z:)ﬁL(yfl)?.

So the egf for all permutations with y combining k-cycles is exp{—log(l — z) + (y — 1)%} =

T exp{(y — 1)%} f(n, k) = [n, Y= exp{( )%} To compute the expected # of cycles of
length k, f(n,j) = # permutations on {1 ,n} having exactly j k-cycles. The expected number
is
ifn,g) 1 g od 1 ek 1 et ok el _1
L T m gt T SR T
=0 =

provided 1 < k < n.
So expected number of k-cycles in a random permutation is exactly %

Remark. Revisiting set partitions. What does a connected set partiton of {1,2,3,4,5} look like?
{1,2,3,4,5}7 The number of connected set partitions of {1,...,n} is 1 for n > 1. So egf for
connected set partitions is 3 -, % = exp(z) — 1. So the egf for all set partitions is e¢” — 1. How
about counting parts? If y marks the number of parts, then f(n, k) = # set partitions with k parts.
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f(n, k) = [%yk] exp{y(e” — 1)}. So to try to calculate the expected number of parts, we’d differ-

entiate w.r.t. y as before. But now we run into difficulties since it is harder to compute [%]eemfl,

then in %
—T

Instead. How many set partitions of {1,...,n} have exactly k parts?

n

" @_q " e’ — 1)k 1 & h—j
S

n

- ,j,g (5) e - kl,; (B)mcvr.

Remark (Exercise). Can you recover the recurrence for S(n, k) from week (27). From exp{y(e® —

117

Corollary 6.30. The number of onto functions from {1,...,n} to {1,...,k} is k.

5 (=S Carr i Qur (o

When £ is small, # onto functions is thus k =1: 1" —k-0" =1, k= 2: 2" — @) 1m=2"-2 k=3
3n— () -2+ (H)1"=3"—-3.2" +3.
It is similar to permutations. We could try to count # of parts of size k instead?

6.6 Labelled trees and forest

6.6.1 Labelled notes

Definition 6.31. Tree is a connected graph without cycles. # of trees on n vertices: n =1: 1,171,

17
n=2 1,20 1-2
n=3 33, ———. . ———. : 3 choices for lable, other two lables are forces.
n=4: 16,42.

6.7 Pmfer sequences

Remark. Since the number of labelled trees on n vertices is n"~2, we look for a bijection from
the set of trees on {1,...,n} to the set of sequences of length n — 2 having entries 1,...,n with
repetition allowed. (graph).

Observe if a finite graph has minimum degree 2, then it has a cycle. Pick z;. Given z1,..., zg,
where (x1,x2), -, (xr—1,2%) are edges of G, x; has another vertex adjacent to it. If it is in
Z1,...,TE_2, it will create a cycle. Otherwise, get xx11, k is bounded by # vertices. So eventually
we must have created cycle.

Corollary 6.32. If T is a tree, it has a vertex of degree < 1. If T" has n vertices, n > 2 degree. In
fact, easy to see if n > 2, T has > 2 vertices of degree 1.
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To create a Pmfer sequence for T, create an empty list, find the leaf of T" with smallest label,
delete it, and append the lable of its neighbor to the list. (graph) [2,1,8,5,10,8,8,1,10,2]. Clearly,
this process creates a list on n —2 numbers from {1,...,n}. Distinct trees clearly give distinct lists.
Exercise. Write a careful proof.

To remove the tree from the list: note n (in this case 12) is never the lowest label of a leaf since
T has > 2 leaves. Given the sequence [2,1,8,5,10,8,8,1,10,2]. Any number not in the sequence
was a leaf in 7. Numbers are not in [2,1,8,5,10,8,8,1,10,2] are {3,4,6,7,9,11,12}. Least of
these is 3. So (3,2) is in 7. This leaves out list as [1,8,5,10,8,8,1,10,2] and {4,6,7,9,11,12}
as leaves to consider. (4,1) is an edge. [8,5,10,8,8,1,10,2] and {6,7,9,11,12}. (6,8) is an edge
[5,10,8,8,1,10,2] and {7,9,11,12}. [10,8,8,1,10,2] and {5,9,11,12}. (graph).

2,4,6,7,5,9,11,8,

[8,8,1,10,2] and {9,11,12}. [8,1,10,2] and {11,12}. [1,10,2] and {8,12}. [10,2] and {12}. [2]
and {10,12}. [] and {2,12}. This process works in general.

This gives us a way to uniformly generate randomly labelled trees. Furthermore, it gives us
extra information about.......

6.8 Connection between labelled trees and forests

. Functional equation for forests. Why this has a unique solution? Next time: Lagrange Inverse
Formula.

Aim: show r(z) =}, rn% and t(z) = >, < tn%. r(x) = exp(t(x)), but this is not particu-
larly helpful as the sage computation shows. Switch to ¢,, = # rootted labelled trees distinguish one
of the n vertices as a root = n"~2.n = n®~!. r = # rooted labelled forests: each subtree get a root.

Rooted lablled trees on n+ 1 vertices give rise to rooted labelled forests on n vertices, erase root
of tree: make adjoint vertices roots of the forest. Relabel with {1,...,n}, n + 1 rooted labelled

trees on (n + 1) vertices give rise to same rooted labelled forest. So t,41 = (n + 1)r,. Thus,
rp = DT — (n+ 1)1 r(z) =3 (n+1)""12 and t(z) = Dot ptlzl Qo

n+1 n=1 n! n!
xn-&-l xn-&-l "
ar(z) = (n+1)" 11— = n+1)'— = n" T = t(x)

ie., t(x) = zr(z) = zexp(t(x)).

So we obtain a functional equation for ¢(x), t(x) = xexp(t(x)). We can hence write x(¢) via
x(t) = texp(—t). We can hence write x(t) via xz(t) = texp(—t) enabling us to give a power series
x(t) for x in terms of t: [t"]x(t) = [t" et = %,n > 1. This has positive (indeed oo
radius of convergence). Why does this ensure that we can find coefficients ¢, ta, ..., ¢y, -+ so that

tx) =3 s taly?
Remark (Lagrange Inversion). Given a relationship like x(t) = ﬁ find coefficients t,, so that

t(z) = Ztn% satifies t(x) = xp(t(z)).... We'll need certain conditions and furthermore, ...

Recall 6.33. Labelled rooted trees, then t(x) = ze!(®), which is easy to solve for z : z = te~t =
T, N

n= n:

What we want to do is to invest this power series x(t) to find a compositional inverse ¢(z).

Little results (but useful). We've seen making liberal use of [z"]. However, this is not the
fundamental operator to use. The best operator to use is [z71]. We can then recover [z"]f(x)
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by computing [w‘l]x_(”“‘l) f(z). This require us to work in the realm of Laurent series instead of
power series, series of the form Y2 ajxF. Why is [z7!] different from all other [z"]? Because 1
is different in nature from z” for any n 75 —1. = is not the derivative of ™" or any Lauranet series.
So if f € R(z) or Cla, [r7)"(x) = 0. If f(z)g(x) € R[[z]}, then f(x)g(x) € Rlz], [z~"](fg)’ = 0
and [z7']fg' = [z7"]fg.

Following Wilf’s notation, (completely incompatible with last class’s notation). We’ll have a
function equation of the form u = to(u). (in our earlier discussion, we had t = €*(®).) So ¢ plays

the role of x and u plays the role of ¢, ¢ plays the role of exp().

Theorem 6.34. Let f(u) and ¢(u) be formal power series in u with ¢(0) = 1. Then there is
a unique formal power series u(t) satisfying u(t) = tp(u(t)), i.e., ¢ = ¥ and furthermore if we
compute f(u(t)) as a power series in t, about t = 0, satisfies [t"]f( () = [u 1 (f (w)e(u)™).

Example 6.35. Before we prove this, let’s apply it. If ¢() = exp(), f(u) = u, then [t"]f(u) =
L1 exp(un)) = %% = %71 So # of labelled rooted trees is n™~1. It is sufficient to

prove for f a polynomial in w and for ¢ a in w....

1 1 d d d

e (ut)u (t)dt = o— t*"A*f(u@)ﬁﬁ==[t7Wt7"4*f(UQ))==Uflﬁ‘(”+”t3gf(uﬁ))

2m 271 dt dt

Since [t~ Yg(t)h'(t) = —[t71])g' (t)h(t), we have [t~1t= " f" = [t"].

Remark (Lagrange Version). Let f(u), p(u) be power series in u with ¢(u) = 1. Then we can find a
unique power series u(t) so that u(t) = ty(u(t)) and furthermore, [t"] f(u(t)) = L[u" "] f’(w)p(u)".

Theorem 6.36 (Galois, Abeletc). “You can’t solve some quintics”.

(a) Consider the degree 5: x° —x + 2 = 0, where z is a parameter we can vary. Clearly for some z,
we can solve this, e.g., z = 0. It is in fact known that this has solutions in radicals if and only if it
has an integer solution, or if z = +15,+22440 or +2759640. We’ll see how to solve P —x+ 2z =0
(not in radical). Rewrite this as z = x — aP. Want to get a formula for x = x(2) so that this is
satisfied. Note v = 1—Z%=r = zp(x), where p(r) = W So z plays the role of t in LIF and x
plays the role of u. Hence [2]x(z) = L[2" " p(z)". So we need to consider L[z (;—L=)". Let

y=aP~'. Then

“1y—r - +1 — (n+k—1 ~ (n+k—1\ e
(1-2P )" =(1-y) " = 1+ny+my2+- =3 <n . >y’f — <n . )xk(p 1),
k=0 k=0

x

2

So want k(p—1) =n—1. Ifn—1 = k(p—1), then n—1+k = kp, so we get Wll)“(klf) as coefficient.
So we get x(z) = Y 1 m(lz’)zk@_l)“, which converges inside. |z| < (p — 1)p~ PP~ If

p =25, we get 4, 575 = %- In particular, if you are interested in solving problems involving interest
rates. e.g., converges these technique can often be helpful.

Remark. Story: Minutes before the drawing for a lottery, you buy a ticket. You know current
total # tickest T' (include you) for this drawing, the (constant for all tickets) probability p of a
particular ticket winning, and the current prize value V. When a ticket is bought, it is assigned
uniformly and independent from all tickets. Want to know the expected value of the ticket you but.
There are n = zl) possible tickets, each equally likely to win. Only one of these can win (though
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multiply copies may have been sold). If w copies of the winning ticket are sold, then the payoff to
each winning ticket is % Let X be how much you win.

14 Vv
E[X]=V . P(you win, w =1) + EP(you win, w =2)+---+ TP(you win, w =T
T-1
L (T—=1\ 4 T—1-k
- i (1 .
Vpg:ok*l( . )p( p)

3 approaches to get the final answer.

(a) “correct approach”. introduce an z**! in the k** term, differentiate w.r.t. 2, sum and integrate.
1 (T-1\ _ (T—1)! _ (T—1)! oy T
(b) Be smart, get lucky: = (") = grmmmr——mr = Grn—ta = T ()

T-1 T-1
1 T \% T \%
EIX] = - k 1— T—l—k‘zi k+1 1— T—(k—‘rl):i 1—(1= T.
[X] Vpkzon(k+1)p( p) T’; )P =D 7(1=(1=p)7)

(¢) Your ticket has the same expected value as everyone elses. > EX,)=V(1-(1-

p)T) =V x probability tiket at least one wins.

all ticket sold

As pis very small, (1 —p)T e ?".

Theorem 6.37 (Ramsey Theorem). R(3,3) = 6 meaning that if we color the edges of Kg with two
colors, yellow and brown, either there will be a yellow triangle or a brown triangle, but not true for
K.

Take a coloring of Kg. Pick a vertex of Kg. Five edges implies > 3 yellow edges or > 3 brown
edges. Suppose yellow. (graph). Similar proof shows that R(m,k) is finite, there is at least n so
that 2 coloring of K,, has either a yellow K,, or a brown K.

The best lower bounds are much smaller than the best upper bounds.

Remark (The probabilistic methodin combinatorics). Idea: generate combinatorial objects at
random from some distribution and investigate their properties.
How to obtain information about R(m,m)? Take K, with equal probability and independently

color each edge y or b. For a given sd S C V of m vertices, P(S is monochromatic K,,) = 2- 9-(%).
Let Xg = 1 of S is monochromatic and 0 otherwise. Let X = 37, ¢_ ocy Xs. Then E[X] =

(2)21_(2) If F[X] < 1, then since X is non-negative integer valued, there must exist a coloring
of K,, with 0 monochromatic K,,’s. E[X] =", kP,(X = k). How big is m if (') = 2(3)-1. Can
c2n2 -1

m = cn? (¢ fized, n — o0). LHS < n™ = n. Exponent cnlogn. RHS =27z . Exponent
c c m n2¢
Cn?. How about n° some fixed ¢ € (0,1). (%) <n™ =em lgn, 2(5) ~ 2% . Som =0 ¢) for all

¢ > 0. The nice thing about this is that if m = o(n'/2), then () = nn=d)-(nom)tl ”—W:

m!

1 2 m—1
(1 =-=)--+-(1 — ————
1 2 —1 2
~ ™ exp{ _________ L} =M exp{_(Q)
n o n n

nn—1)-nm-—m+1)=n"(1-

}.

n
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m\_ m m—1 m—1 L m—1

Now want 7 = 2(3)-1, Forget (—1), (?)272\/% = . 2 =27 (V2rm™) = 277,
m—1

ie,n="m22_ log,n = 5 + logym + loge. First approximation m = 2logy n. Better m =

2logy n — loga m — log c. logs m < logy(logs n) + log 2. So m > 2log, n — log, log, n — log c.
Definition 6.38. A set S C N is sum free if there is no x,y,z € S with x + y = 2.

Theorem 6.39. If |T| < oo, is a non-empty subset of N, then there exists S C T with |S| > lTl
that S is a sum free.

Proof. O

Remark. If z is small, say 0 < x < %, then

log(1 — ) LT +”T2+1(3+ +ad 4 ) N
— 10, — )= —_ - T —_ —x xT l’ =T —_ —
& 2 "3 2 "3 2 31—

<x+..
Remark. How big is (}) when n is large? How big is D k<t ()

(a) Case 1: k is not big, say k = o(n'/?). n*exp(x) <n(n—1)---(n—k+1) < exp(). So provided
fl—z — 0, ie, k=o0n*3. nn—1)---(n—k+1) = nFexp _G) ) (1 + o(1)). This of course
explains the Birthday Paradov. How about when £ is on the same order of magnitude as n? Fix

an(0,1), k = an (more precisely, k = k,, %" — 00 as m — 00). (2) = (k!)((?z!—k)!) = (an)!((’f_a)n)!.

By Stirling again, (") ~ (2)"/2mn. ..

Special case a = 3 22”22 = /22", Recall...

If we fix p € (0, 1) and look instead at 1 = >, (3)p*(1 — p)"~*. We could ask where is the

summand maximized? At the maximum, we should have something like (})p¥(1 — p)" % ~

ke ~ _ _ _k _
()P = () ~ g Ty = e+ ) = kg orp = g or ko= .
Then more careful, estimate show quadratic decay away from pn.

Remark (Partial sums of binomial coefficients, n even). Fix | < § for 3, (). 1> 1%

it (1) =2" = Lgnmima () M= 5, Dy (1) = 2777 = 5(00)-

Since | < 3,

%(@ - (7)+ (ln1> +(ln2> - (7) (%;) + %?)

6.9 Open problems

Heuristically speaking: What proposition of integer up to N are 3 good? If N < 3, then 2¢
log N
integer are 3-good. So “Pr” n is 3-good = (2)F = (3)l&3N = o885
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Remark. Representating #’s in binary corresponds - = (14)(1+?)(1+2*)(14+2%)(1+2'6) - - -.
Likewise, base 10 becomes 11— = (1+z+2?+ - +2%)(14+ 20 +22° + ...+ 2%) ... What about
non-constant bases? ...

Every integer has a unique representation as n =Y .-, a;i! with a; € {0,...,i}.

Let p be a prime. Base p has a nice extensions to number theory. We can define a distance,
the “p-adic” metric on Z. Given v > 1, usually 7, = p. dp(m,n) = [m —nl|, = p~", where
P’ (m—n)...

We can define a distance metric d,(p(x), ¢(x)) on polynomials in X.

dx(p(2), q(x)) = |p(z) — q(x)] = 27"
if the smallest ¥ with non-zero coefficients in p(x) — g(x) is ™. This defines a topology on k[X].

Remark.

6.10 Inclusion Exclusion
Theorem 6.40. Given finite sets Ay, ..., An, we have | Ji—; Ail = 3701 32 612 (1) Nyes Aql.

Proof. Let x € |J;_; A;. Fix the subset S C {1,...,n} sothat z € 4;ifi€ Sandz ¢ A; if j € S.
Then S # ) since z € ([, 4;....

Let O = sets of all objects. Given S C P, Og = objects with all of the properties in S (plus
possibly some more). Nyg = |Og|. N=g = #objects having precisely the properties in S. So
typically, N> g is easy to compute, and we want to be able to compute N—_g.

Easy N>g = > rng Ner. Welllassume S = 0. SoN>g =3 pcp Nor. P =0, N5p = N_y. P =
{1}. Nop = Nog+ N>1. Nog = Nog— No1. Nogoy = Nogoy = Noquoy- Noquy = Ny — Noqu 2y
P = {172}. N}@ =N_g+ N:{l} + N:{Q} + N:{LQ}. So Ny = N}@ - N:{l} - N:{g} — N:{l)g} =
SR ZTQP N2T(_1)‘T‘-

Exercise. Prove N_g = Y p(—1)TI N .

Examples P = {P,...,P,}. O = set of all permutations of {1,...,n}. P; = 7 fixes i. N—g =
# of dearrangement of {1,...,n} = # of fixed point-free permutations of {1,...,n}. Nxp = (n —
|TN!. Nog = ETQ(—l)‘T‘(n — T = Z:o(_l)k(Z)(n — k)l O

We’ve seen how to compute Ny from Ny over all subsets 7' C P. This allows us to compute
N_y = #objects with exactly 0 properties from P. What if we want N_; = # of objects with
exactly k properties from P. Equivalently, what if we want to compute Z‘T‘: w N=r? (for fixed k).
Sometime not too bad.

Example 6.41. Permutation with exactly k fixed points could be written as

(1) s () 5

§=0 7!

Can we improve on this (either in general or in this particular example)?
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Then Nor = ZTgs(_l)lsl_lT‘]\@S = E;‘l:k Z|S|:j,SQT(_1)j_kN>S' So

ST S SN S EIER ST ) SIID DEFEEE 3 SR ()

Nir|=k Nir|=k j=Fk |S|=4,TCS J=Fk|S|=j |T|=k,TCS J=k|S|=j

In the case of derangement if |S| = j, N>g = (n — j)!, so we get Ej (?) (n— (1) (i)

6.11 Combinatorics and Probability

Suppose we have a non-negative integer valued random variable X with E[X] < co. So we can
think of interpreting X as follows. We have a set {2 of objects, e.g., graphs. For each G €
we count some non-negative integer parameter X(G). Then P(X > 0) = > 72, P(X = k) <
Z:zl kP(X = k) = > okP(X = k). Soif E[X] < 1. then P(X =0) =1-P(X >0) > 0.
Hence there exists a G € § so that X(G) = 0. Similarly, if F[X] is large, then there must exist
G € Q with X(G) > E[X]; and if there exists G € Q with X(G) < E[X], then there exists G € Q2
with X(G) > E[X].

Example 6.42. A set T C {1,2,3,---} is sum-free if for z,y,z € T, x + y # z.

Theorem 6.43 (AlonErdos Kleitmen). If S is a non-empty set of positive integer, then there exists
T C S with |T| > |S| and T is sum-free.

Q(Erdos) Can % be replaced by some o > %?
Proof. For a € (0,1), defines So = {n € S : {na} € (3, %)}, where {na} is the fractional part of
no. Then, if ni,ny € S,, we have {(n1 + n2)a} = {nia} + {n2a} (mod 1) € [0,4] U [2,1]. So
ny +ns € S,. Hence S, is sum-free.

Now let Xo = [Sal- Xo =D, cs Ines, -

Exercise 6.44. Let n > 0 be an integer. Pick a uniformly in [0,1). Show P({na}) € (3,2) = 1.

Hence E[X,] = Y, cq% = @ Let m = max,cgn. Since |So| = 0if o € (0, 5), P(Xo =
0) > 5. Hence P(X, > %) > 0. Hence there exists « such that T = S, satisfying |T| > %
How hard to improve upper bounds? Find a good set S of cardinality |S| = s. Consider all ( s /g n t)
subsets of size S/3 + t. Huge search space.

Question. Can the probabilistic proof inform good choices for S with small max |T'|? Can you
show if S has “too many small element”, then S has a larger sum-free subset?

Another combinatorial number theory question. Reference: B. Lindstrom. An Inequality for
By Sequences 1969.

Theorem 6.45. There exists C > 0 such that if S C {1,...,n} is Sidon, |S| < n2? + Cn? +1,
What is max|S|, S. O

[SEN]

Remark. Suppose you play a game, in which there is a non-negative integer payoff X, a random
variable, P(X = k) = pr, 0 < k < N. How much should you pay to play the game? It is
E[X] = Zszo kpr. Indeed, if you play the game for a sufficiently long period of time, then if you
pay < X, you win over the long term, if you pay > X, you lose over the long term? How long is
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sufficiently long? If we play one game, at the rate of a Cesuim atom vibrating, about 107!° period
until the heal death of the universe, say 10''° seconds, we “only” get to play T = 10'?° rounds of
the game. Can we use up with reasonable games whose E[X] is too much to pay if we only get to
pay T times?

Flip a coin n times? Payoff X = ¢ 3% when k = # heads. E[X] = D3 (?)2_” = 6(1;3)" =
c2™. (So if we choose ¢ = 27", F[X]| = $1. What happens if we play the game just a few times?
With high probability, we see that & heads, say % + i, where 7 is not too much bigger than \/n. So
we win 27" - 3571 = ()% - 3 which is very small. How many heads would we need to see for us to

get a payoff of $1. Want 2" =3/, j = }gign = an, where a = 0.6309 > 1.
1

What is P(in n coin tosses we see more than an heads)? 3 > r_ . (}) = 5= (%) nda.

(an)!(1 — a)n! (%)QH(M)U—&)”\/Qﬂ-an\/Zﬂ'(l —amn

e

(afa(lia)f(lfa))n . afa(lioé)f(lfa) — "

et When is =————— ~ p" = 0.97".
Theorem 6.46 (Kruth). Given a rooted tree T, we wish to count the number of leaves in T.
Algorithm. Take a random walk from the root to a leaf, choosing uniformly at each verter among
its children. Let X = product of the degrees you see. Then E[X] = #leaves of T'. Prove: give a
leafl. X (1) =[1d; of degrees on path to l. Probability we end at is a- 5o Y XP(I) =3, 1.

Extension: Label each edge from v to its children with a probability (not necessarily ﬁ, S0

probability sum to 1).
Aside. Allowing for favorite children, how do you pick your favarite and how do you assign
relative probability.

Remark. Non-attacking configuration of King. In one dimension, written vertically F'(k,1)
#k x 1 boards without attacking ¥ = F(k — 1,1) + F(k — 2,1) with &k > 3. F(1,1) = 2 and
F(0,1) = 1. (Check out Pingla, Sanskrit poetry, “Pascal Identity” and Fibonacci numbers. Also,
Keith Devlin on why golding ratio is less interesting than you’ve been told.) To compute F(k,m).
Use Kruth. T has a depth n. Each vertex at depth j is labelled by a k x 1 board B. Its children
are the k x 1 boards that can be adjacent to B.(graph). Let’s check the 1 x n case, 2 possible 1 x 1
boards. (graph).

Remark (depth 10000). 2 x 107 simulations. X never exceed E[X]. Want to contral max §83

for trees [y and [5.

Theorem 6.47. If we modifying the weight on the edge of T so that (graph), where p + p* =

1,
i.e., p = 0.6801, whenever we are at, then all leaves have one of two X -values, with max §EB = %.

Remark (More on Kruthian counting). Counting 2 dimensional kxn configuration of non-attacking
kings. Set up a matrix A, labelled by permissible k£ x 1 columns of non-attacking kings. e.g., k = 3,

11 1 1 1
1 0 01 0
possible 3 x 1 configuration are (graph). A5 = {1 0 0 0 0]... Ag(i,j)=1if columnsi,j can
110 00
100 00

be adjacent w/o attacking kings.
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Remark (Constructing the Kruthian tree). Start with the root, labelled with (empty col). Each
vertex is labelled with a column. Children are permissible columns like thoese that can be adjacent
to the current column. (graph). How should we adjust the probability of choosing each child so
that the values of X of the random varible, when sampled, give a good estimation of E[X].

The adjacency matrix A has dominant eigenvalue (i.e., the Peron Frobenius eigenvalue) ¢ =

1+T\/5 and the corresponding eigenvector is [11 // ;’4 Normalize to have é + ﬁ = 1. We saw last
time that if p = 1, so p + p?> = 1. (graph) then with these probabilities for children, the Kruthian

©
variable X, when sampled, does give good estimates for F[X].

For small k, we’ve verified that if we label the edges with probabilities derived from the PF
eigenvector, (the only eigenvector with strictly positive entries), so for example, the probabilities
in (graph) are normalized so that o + 8 = 1 and a« (graph) entry of eigenvector Sa (graph) entry
of eigenvector. Then at each level of the tree, there are a fixed number of values taken by X.

Conjecture: # values taken by X is at most F, the dimension of the matrix Ay.

Conjecture. Given a (big) tree, we're doing a weighted Kruthian sample from, then

(a) if when 1 sampling X, the ratio of largest value of X seen to smallest is not too big, we have
confidence X ~ F[X];

(b) if ratio of largest X to smallest X is too big, X << E[X].

Remark (Possibly BS in general). In the case where the tree corresponds to long walks on finite
graphs G, conjecture is probably trees with weights chosen from eigenvectors, should get conver-
gence.

Let A be a non-negative symmetric (not necessarily) matrix, in which the undirected graph
(with loops) G having (4,7j) € E if and only if A;; > 0 is connected, and not bipartite. (So high
power of A have stricly positve entries). (In our case, A% has strictly positve entries), then there
is a unique eigenvalue A with A > |\;| for all other eigenvalues A\;j, A > 0 and the corresponding
eigenvector has strictly positve entries.

How to take a random Kruthian sample when G is too big to do an eigen analysis?

Continuing with the Kings problems.

In 2 dimensional F(n,k) = # k x n configs. In 3 dimensional F(k,m,n) = #k X m X n
configs. In any finite number of dimensions, we have two inequalities. If we take logs of F(),
writing h(ni,...,nq) = log(F(ny,...,ng)), then h(ny + my,na,...,ng) < h(ny,na,...,nq) +
h(my,na,...,ng) (with the same being true for the j* component) and h(ny +my+1,n9,...,n4) >
h(ni,na,...,ng)+h(my,na,...,ng). So for example, with d =1 and F(0) =1, F(1) =2, F(2) = 3.
F(3) =5, F(4) = 8, F(5) = 13, F(6) = 21, F(7) = 34, we have F(m +n) < F(m)F(n) and
Fm+n+1) > F(m)F(n). Example F(2+3) =13 < F(2)F(3) =15, F(2+3+4+1) =21 >
F(2)F(3) = 15. The inequality for h(ny,...,ng) imply that h(rny,...,mng) < r%h(ny,...,ng).
h(rny +7r —1,...,rng +r —1) = r?h(ny,...,nq). (r — D)%(ny,...,ng). This will imply that
limy,, . ny—oo ﬁh(nl, ..., Ng) exists.

We can defined 74 = limp, . ny—oco ﬁh(nl, ...,ng). We can call this the entropy of the
configuration of non-attacking king in d dimension.

What is known 7; = log(p) = log(1.618) = --- = log(l%‘/g). In 2 dimensions, Probably know

to 6 digits. Morally known to 60 digits. In dimensions greater or equl to 3 know first digit of e#¢,
et =17
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Restricting ourselves to d = 2. Recall A =. If we denote the largest eigenvalue of Ay by Ak,
then for fixed k, F'(k,n) = #k x n boards = k x (n + 2) boards starting with (graph: emptyboard)
and ending with (graph: emptysboard) = (AZH)Ml, (1,1)-entry in the Fy x F» matrix AZH.

Now (AR") = X cigenvalue A of 4, exA\" 1 for fixed and computational values A. Ay, is real and
symmetric, so all \’s are real, by Person Frobenius, A\, the largest eigenvalue of Ay, is positive and
has magnitude strictly greater than all other eigenvalues of Ay, implying that F(k,n) = ¢y, )\ZH (1+

c n F(k,n n n
Yasan (3", So CA:A;& —log(ex, A +Y) — 0, Llog F(k,n) — Llog(cy,) — 2L log Ay — 0
as n — 0o, ¢y, > 0.

So Llog(F(k,n)) — log(Ax) or F(k,n)% — Ag. Hence limj_ o +log(Ag) = n2. Experimentally
it appears that %log A — n alternates positive and negative. (Compare to the alternating series
test. > p__, (71,):“ alternating above and below 7*" limit).

Example 6.48.

Remark. Two views of permutations.

(a) Function from {1,...,n} to {1,...,n}. Represented by for example
1 2 3 45 6 7
51 2 4 3 7 6 )’

(5124376).

which we could abbreviate to

(b) Can list a permutation by its cycles
(1532)(4)(67),
where
(1532)=(5321)=(3215)=(21523).
Replace each cycle by the one with the largest entry first.
(5321)(4)(76).
Write cycles in increasing order of their largest element
(4)(5321)(76).
Erase parenthesis,
4532176.

This gives us a 1-line representation of
1 2 3 45 6 7
4 53 2 176 )
So we have a map from S,, — S,. Can we undo it? 4532 176. 4<5,s0(4). 5>3>2>1and

1<7,80(5321). 7>6,so (76). This transformation is due to Domimiefiite referred to as the
Foate Transformation.

Q: Pick a permutation in S,, uniformly at random. What is the probability that j is in a cycle
of length k. Observation: by relabelling j as in If n is in a cycle of length k, then the modified cycle

notation will be ( )( )(n

kterms
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