A REGULAR SEQUENCE OF POLARIZATION OF MONOMIAL IDEAL

Let k be a field, and set R = k[X1,...,Xy4] and m = (X;,..., Xy) < R. For each positive
integer n, set [n] = {1,...,n}. For each sequence of positive integers n = (nq,...,nq) set
Rn =k[X;; | i€ [d and j € [n]].

Let I be a monomial ideal of R, and let I < R, be the polarization of I where n is
determined by the generators of I. The first part of this project concludes that the sequence
consisting of polynomials X; ; 1 — X;; for all i € [d] and 1 < j € [n,] is regular for Ry/I.
The goal of this part of the project is to show that the sequence consisting of polynomials
Xi1— X, forallie[d and 1 < j € [n;] is regular for Ru/I.

Exercise 1. Read and understand the statement and proof of [I, Theorem 16.5(ii)].

Exercise 2. Let A be a noetherian ring, let M be a finitely generated R-module, and let
X1yeees Ty Yly---,Yn € A be such that (x1,...,2,)A = (y1,...,yn)A and there exists an
invertible n-by-n matrix Q := (g; ;) such that [y1 -+ ¥n]" = Q[1 -+ Za]". Assume that
one of the following holds:
(a) (A,m) is alocal ring and z1,...,Zn,Y1,...,Yn € M, Or
(8) A is an N-graded ring, M is an N-graded A-module, and x1,...,2n,y1,...,Yn are
homogeneous of positive degree.

(a) Prove that K4 (z; M) = K4 (y; M).

Proof. Since K“(z; M) = K*4(z) ® M and K#(y; M) = K#(y) ® M, it is equivalent
to show that K4(z) = K4(y). Define v; : K4(z); — K4(y); by vi = AN (QT) for

1 <i < n and 1; = id, otherwise. Since K*(z); = 0 = K*(y); for j > n+ 1 or for
j < —1and A"(QT) is invertible for 1 < i < n, to show K4 (z) = K4(y), it suffices to
show that the following diagram with 1 < ¢ < n commutes.

K4 (y)

i

KA(Q)i - KA(y)ifl

l/\i(QT) e I/\i’l(QT)

KA (z); ——— K*(2)i
Let {e1,...,e,} be the standard A-basis of A™. Then
{ex, Ao Aey, [1< A <o <\ <}

is an A-basis of A(?) for 2 < i < n. Note that

A, i . Al
81K (g)(e)\l A\ ~--/\€)\i) = Z(—l)f_laf( (g)(e)\j) C e /\-~-/\é)\j N Ney,
j=1

= Z(_l)jfly/\j cex, A Néx, A Aey,
j=1
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and
i

A )
aK (@(e)\l /\---/\6)\i) :Z(—l)]_lm\j sey AN Neéx, N---Aey..

K3 J
j=1

To show the above diagram commutes, it is enough to show that

AT @00 Pier, nnen) =0 @ o NQT)ex Ao ner). 21)

Claim. For v; A --- Av; € K4 (y)i, we have

A i 3 A
0 DA Aw) = S (-1t W) s A A A A,

Jj=1

Proof by induction. Base case i = 1 follows from the definition. Inductive step. By [2]
Exercise 4.33] and inductive hypothesis, we have

A
0 D n- Awy)
—6 (y)(( -~-/\vi_1)/\vi)
—31 1 )(vl/\ A1) Avi A+ (1) T o A Ay 81 (y)(vi)

i—1 A
= <Z(—1)j_18f @(vj) BN IVANERIAN ’ﬁj VANRERIAN ’Ui1> N v;

j=1

+ (=) v A A 8 y)(vi)

—~

.
I

1 A
(—1)]_181}( (g)(’l}j) vy A A ’ﬁj N ANvi—1 Ny

.
Il
N

) A
+ (—1)1_1 81K (E)(’UZ) - U1 ARER /\1)2‘,1 /\’lA)Z'

= Z(—l)j laf( (y)(’l}j) -V A-~-A@j N ANv;.
j=1
On the one hand, the left hand side of (2.1)) is

i—1

AT @00 Piey, A nen)
C (QT) (Z(_l)jlijGAI N Nex; Aeee /\e>\i>

Jj=1

I
>

%

_ j y)\ /\ QT 6/\1 ./\é/\j/\.../\e)\i)

||
_

Z 1Dy, QT (en) A AQT(ex) A A QT ().



A REGULAR SEQUENCE OF POLARIZATION OF MONOMIAL IDEAL
On the other hand, the right hand side of (2.1)) is
/\ (QT)(G)\l ARERNA e>\7’,)
A
=0/ P (Q"(ex) A A QT (er)

aKA@) °

3

3

=3 (OF @ (QT(er,))) QT (e ) A+ AQT(er) - A QT (e,

j=1

Thus, (2.1]) holds.

(b) Use [, Theorem 16.5(ii)] with part (a)) to prove that z1,...,x, is M-regular if and only
if y1,...,yn is M-regular.

Proof. = Assume x1, ..

So y1,...,Yn is M-regular by [I, Theorem 16.5(ii)].
<= It is similar to the proof of —.

Exercise 3. Use Exercise[2|to prove that the sequence consisting of polynomials X; 1 — X;

=Yx;-

@)(QT(ex,)) = 0K ()(ar, 101 + -~ + 4, men)

A A
=0 (@) (ar;ae1) + -+ 00 (2)(ar,n6n)
= qx;,1%1 + o+ qx; nTn

Hi(y; M) = Hy(K(y; M) 2 Hy (K7 (z; M) = 0.

for all i € [d] and 1 < j € [n;] is regular for Ry /1.

the non-zero entries are 1. Then

O

. Zp is M-regular. Then Hy(K4(z; M)) = Hy(z; M) = 0
by [3, Theorem VIIL6.15]. Since K*(z; M) = K#(y; M) by (a)), we have

O

J

Proof. For i =1,...,d, define Q,, to be a lower triangular n;-by-n; matrix such that all
[ X11— X2 [ Xi1— X2 ]
X1 :_Xl,i Xl,i—l:_ X1
X1 _:Xl,nl Qn, Xl,n1—1: Xin,
Xa — Xa2 Qn, Xa1 — Xa2
Xa1 :_Xdz Xdifl:_ Xai
Xa — Xangl | Xdng—1 — Xdngl

Q@n,
Since Q =

is a lower triangular matrix whose diagonal entries are 1,

@ny

we have @) is invertible. Since the first part of this project concludes that the sequence
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consisting of polynomials X; j_; — X, ; for all i € [d] and 1 < j < [n,] is regular for Ry /T,
we have the sequence consisting of polynomials X; 1 — X, ; for all ¢ € [d] and 1 < j € [n;] is
also regular for Ry, /I by Exercise O
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