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Chapter 1

Matrix Algebra

1.1 Operation

Let ]Tn be an n x 1 column vector of 1’s. Then I_L'Z_'l_fn = n and ITnI_L',:C = J, where Jisann xn
square matrix of 1’s.

Example 1.1. If A is n x p, then sums of lines and columns are, respectively,
i ay
]].ZA = [Z;ﬂ ;1 e Z? aip] and A]].p =
Z?:l Qnj
Theorem 1.2. If A isn x p and B is p x m, then (AB)T = BT AT,

Proof. Let C = AB, then C = (¢;j) = (3_%_, aibrj). Then (AB)T = CT = (¢;;)T = (¢ji) =
(X k=1 ajnbri) = (k—y briaji) = BTAT. D

-T
o
Proposition 1.3. Let Aben xmand Bbem xpsothat A= | : |, B= (51, - .,gp). Then
~T
al'b
| =AB= B .. 4Dy,
al'B

n

Reﬂmark. Ab is a linear combination of the columns of A, in which the coefficients are elements
of b. The columns of AB are linear combination of the columns of A. The coefficients for the jth
column of AB are the elements of the jth column of B. We have the similar conclusion for the
rOws.

Theorem 1.4. Let A be any n x p matriz. Then

(a) AT A is p x p and its elements are products of the columns of A.

1



2 CHAPTER 1. MATRIX ALGEBRA

(b) AAT is n x n and its elements are products of the rows of A.
(c) Both AT A and AAT are symmetric.
(d) If ATA=0, then A=0.

1.2 Quadratic form

Definition 1.5. If A is a symmetric n X n matrix in R and % is a n x 1 column vector, the product
FTAZ =30 aua?+ Zi# a;jx;x; is called a quadratic form.

If Ais an x pmatrix in R, and £ is n x 1 and # is p x 1, the product 27 Ay = Zij ai; Ty is
called a bilinear form.

1.3 Rank

Theorem 1.6. Columns of A are linearly independent if and only if 0 is the unique solution of
AZ=0.
Theorem 1.7. If there is a non-zero solution for AZ =0, then at least one of the column vectors

a; can be expressed as a linear combination of the other column vectors in the set.

Theorem 1.8. The mazimum possible rank of an n X p matriz A is min(n,p). In a non-square
matriz, the rows or columns are linearly dependent.

1 -2 3
5 2 4
the columns are linearly dependent. Then there exists not all zero constants ¢y, ca and c3 such that

Example 1.9. The rank of A = is 2 since neither row is a multiple of the other. So

&1

1 -2 3 0 o 1 -2 3 10 o .

c1 {5] + o [ 9 } +c3 L] = {0] Rewrite it as {5 9 4} 22 = [O} or A¢ = 0. The solution to
3

it is given by any multiple of ¢ = (14, —11,—12)T. In this case, the product A¢ is equal to 0 even

though A # 0 and ¢ # 0. This is possible because of the linear dependence of the column vectors

of A.

Remark. We can extend it to products of matrices. It is possible to find A # 0 and B # 0 such
that AB = 0. Each linear combination of the columns of A is 0.

We can also exploit the linear dependence of rows or columns of a matrix to create expressions
such as AB = CB, where A # C. Thus in a matrix equation, we cannot, in general, cancel a matrix
from both sides of the equation.

There are two exceptions to this rule:

(a) If B is a full-rank square matrix, then AB = CB implies A = C (multiply by B~! on the
right);

(b) The other special case occurs when the expression holds for all possible values of the matrix
common to both sides of the equation; for example, if A7 = BZ for all possible values of x, then
A = B. To see this, let £ = (1,...,0). Then the first column of A equals the first column of B.
Continuing in this fashion, we obtain A = B.
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Theorem 1.10. (a) rank(AB) < rank(A),rank(B).

(b) If B and C are full-rank square matrices,

rank(AB) = rank(CA) = rank(A) = rank(CAB).

(c) rank(A) = rank(AT) = rank(AT A) = rank(AAT).
Proof. (a) AB = A(B1,...,B) and AB = (af,...,al)TB = (o B,...,al B)T.
)

(b) By (a), rank(A) = rank(ABB™!) < rank(AB) < rank(A4). So rank(A) = rank(AB). Also,
rank(A) = rank(C~1CA) < rank(CA) < rank(A). So rank(A) = rank(CA).

(c) Assume there exists x such that AT AZ = 0, then #7 AT A% = 0, i.e., (AT)T AZ = 0. So AT = 0.
Thus, rank(A) < rank(AT A). O

Definition 1.11. The column space C(A) = L(dy,...,d,) € R™, where A = (d,...,d,) € R™*™.
The null space N(A) = {Z: AZ =0} CR™

Theorem 1.12. C(AT) L N(A) and C(A) L N(AT).

Theorem 1.13 (Fundamental Theorem of Linear Algebra, Part I). Let A € R™*" with rank(A) =
7, then dim(C(A)) = r, dim(N(A)) = n —r, dim(C(AT)) = r and dim(N(AT)) =m —r.

1.4 Inverse

Theorem 1.14. If A is nonsigular, then AT is nonsingular and its inverse can be found as

(AT)~1 = (AT

Theorem 1.15. If A and B are nonsingular matrices of the same size, then AB is nonsingular

and (AB)"! = B~1A~L

Theorem 1.16. If A is symmetric and nonsingular and is partitioned as A = {ﬁu ﬁlz] and if
21 22

B = A5 — A21A1_11A12, then provided A1_11 and B~1 exists, the inverse of A is given by

Al A+ A ARB Y Ay AT A A BTY
—B LAy AL B 1
Theorem 1.17. If a square matriz of the form B + ¢! is nonsingular, where € is a vector and B
12T p—1
is a nonsingular matriz, then (B +¢ccl )™t = B~ — HiBfBla'

1.5 Positive Definite Matrices

A+A

Theorem 1.18. In general, any quadratic form §* Ay can be expressed as i’ ) i, and thus

the matriz of a quadratic form can always be choosen to be symmetric and thereby unique.

Remark. We are usually only interested in symmetric p.d. or p.s.d..
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Remark. Ths sums of squares in regression and analysis-of-variance can be expressed in the form
i1 Ajj, where ¥ is an observation vector. Such quadratic forms remains positive (or at least non-
negative) for all possible values of 7.

Definition 1.19. If the symmetric matrix A satisfies §7 A7 > 0 for all possible ¥ except 7 = 0,
then the quadratic form ¢7 A% is said to be positive definite, and A is said to be a positive definite
matriz.

If the symmetric matrix A satisfies 7 Ay > 0 for any i, then the quadratic form 47 Ay is said
to be positive definite, and A is said to be a positive semidefinite matriz.

Theorem 1.20. Let P be a nonsingular matriz.

(a) If A is positive definite, then PT AP is positive definite.

(b) If A is positive semidefinite, then PT AP is positive semidefinite.

Proof. (a) 47 (PTAP)j = (Py)T A(P7) = 0 if and only if P§ = 0 if and only if i = 0.

(b) Tt is similar. O
Corollary 1.21. Let A be a p x p positive definite matrix and B be a k X p matrix of rank k < p.
Then BABT is positive definite. In other cases, BABT is positive semidefinite.

Let A be a p x p positive definite matrix and B be a p x k matrix of rank k < p. Then BTAB
is positive definite. In other cases, BT AB is positive semidefinite.

Proof. 4" BABT§ = (BT#)T A(BT) > 0 unless BT§ = 0. Also, BT§ =0 if and only if 7 =0. O
Theorem 1.22. A symmetric matrix A is positive definite if and only if there exists a nonsingular
matriz P such that A= PTP.

Corollary 1.23. A positive definite matrix is nonsingular and all eigenvalues are positive.
Theorem 1.24. Let B be an n X p matrix.

(a) If rank(B) = p, then BT B is positive definite.

(b) If rank(B) < p, then BT B is positive semidefinite.

Proof. (a) gTQTBy = (ByZT(By), which is a sum of squares and is thereby positive unless By = 0.
Also, By = y1b1 + - - + ypbp, = 0 if and only if § = 0.

(b) We can find § # 0 such that By = ylb_i + et ypb; = 0 since the columns of B are linearly
dependent. Hence y” BT By > 0. O

Remark. We have a similar result for BBT.

Theorem 1.25. If A is positive definite, then A™1 is positive definite.

Proof. A = PTP, where P is nonsigular. Then P~! is nonsingular and A=! = P~1(PT)~! =
P~L(P~HT, O

A A

Theorem 1.26. If A is positive definite, and is partitioned in the form A = [A A
21 22

] , where

Aq1 and Ags are square, then A1y and Asg are positive definite.

Proof. A1, = [I 0] A [é}, where I is the same size as Aq;. Since rank(7,0) = # of rows < # of
columns, A1 is positive definite by Corollary 1.21. O
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1.6 System of Equations

Definition 1.27. If the system of equations AZ = ¢ has one or more solution vectors, it is said to
be consistent. If the system has no solution, it is said to be inconsistent.

Remark. To illustrate the structure of a consistent system of equations AZ = ¢, suppose that A
is p x p of rank 7 < p Then the rows of A are linearly dependent, and there exists some b #* 0 such
that b7 A = byay” -+b ap = 07. Since multiplication of AZ = & by b7 gives bTAZ = bT¢ c,
ie, 07 = ETS, ie., b101 +bpep, = 0. Hence, in order for A7 = & to be consistent, the same linear
relationships, if any, that exist among the rows of A must exist among the elements (rows) of ¢.
This is formalized by comparing the rank of A with the rank of the augmented matriz (A, c).

Theorem 1.28. The system of equations AZ = C has at least one solution vector X if and only if
rank(A) = rank(A, ¢).

Proof. Suppose rank(A) = rank(A, é), so that appending ¢ does not change the rank. Then ¢ is
a linear combination of the columns of A; that is; there exists & such that xidi + -+ + zpap = C,
which can be written as AZ = ¢. Thus, ¥ is a solution.

Conversely, suppose there exists & such that AZ = ¢. In general, rank(A) < rank(A4,¢). Then
rank(A4, ¢) = rank(A4, AZ) = rank[A(I, Z)] < rank(A). Hence rank(A) = rank(A4, ¢). O

Theorem 1.29. We care about system of equations because we want to solve XTXb = XTg. Since
C(XT) = C(XTX), we have it has at least one solution.

1.7 Determinants

Theorem 1.30. Assume A is a n X n matriz.
(a) If A is singular, |A] = 0.

(b) If A is nonsingular, |A] # 0.

(c) If A is positive definite, |A| > 0.

(d) |AT| = A].

(e) If A is nonsingular, |A‘1’ = I%l\'
(1) cAl = c"|A]

Ay A
Aoy A22]. If Ay1 and Ass are

square and nonsingular, then |A| = |A11||A22 — Ay ALy A12| = |A22|’A11 - A12A22 A21|
A11 0 :| or A — |:A11 A12

Ay Agy 0 A
Then in either case |A| = |A11]|A22].

Theorem 1.31. If the square matriz A is partitioned as A = [

Corollary 1.32. Suppose A = [ }7 where A;; and Aso are square.

Theorem 1.33. If A and B are square and the same size, then |AB| = |A||B|.
Corollary 1.34. If A and B are square and the same size, thenn [AB| = [BA| and |A?| = 1A%
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1.8 Inner products, Orthogonal vectors and matrices

Let d, be R™, then

@‘l
@‘l

ala+b"b— (b—a)T(b—a)

cosf = = +a’ ab {a,b)

—*T “l‘)'
2

/75 0 /7 lalllB]

When 6 = 90°, @b =0. So @ and b are perpendlcular
A vector b b lized by ¢ = —2—. Then &I'¢= 1.
vector b can be normalized by ¢ = \/ﬁ en ¢

%

24/ (aT@)(bTb)

Theorem 1.35. & | ¥ if and only if (Z,7) = 0.

Theorem 1.36. If 1, -+ , T are all nonzero and mutually orthogonal, then X1, ..., %k are linearly
independent.

Theorem 1.37 (Pythogorean Theorem). Let ¥y, ..., 7 be mutually orthogonal. Then

2

k

2

= luill™
i=1

Proof.
k 2 k k kok k k
> w| = <Z17i7217¢> = > @) =D (@, 5) = > _||E]* N
i=1 i=1 =1 i=1 j=1 i=1 i=1
Definition 1.38. A set of p x 1 vectors ¢i,..., ¢, that are normalized and mutually orthogonal
is said to be an orthonormal set of vectors. If the p x p matrix C' = (¢3,...,¢,) has orthonormal

columns, C is called an orthogonal matrix. Then CTC = I = CC”. Thus, an orthogonal matrix C
has orthonormal rows as well as orthonormal columns. Moreover, if C' is orthogonal, C*T = C~1.

Remark. Multiplication of a vector by orthogonal matrix has the effect of rotating axes; that is,
if Z is transformed to Z = CZ, where C is orthogonal, then the distance from the origin to 2" is the
same as the distance to z: 717 = (C7)T(C%) = #TCTC% = 717 = #7#. Hence, the transformation
from Z to 2’ is a rotation.

Theorem 1.39. If the p x p matriz C is orthogonal and if A is any p X p matriz, then

(a) |C]=1 or —1.

(b) ’CTAC| = |A].

(c) =1 < ¢;5 < 1, where ¢;; is any element of C.

Proof. Tt follows from that CCT =1 = CTC. O
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1.9 Projections

Definition 1.40. The orthogonal projection of i onto a vector Z is the vector y such that ¢ y = b7,
for some b € R such that (y y) 1 #. This implies Z7b% = 7 & = (37, 7) = (i, 7) = y*#. We denote
the projection of § onto & with p(%|Z).

We get

o o

<
N 8
8
Ml

/_/H

g

<
@)
o
=
n
-+
o
=
-+
8

1.9.1 Projection onto indicator vectors

Let VCR™ AC{l,...,n} and define 1 4 = indicator vector of A.

100
100
Example 1.41. X = 8 1 8 = (1gs,,1s,,1s,), where S; = {1,2}, 52 = {3,4}, S5 = {5, 6}.
00 1
00 1
Let S € {S1, S5, S3}. Consider p(if|Ls) = blg. Then b = ﬁ'%u = Zuss ¥ — gg So p(f]Ls) =

ysls.

Theorem 1.42. Let V.< W and W < R”, then V* = {x € R* : x 1 V} is the orthogonal
complement of V. VXN W is the orthogonal complement w.r.t. W and dim(V) + dim(V+NW) =
dim(W).
Theorem 1.43 (Fundemental theorem of Linear Algebra, Part II). N(A) = C+(AT), Or: N(AT) =
Ct(A).

Implication: This tells you exactly when AT =b can be solved! AZ = b is solvable if and only if
if AT =0, then bTij =0 for any 7.
Example 1.44. We are trying to solve if = Xg, X € R™*" with m > n. This is an overdetermined
system when 7 & C(X).

. 12 .
We want to find 77 € C(X) that minimize Hg- gH , that is, ming { Hg— XﬂH } This is satisfied

when 7—7 Il C(X). So j—i € C+(X) if and only if — ¢ € N(XT) if and only if X7 (7— Xj3) =0
if and only if X7y = XTX§.

Definition 1.45. The projection of a vector ¥ onto a subspace V' C R™ is the vector y € V such

that (y — y) L V. This condition is equivalent to (§ — y) Z = 0 for any & € V if and only if

yT @ = yTx for any & € V. Also, such 7 is unique.

Theorem 1.46. If #1,..., %) are such that L(Z1,...,%) =V, then Z=p(y|V) if (Z,%;) = (¥, T;)
fori=1,... k.

Theorem 1.47. Let Uy,...,0; be an orthogonal basis for a subspace V- < R™. Then p(y|V) =

k -
Zj:l p(¥]v5)-
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(§,7s)
oy for

: - koo k ) = koo
i=1,...,k Hence ¥ = > 7 ja;i¥; =, Tﬂ}’jl;vi = >, p(y7;)). O

Proof. Let i = Zle a;U; for some ay,...,ar € R. Then (¢,9;) = a;(¥;,7;), so a; =

Example 1.48. Consider Example 1.41 with V = L(1g,, 1s,, 1g,) = C(X) C R®. Then

P(Zﬂv) = p(gjl]lSJ +p(37|]152) +p(g|153) =Ys ]151 +Ys, ]152 + ?ngng

_ (N ty2 yitY2 Ystys YstYs Ys+Ys Ys+Ye
2 2 2 2 2 2 '

Theorem 1.49. If ¥y,...,0; form an orthonormal basis for V, then p(y|V) = Zf:1<g7, Ui ).

Theorem 1.50. Every subspace has an orthogonal basis. One method for finding such a basis is
Gram-Schmidt process.

Assume 1, ..., T form a basis for a subspace V. Take
_’1 = flv
Uy = Ty — p(&2|th),
U3 = T3 — p(Z3]th) — p(T5|v2),

Proposition 1.51. Let V = L(#1,...,Z;) = C(X), where X = [:E'l e :T:'k]. We want to project
7 onto C(X), that is, ¥ = p (7]C(X)). We need € C(X) and (7, Z;) = (i, ;) fori = 1,..., k. But
¥ = 1T1+ - -+ BpTy for some B, ..., Br € R. So we need E?:l BilZ;, %) = (¥, &) fori=1,... k.

=T =T = T - T —T
.'1;1 1‘1 T R .’L‘l Tk .1‘1 .Z‘ly
Note that XX = | : | [#1 ... @&] = | : : ol and XTg = | 1|y = | ¢
T ST = =T = T T
Ty, TpZ1 0 TR Tk Ty, Ty

With ,67 = (B1,---,B8)T, the requirement to satisfy is XTXE =XTy.

Let X € R™¥ with n > k. Since rank(X7X) = rank(X), X7X € R*** is nonsingular if and
only if rank(X) = k. Then § = (XTX) ' XT§. So we can write § = X = X(XTX)" !XTy = Py,
where P is called the projection matriz onto C(X), P is also called the “hat matriz” denoted H.

2
Also, p (¢]C(X)) = arg min ’gj— XBH , which is the least square criterion.

Definition 1.52. A symmetrix matrix P is said to be an (orthogonal) projection matriz onto V if
P =4 for any ¥ € V and P = 0 for any w € V.

Remark. A n x n matrix P is said to be an projection matriz onto Im(P) =: V if P2 = P. Then
R™ = Im(P) & Ker(P) = V @ VL. If P is orthogonal, then PPT = I, so PT = IPT = pPPT = P.

Theorem 1.53. Let P = X(XTX)71XT, then

(a) P is an orthogonal projection matriz onto X .
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(b) C(X)=C(P).
(¢) P is symmetric and idempotent.

Theorem 1.54. A matriz P is a projection onto C(P) if and only if P is symmetric and idempo-
tent.

Theorem 1.55. Projection matrices onto V' are unique.

We have seen that the projection onto C'(X) can be obtained with X (X7 X)~'X7T. We can also
find the projection starting from any orthogonal basis for C'(X).

Theorem 1.56. Let qi,...,qr be an orthonormal basis for V.C R™. Let Q = (q1,...,qx). Then
QQT = Zle qiq] is the projection matriz onto V.

Example 1.57. Assume V = L(I,). Let Q = —=1,. Then Py = QQ7 = L1, (ﬁng) -
i wi
%]ln]lz. So Py = = Z1,. In this case verify: PyZ = al,,, where a = Tﬁl”lﬁ‘g =1Z.
i1 T

n

Theorem 1.58. Let V C R" be a vector space and let Vi be a subspace of V. Let P, Py be the
corresponding projection matrices. Then PPy = Py and PhP = F,.

Theorem 1.59 (Orthogonal completement projection). Let P and Py be projection matrices with
C(Py) CC(P). Then

(a) P — Py is the projection matriz (onto C(P — Fy)).
(b) C(P —Py) = CH(Ry) NC(P).

Example 1.60. Let V = L(1,). Then Py = %]ln]lTTL. So Pyr =1—Py =1-— %]ln]lz. Then
ij_.’f = (I — %]lnl].g) r=o— jln AISO, Z:-L:l(wi — Qf)2 = (Pva)T Pva.

1.10 Direct Sum

Definition 1.61. Subspaces Vi,...,V}, C R"™ are linearly independent (L) if Zle Z; = 0 with
z;€Vifori=1,...,k thenZ; =0fori=1,...,k.

Theorem 1.62. V; 1L Vs if and only if Vi NV, = {0}.
Definition 1.63. Let V7,..., Vi, C R™ be subspaces. Let
k
V= {x:x:in,xiEVi,Vizl,...,k‘},
i=1
then V=V, +---+V, and if V7,...,V, are linearly independent, V =V, & --- P V.

Example 1.64. Let V C R”, since VN VL = {0}, we have V Il V+ and then R* =V @ V+.
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Theorem 1.65. Let Vi,..., Vi, CR"™ be subspaces and x € V. =V; + --- 4+ Vi. The representation
T = Zle xi, x; € Vi is unique if and only if V1, ...,V are linearly independent.

Theorem 1.66. Let {v;1,...,0in, } be a basis for V; fori = 1,...,k and V4,...,Vj be linearly
independent. Then {V11, ..., Vinys---, Ukl,- .-, Vkn, } @S a basis for V=V1 @& - - & V. Sodim(V) =
SF L dim(V;).

Theorem 1.67 (Orthogonal decomposition). For any subspace V.C R™ and any & € R™, there exist

unique Ty, %o such that T = ) + T, where T1 € V and &y € V. More specifically, T, = p(Z|V)
and Ty = p(F|VL).

Theorem 1.68. IfV =V, @ Vs, then V+ = Vi NV,
Theorem 1.69. If V =V, & Va, then Py = Py, + Py, if and only if V1 L Vs.
Corollary 1.70. If V. =V, & V5 and V; L Vs, then Py, = Py — Py,.

Corollary 1.71. Let Vo < V < R", and V = Vyj & Vi, where V; = V N VOL, since Vo L V4,
PWWOL = Py — Py,.

Theorem 1.72. Let R" DV =V, & --- @ Vi, where Vi, ..., Vi are mutually orthogonal. Then for
TeR", p(T|V) = Lo, p(@Va).

Example 1.73.

Y11 1 1 00

Y12 1. 1.0 0f (p

Y21 | _ 1 01 0 aq N
yo| {1 0 1 0] |as] 7€
Y31 1 0 0 1 as

Y32 1 0 0 1

Note that RS = C(X) @ C+(X) and X is not column full rank. Since L()Zl) and L()?g,)?g,)h)
are not linearly independent,

C(X) = L(X)) + L(Xa, X3, X4) = L(X)) & [L(XQ, X3, XN LL(Xl)} ,

where
b
b
L(Xy, X3, X)) N LY (X)) = z ,bceR
—-b—c¢
—-b—c
So

§=p@CX) =p (ALED) +p (ALK, Xy, X0) 1 14 (£1))
=y, + (PL()?Q,)?S,&) - PL()ZI)) y
=yln + (Pw?z) + Pz, + PL<X4>) g-yX
=7l + 71 Xo + X3 + B Xs — G( X2 + X3+ Xy)
=71, + (77 — 9) X2 + (T2 — 1) X3 + (75 — §) Xu.
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Also, R® = L(X1) & |L(Xp, X5, Xa) N LY (X)) | © CH(X), I = Pyiz,) + Pyz, 2, 2ot (5)

= =

Po1(x), and multiply by ¢ on both sides, we have § = yi + 93

_|_

1-

1.11 Trace

Theorem 1.74. (a) If Aisn X p and B is p X n, then tr(AB) = tr(BA).

(b) If Ais n x p, then tr(ATA) = S°F_ @;" i, where @ is the i-th column of A.

(c) If A isn x p, then tr(AAT) =30, a;Ta@;, where a;7 is the i-th row of A.

(d) If A= (ay) is n x p, then tr(ATA) = tr(AAT) = 370 | 3 af;.

(e) If A is any n x n matriz and P is any n X n nonsingular matriz, then tr(P~1AP) = tr(A).
(f) If A is any n x n matriz and C is any n x n orthogonal matriz, then tr(C~1AC) = tr(A).
Proof. (e) tr(P~1AP) = tr(APP~1!) = tr(A). O

1.12 Eigenvalues and Eigenvectors

Definition 1.75. For every square matrix A, a scalar A and a nonzero vector £ can be found such
that AZ = AZ. Note that, the vector ¥ is transformed by A onto a multiple of itself, so that the
point AZ is on the line passing through Z and the origin.

Definition 1.76. The eigenspace of A associated with eigenvalue A is N(A — AI). Note the
eigenspace is a vector space.

Theorem 1.77. If det(4) =0, then AT = 0 for some T+ 0, so A =0 is an eigenvalue of A.

1.12.1 Functions of a Matrix

If A is an eignenvalue of A with corresponding eigenvector z, then for certain functions g(A), an
eigenvalue is given by g(\) and & is the corresponding eigenvector of g(A) as well as of A.

(a) If X\ is an eigenvalue of A, then c\ is an eigenvalue of cA, where ¢ is an arbitrary constant such
that ¢ # 0. This is because cAZ = cAZ. So 7 is also an eigenvector of cA corresponding to cA.

(b) If A is an eigenvalue of A and Z is the corresponding eigenvector of A, then cA+k is an eigenvalue
of the matrix cA + kI and Z is an eigenvector of cA + kI, where ¢ and k are scalars.

To see this, we add k& to the above equation, cAT+kZ = cAZ+kZ. Then (cA+kI)Z = (cA+k)Z.

(c) If X is an eigenvalue of A, then A? is an eigenvalue of A2 since A(AZ) = A(M\Z), and then
A%F = MAZ = A\(\Z) = A\2Z. This can be extended to any power of A: A*Z = \Fz.

(d) If X is an eigenvalue of the nonsingular matrix A, then 1/)\ is an eigenvalue of A~! since
ATTAZ = A7I\T ie., T= ANATIE ie., A1 = 1/)\7.
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(e) If X is an eigenvalue of A, then (A3 + 4A2? — 3A + 51)% = A3F + 4A%T — 3AT + 57 = \37 +
AN2T — 3AT + 5% = (A3 + 422 — 3\ + 5)T.

Theorem 1.78. If X is an eigenvalue of A, then 1 — X\ is an eigenvalue of [ — A. If I — A is
nonsingular, then 1/(1 — \) is an eigenvalue of (I — A)~1.

Proof. Tt is sufficient to show when all the eigenvalues of A satisfy —1 < \; < 1, then (I — A)~! =
Yoo A In the symmetric case, the spectral decomposition, I — A = puTp— puTAp = pT (I — A)p.
Then

1 1
I—A) ' =p" (T =N p=ptdi
I-A)" =p (I-N"p=p dlag(lAf ,1/\n)u
zquiag<ZAlf,...,Z/\fL>,u:uTZAk,u:ZuTAk,u:ZAk,
k=0 k=0 k=0 k=0 k=0

In general, note that if —1 < \; < 1, then Y ;2 A" < co. So (I — A)Y ;o AF = Y722 AF —
AR = A0 = [ Thus, (I — A)~' = 300 A, O

1.12.2 Symmetric matrices
Theorem 1.79. Let A be an n X n symmetric matrix.
(a) The eigenvalues A1, ..., \, of A are real.

(b) The eigenvectors Z1,...,Zx of A corresponding to distinct eigenvalues A1, ..., A\ are mutu-
ally orthogonal. The eigenvectors Tx41, ..., T, corresponding to the nondistinct eigenvalues can be
choose to be mutually orthogonal to each other and to the other eigenvectors.

(¢) If the eigenvectors are normalized and placed as columns of a matriz C, then C is an orthogonal
matriz.

Definition 1.80. The number of times an eigenvalue A in the characteristic poplynomial is the
algebraic multiplicity of A.

The number of linearly independent e-vectors associated with an e-val X is the geometric mul-
tiplicity of .

Theorem 1.81. In general, gemometric multiplicity is less than algeraic multiplicity.
If geometric multiplicity is equal to algeraic multiplicity, then A is said to be diagonalizable.

Theorem 1.82 (Spectral Theorem). If A is an n X n symmetric matriz with eigenvalues A1, ..., A,
and normalized eigenvectors Ty, ..., T, then A can be expressed as A = CDCT = Sy \7i7T,
which is called the spectral decomposition of A, where D = diag(\1, ..., A,) and C is the orthogonal

matriz C = (Z1,...,%,).

Proof. A = Al = ACCT = A(&,...,7,)CT = (AZy,..., AZ,)CT = (MF1,..., A\nin)CT =
CDCT . 0

Remark. The eigenvalues and eigenvectors basiccally summerize the “information” contained in
a matrix A.

Since 71, . . ., T, are orthonormal basis of A, #;Z] = P; is the projection onto the 1-dimensional
subspace L(Z;) for i =1,...,n. Then A =3" | \;P;.
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Corollary 1.83. CTAC = D, i.e., C diagonalizes A.

Theorem 1.84. With the spectral decomposition, ¥T Ax = 2T CDCT % = §jT Dyj, where §f = CTZ.
Let y; = (CT%);, then §T Dy = \Mi? + --- + \y2. Note i = CT¥ rotates the aves of the space to
align with the eigenvectors.

Theorem 1.85. For A symmetric and positive definite, we have &7 A% =1 defines an ellipsoid in

R™.

1.12.3 Eigensystem of projection matrices

Theorem 1.86. Consider the projection matriz Py (onto V). Then
(a) Every 0 # & €V is an eigenvector of Py with eigenvalue 1.

(b) Every 0+ Z e V2L is an eigenvector of Py with eigenvalue 0.

(c) A =1 has multiplicity dim(V).

(d) X\ =0 has multiplicity dim(V+) = n — dim(V).

Thus, tr(Py) = Y7, Ay = dim(V) and rank(Py) = tr(Py) = > iy Aie

1.12.4 Positive Definite and Semidefinite Matrices
Theorem 1.87. Let A be n X n with eigenvalues A1, ..., \y.

(a) If A is positive definite, then A; >0 fori=1,...,n.

(b) If A is positive semidefinite, then A; = 0 for i = 1,...,n. The number of eigenvalues \; for
which \; > 0 is the rank of A.

Proof. (a) Fori=1,...,n,let z; # 0 and &L AT, = N L E;, we have \; = ETAG - (), O

T

Theorem 1.88. If a matriz A is positive definite, we can find a square root matrix A2 as follows.

Since the eigenvalues of A are positive and A = CDCT = (C’Dl/QCT) (C’Dl/QCT), we have
AY?2 = CDY2CT, where DY/? = diag(v/ M1, ...,V n). The matriz AY? is symmetric and has the
property AY2AY? = (AY/2)2 = A. Note AY? = CDY?C" is the unique symmetric square root
matriz.

Remark. For positive semidefinite or positive definite matrix A, there exists a upper triangular B
such that A = BT B, such a factorization is called the Cholesky decomposition. A = LU = LLT =

LDLT = (LD'/?) (LDl/z)T. If A is positive definite, then the decomposition is unique.

1.12.5 Idempotent matrices

Definition 1.89. A square matrix A is said to be idempotent if A2 = A. Many of the sums of
squares in regression and analysis of variance can be expressed as quadratic forms §7 Ay. The
idempotence of A or of a product involving A will be used to establish that 37 A3 (or a multiple of
y* A¥) has a chi-square distribution.
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Theorem 1.90. The only nonsingular idempotent matrix is the identity matriz I.

Proof. If A is idenpotent and nonsingular, then A? = A, and the inverse A~! exists. Then A~1A42 =
A 'Aandso A=1. O
Theorem 1.91. If A is singular, symmetric, and idempotent, then A is positive semidefinite.
Proof. Since A = AT and A = A%, we have A = A2 = AA = AT A, which is positive semidefinite
since rank(A”) < # of columns. O
Theorem 1.92. If A is an n X n symmetric idempotent matriz of rank r, then A has r eigenvalues
equal to 1 and n — r eigenvalues equal to 0.

Proof. Since A% = A, A%2F = A% = \Z. Also, A%Z = \2Z. So A\ = A\2Z, i.e., (A — A\2)Z = 0. Since
F#0, A=A =0. (Or: A* = (CDCT) x --- x (CDCT) = CD*CT = CDCT = A if and only
if A; is 0 or 1.) The number of nonzero eigenvalues is equal to rank(A) according to the spectral
decomposition. O

Corollary 1.93. If A is symmetric and idempotent of rank r, then rank(A) = tr(A4) = r.

Theorem 1.94. If A is an n X n idempotent matriz, P is an n X n nonsingular matriz, and C is
an n X n orthogonal matrix, then

(a) I — A is idempotent.

(b) A(I—A)=0 and (I — A)A=0.
(c) P~YAP is idempotent.

(d) CTAC is idempotent.

1.12.6 Vector and matrix calculus

Theorem 1.95. Let u = @' ¥ = #'d, where @ = (ai1,...,a,) is a vector of constants. Then
ou __ =
oz — @
: Au _ O(aixi+-tapxy) du __ ( Ou Ou \T __ T _ =
Proof. Since 5+ = === " =q;, and 5z = (8717""6%) = (ai,...,ap)" =d. O

Theorem 1.96. Let u = T AT, where A is a symmetric matriz of constants. Then % = 2A%Z.

1.13 Maximization or Minimization of a Function of a Vec-
tor

Consider a function v = f(Z) of the p variables in #. Occasionally the situation requires the
maximization or minimjzation of the function U, sﬂubject to ¢ constraints on #. We denote the
constraints as hi(Z) = 0,...,hy(Z) = 0, or h(Z) = 0. We denote a vector of ¢ unknown constants
(the Lagrange multipliers) by X, and let 7 = (27, XT). We then let v = u+ AT k(). The maximum
of minimum of u subject to E(f) = 0 is obtained by solving the equations g—; =0.

dhy . Ohg
B;vl 6$1

Or, equivalently % + %ZX =0 and ﬁ(f) = 0, where g—g =1 : :
dhy . Ohg

oz, o oz,
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1.14 Generalized Inverses

Definition 1.97. A generalized inverse of an n x k matrix X is any k x n matrix X~ such that
XX~ X=X.

Remark. (a) A generalized inverse always exists.
(b) A generalized inverse, in general, is not unique.
(c) If X is nonsingular, then X~ = X1

Example 1.98. If X = (1,2,3,4)7, then the generalized inverses are X; = (1,0,0,0), X, =
(0,1/2,0,0), X5 =(0,0,1/3,0) and X, = (0,0,0,1/4).

Theorem 1.99. Let X € R™*F with rank(X) = r. Then
(a) rank(X ~X) = rank(X X ™) = rank(X) = r.

(b) (X7)T is a generalized inverse of XT.

(c) X = X(XTX)"XTX.

Proof. (a) rank(X~X) < min (rank(X ~), rank) < rank(X) = r. Since X = XX 1 X, rank(X) <
min (rank(X), rank(X ~ X)) < rank(X~X).

(b) XX~ X = X implies XT(X )7 XT = xT.

(c) Let v € R" and v = v; 4+, where v; € C(X) and vo € C+(X). Then v; = Xb for some b € R",
and vTX(XTX)"XTX = o7 X(XTX)"XTX = b"XTX(XTX)"XTX = bTXTX = vTX. Since
it is true for any v, we have X = X(X7X)~XTX. O
Theorem 1.100. X (X7 X)~ X7 is the projection matriz onto C(X).

Proof. Let v € C (X(XTX)™'XT) = C(X). Then there exists b € R™ such that v = Xb =
X(XTX)~XTXb= X(XTX)~XTb*. Thenv € C (X(XTX)~XT). So C(X) C C (X(XTX)~XT).
Clearly, C (X(XTX)~X") C C(X). Thus, C(X) = C (X(XTX)~XT). O

1.14.1 How we do find a generalized inverse?

Theorem 1.101. Let A € R™* with rank= r and A is partitioned as A = 2111 im , where
21 22
rXr . - . . — A;ll 0
A1 eR with rank r. Then a generalized inverse is A~ = 0 NE
nxk i _ . ‘s ~ A Ag]
Corollary 1.102. Let A € R with rank= r and A is partitioned as A = A Al where
21 22

Age € R™" with rank r. Then a generalized inverse is A~ = {8 Aol}.
22
Theorem 1.103. In general, for A € R"*¥ with rank r. To find a generalized inverse,

(a) Find any non-singular r X r sub-matriz of A, say C (guranted to exist).
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(b) Find C-T = (c-1)" = (cT)™".

(c) Replace elements of C w/ elements of C~T.
(d) Relace the rest of A with zero.

(e) Transpose the resulting matriz.

Theorem 1.104. Generalized inverses of symmetric matrices are not guranteed to be symmetric.
But a symmetric generalized inverse always exists. We will always assume the generalized inverse
is symmetric.

Theorem 1.105. If the system of equations AT = ¢ is consistent, then x* = A~ c is a solution.
Proof. Since AZ = ¢ and AA™ AT = A%, we have AA~C=¢c. So AZ* =¢. O

Theorem 1.106. If AX = ¥ is consistent, then all possible solutions can be obtained via either of
the following

(a) Use a possible A=, &* = A~¢. &** = A=¢+ (I — A~ A)h for all possible h since A(I—A~A)h =
0.

(b) Use all possible A~ in &* = A~¢C.
Theorem 1.107. The system of equations AT = € has a solution if and only if for any generalized
inverse A~ , it is true that AA—¢=_C.
1.15 Examples
Example 1.108. Prove rank (PC(X)) = rank(X).
Proof. By commutativity of the trace operator,
rank (Po(x)) = rank (X (X7X) 7" X7) = rank ((X7X) "' X7X) = rank (X7 X) = rank (X).

O



Chapter 2

Random Vectors and Matrices

Definition 2.1. A random vector or random matriz is a vector or matrix whose elements are
random variables. Informally, a random variable is defined as a variable whose value depends on
the outcome of a chance experiment.

Remark. In terms of experimental structure, we can distinguish two kinds of random vectors:
(a) A vector containing a measurement on each of n different individuals or experimental units. In
this case, where the same variable is observed on each of n units selected at random, the n random

variables y1,...,y, in the vector are typically uncorrelated and have the same variance. Consider
the multiple regression model

Yi = Bo+ B1win + - + Brrik + €, 1 =1,...,n.
If we treat the x variables as constants, in which case, we have two random vectors:

Y1 €1
y=|:| and €=

Yn €n
The y; values are observable, but the €;’s are not observable unless the ;s are known.

(b) A vector consisting of p different measurements on one individual or experimental unit. The
p random variables thus obtained are typically correlated and have different variances. Consider
regression of y on several random z variables. For the i*? individual in the sample, we observe the

k + 1 random variables y;, z;1, - - , ;5 Which constitute the random vector
T
(Y, i1, ..., Tik)
In some cases, the k + 1 variables y;, x;1, . .., x;; are all measured using the same units or scale of

measurement, but typically the scales differ.

17
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2.1 Mean vector

The expected value of a p x 1 random vector 3 is defined as the vector of expected values of the p
random variables y1,...,y, in ¥

Y1 E[yl] M1
E(g‘) = F = = = /j_
Yp Ely,) Hp
2.2 Covariance matrix for random vectors

Let Z be a n x p random matrix. Then expected value of Z

v Zp Elzn] -+ Elzy]
E[Z} =F =
Znl Znp Elzn1] E[an]
Note that
S=E(f-m@—-mn' = Elyy") - ",
where

G- mG—n"
is a random matrix, whose (i)' element is (y; — i) (y; — f15)-

Definition 2.2. For random vector & € R¥ i € R™, let Cov(z;,y;) = 0i;. Then (population)
covariance matriz of ¥ and ¥ is

RFms | 0 = Cov(Z,§) = Say.
Okl -+ Okn
Theorem 2.3.
Cov(Z,§) = E [(& — ji.) (7 — fiy)"] -
2.2.1 Correlation matrices

Theorem 2.4. Define
Vz = diag (Var(fl) ., Var(Zy)) .

(xw 7;)

\/Var(a: ) Var ()

Corr(Z;, Z;) =

Then

1/2 Corr(Z) V2 1/2

Var(Z) = (z
Corr(Z) =V 12 v, r(Z)V; ~1/2,
Var(7, ) = V;/? Core(z, )V, /.
(

Corr(7,7) = V; '/ Var(#,9)V,
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2.2.2 Generalized Variance

A measure of overall variability in the population of § variables can be defined as the determinant
of X
Generalized variance = |3|.

If |X] is small, the i variables are concentrated closer to p than if |X| is large. A smaller value of
|X| may also indicate that the variables yi,...,y, are highly intercorrelated, in which case the ¢
variables tend to occupy a subspace of the p dimensions.

2.3 Partitioned random vectors

Let

Then

is a rectangular matrix.

2.4 Linear functions of random vectors

We often use lienar combinations of the variables ¥1,...,y, from a random vector 3. Let
a=(ar,...,a,)"
be a vector of constants. Then the linear combination
z=ayi ot ay,=a g
is a random variable. Assume the mean of ¢/ is ji. Then the mean of z is
p. = Ela'y) = a  E(yj) = a’ ji.
Suppose that we have several linear combinations of ¢ with constant coefficients:

z=auyi+ oty =9

Z2 = G21Y1 + -+ axnyp =a

2 = g1yt + -+ GrplYp = QY

These k linear functions can be written in the form
7= Ay.

We often need A is full rank. Since 4 is a random vector, each z; is a random variable and then 2
is a random vector.
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Theorem 2.5. Suppose § is a random vector, X is a random matriz, a and b are vectors of
constants, and A and B are matrices of constants. Then

(a) E[Ay] = AE[y).
(b) E[a’ Xb) = al E[X]b.
(¢) E[AXB] = AE[X]B.
Proof. (a) Assume A is n X p matrix.
E[Ay) = E[(ay,...,d,)Y)
= Elaiy: + - + dpyy]
=aEfyn] + - + @ Elyy)
= (@1, @) (Elpl, -, Ely))"
= AE[y).

(b) Assume X is n x k matrix.

Ela"Xb] = a" E[Xb]

=a" (B[#]by + - + B[] ]by)
=" (E[#), ..., E[@])(by, ..., bx)"
= a  E[X]b. H

Theorem 2.6. If d is a p X 1 vector of constants and i is a p X 1 random vector with covariance
matrixz 3, then the vartance

Proof.

Corollary 2.7. If @ and b are p X 1 vectors of constants, then
Cov(a’y, b7 ) = a"b.

Theorem 2.8. Let 7 = Ay and W = By, where A is a k X p matriz of constants, B is an m X p

matriz of constants, and i is a p X 1 random vector with covariance matriz . Assume ¥ is positive
definite.

(a)
Cov(%) = Cov(Aj) = AZAT,

If rank(A) = k < p, AXAT is positive definite. In other cases, AL AT is positive semidefinite.
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(b)

Cov(Z,w) = Cov(Ag, Bj) = AXBT.
Theorem 2.9. Let §f be a px 1 random vector and & be a ¢ x 1 random vector such that Cov (¥, Z) =
Yyz- Let A be a k X p matriz of constants and B be an h x ¢ matriz of constants. Then

Cov(Ay, BT) = AS,,B.

A0

L |y -
Proof. Let v = {f] and C' = [O B

} . Then

—

Syy zym] or {AEWAT AS,, BT

Ayl _ 5 B A
Cov {Bf} = Cov(C¥) = C Cov(y,¥)C* =C {Zya: s Bx,, AT BSY,,BT|°

So Cov(Ay, BT) = A%, BT. One have that Cov(BZ, A§) = BX,, AT. O
Theorem 2.10 (Expectation of bilinear form). Let E[Z] = jiy, E[§] = fy, Cov(Z,y) = Xzz. Then

E[#" Ay = tr(ASL;) + iz Ay
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Chapter 3

Multivariate Normal Distribution

In order to make inferences, we often assume that the random vector of interest has a multivariate
normal distribution.

3.1 Multivariate normal density function

Il
_

We begin with independent standard normal random variable z1,..., z,, with y; = 0 and o?
for any i € [p] and o;; = 0 for i # j. Let

2: (Zl,...,Zp)T,

where
E[Z] =0 and Cov(Z) = I,

and
z; ~ N(0,1),Vi € [p].

We wish to transform 7 to a multivariate normal random vector

= yp)T

with E(¢) = i and Cov(y) = X, where p is any p x 1 vector and ¥ is any p X p positive definite
matrix. The (joint) pdf of Z

f(Z) = f(z1,..., %)
=g1(21) -+ gp(2p)
1

T2 1 32

(v2r)” (v2r)”

23
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We say
Z ~ N,(0,1),

where p is the dimension of the distribution and corresponds to the number of variables in . To
transform Z' to ¢ with arbitrary mean vector E[§] = u and arbitrary (positive definite) covariance
matrix Cov(y) = X, we define the transformation

j=5"22 1 i,
where X.1/2 is the (symmetric) square root matrix. Note that

E[fl = EXY?24+ @) = 2YV2E[f + i = fi.

T
Cov(if) = Cov(SV/27 + ) = £1/2Cov(Z) (21/2) -2yl oy,

Note the analogy to
Yy =0z + .

The analogous expression for 7 = X1/22 4 1 is

—1
1@ = 9@ |[=72| = 9|22 ),
abs. det.
which parallels the absolute value expression |dz/dy| = |1/0| in the univariate case. The determi-
nant
==

is the Jacobian of the transformation. Since % —1/2

absolute value and then

is positive definite, we can dispense with the

f(y) =9(2)

In order to express 7 in terms of g, we need to obtain

z72| = g(3)lm

F=x"2(F - ).
Then

@) =g@?

_ 1 -zTz/2

B ( /7271_)p|2|1/26

_ 1 (=2 G-m) (2 2] 2
( /7271_)P|E|1/26

_ 1 F-m = ()2

(\/ﬁ)? |E|1/2

which is the multivariate normal density function with mean vector (i and covariance matrix X.
We say
37 ~ Np(ﬁa E)v
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where the subscript p is the dimension of the p-variate normal distribution and indicates the number
of variables, that is, 4 is p X 1 and (i is p X 1 and ¥ is p X p. A comparison shows the standard
distance
(7 - A)7S (7 - i)
in place of
(y — p)?
o2
in the exponent and the square root of the generlized variance |X| in place of o2 in the denominator.
A small value of |¥] indicates that the §’s are concentrated closer to f than is the case when ¥ is
large. A small value of |X| may also indicate a high degree of multicollinearity among the variables.
High multicollinearity indicates that the variables are highly intercorrelated, in which case the i’s
tend to occupy a subspace of the p dimensions.

Example 3.1. If §,, ~ N(fn, Xnxn) with X, ., p.s.d., then
- d - -
Yn = Anxpz + tin,

where AAT =% (e.g., Cholesky, then n = p), Z= (21,...,2p), and 2; by N(0,1). If rank(A4) = n,
then ¥ is positive definite. Then |A| = £~1/2, If rank(A) # n, then #, is still said to have a multi-
variate normal distribution, but its density DNE. It is an overdetermined distribution (degenerate
case).

Theorem 3.2. Let ji € R™ and ¥ € R™*" be symmetric p.s.d.. Then there exists a multivariate
normal distribution with mean i and Var-Cov matriz 3.

Proof. For example, by Cholesksy, there exists B such that ¥ = BB”. In this case, B is symmetric.
Take Z ~ N(0,1), let

= BZ+[i.
Then & ~ N(f,X). O

3.2 Moment generating functions

Definition 3.3. The MGF for a univariate variable y is defined as
M, (t) = Ele”]

provided E[e'¥] exists for every real number ¢ in the neighorhood —h < ¢t < h for some positive
number h. For the univariate normal N (u,0?), the MGF of y is given by

M, () = ert+t70°/2,

Definition 3.4. For a random vector ¢, the MGF is defined as

Mg(ﬂ — E[et1y1+<~-+tpyp] — E[efrﬂ]_

By analogy, we have
0My(0)
—_— = E 5
B [/
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where 81\/;%(6) indicates that % is evaluated at £ = 0. Similarly,
9% M(0)
———=F rYs]-
Ot ot [yrs]

Theorem 3.5. If i is distributed as Np({i,X), its MGF is given by
sz({) — AT THTET/2

Example 3.6. Let Z ~ N(0, ), then

Mz(t)=FE {etﬂrﬂ =F [e i=1 tizl} = HE [efizi] = Hmzi (t;) = He% =e3t'l,
Let ¥ = AZ+ [i. Then

Mz(t) = E [exp (17 (AZ + i))] = iR [exp ((AT1)72)]
_ eFTﬁmE(AT{) — ol p3tTAATE
So Z~ N(ji, AAT).

Corollary 3.7. If i/ is distributed as N, (i, ¥), the MGF for ¢ — /i is
My_a(f) = " =12,

Theorem 3.8. (a) If two random vectors have the same MGF, they have the same density.
(b) Two random vectors are independent if and only if their MGFs factors into the product of their
two seperate MGFs, that is, if 7 = (1", 91" ) and t* = (7, i1, then yi and i3 are independnent
if and only if

My(#) = Mg, (t1) Mg, (f)
3.3 Properties of the multivariate normal distribution

Theorem 3.9. Let ij ~ N,(ji,X). Let @ be any p x 1 vector of constants, and let A be any k X p
matriz of constants with rank k < p. Then

(a)

2=y~ N@ f,a’va).

Mz(t) _ E[etz] — E[eta y] — E[e(t&‘)Ty] — Mg(tc_f) — e(t(’z’)T/7+(t(_z')TE(t&’)/2 _ e((’iTu)t—i-(&'TEa’)tZ/Q. ]

Aif ~ Ni(Afi, ALAT).
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Proof.

M;(F) = B[] = Bl A7) = " (AT (A2, 0
Theorem 3.10. If§j ~ N,(ii,X), then any r x 1 subvector of §f has an r-variate normal distribution
with the same means, variance, and covariances as in the original p-variate normal distribution.

Proof. Without loss of generality, let 47 = (47, %% ), where #; is the r x 1 subvector of interest. Let
i and ¥ be partitioned accordingly:

i Y11 X
- .
. [Mz] [221 E22]
Define A = (L«, O) Then Ag: gl- Since Aﬁ = ,[7:1 and AEAT = 211, 271 ~ NT(ﬁ17 211). O

Theorem 3.11. Ifyispx 1 and T is ¢ X 1 and
i _
v= |:f:| ~ Npiq(fi, %),
then i and & are independent if Xgz = 0.

Corollary 3.12. If  ~ N,(ji,¥) and Cov(Ay, Bj) = ALBT = 0, then A7 and By are independent.
Lemma 3.13. Let § ~ N({, %),

T L | Y11 Yo
= |5 s = |, s Z =
ol B A R S
where $o1 = S%,. Let §bo;; = %o — £01517' 91 Then §hy AL #i with 1 ~ N,(F, £11) and o ~
Ny —p(fiz)1, Xa2)1), where
fiap = fiz — L0177 fi1,
Loop = Loz — U1 X711 Eha.

Proof. Let
1 =Cy, Ci= [I 0] ;

Jo = Coff, Co=[-E%7 I].
- o o T —37 T
Cov (1, %21) = Cov (C17,C2f) = C1EC5 = [E11 1o 7 =0. O

Theorem 3.14. Let §j ~ N({i,%),

. | e Y1 2o
= |5 = |, s E =
Y LJJ K L@} [221 Z22}
where Y91 = ZfQ. Then

Bali ~ Nu—p (jiz + S1 57 (51 — fir), Sazy1) -
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Proof. Since oy L %1, we have
I _
Go |71 = Goj1 ~ No—p (f2p1, S22)1) -
L 1. IR 1. LoLd 1.
But § = fia)1 + 21511 %1, and Loy 577 51| = £21577 1. Then §alfi = a1 + 21571 %1 So,

Yolgh ~ Np—p(fi*, Ea2p1),

where
[ = fiop + 20127 01 = 2 + S 21 (51 — ).
Thus,
Jolth ~ Nu—p (fiz + T1 877 (71 — fi1)), S22 — L1277 B12) - O

3.4 Partial/Multiple Correlation

Example 3.15. Educational psychologist studies the relationship between height y; and reading
ability yo of children based on scores of a standard test. For 200 children in grades 3,4 and 5, he
measured y; and y9, finding a sample correlation 0.56. Is there a linear association between height
and reading ability? Yes, but only because we are ignoring one (or more) “lurking variable”. Under
children with more years of schooling tend to taller. The partial correlation coefficient is a measure
of linear relationship between two variables with the linear affect of one or more variables removed.

Theorem 3.16. Let & ~ Ny (f, %),

’[7 X , E EII ny ,
L yx yy
X

T - T
where ¥y = X5, T = (v1,...,vp)" and § = (Vpt1,---,Vptq) - Then

1

Var(§|Z) = S5 — Sz ey = Sz

Definition 3.17. Let 041, , = (3y
is given by

#)ij- The partial correlation coefficient of y; and y; given &

Like ordinary correlation, it is still true that
1< pijp..p <L

Example 3.18. If v; = age, vy = height, v3 = reading ability and set ¥ = vy, ¥ = (v2,v3)". Then
p23|1 is the partial correlation of height and reading ability after removing the linear effect of age.
We expect pa31 ~ 0.

The multiple correlation coefficient measures the linear association between one variable and a
group of others. Let ¥/ ~ Npi4(fi, X),

Then

E[gﬂf] = My + nyzggl(x - /‘a:) = Hy|z-
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Definition 3.19. The square multiple correlation coefficient between y and 7 is defined as

N _ 1/2
Cov(fly|z,Y) _ 0y Y55 Oy
Var(fiy|z)'/? Var(y)!/2 .

2
pyf_

It is still true that 0 < pz, < 1.

Remark. Note that pz - gives the strength of linear association, but not direction. (It is the
correlation between y and E[y|Z].

Remark. The sample squared multiple correlation coefficient is called the coefficient of determi-
nation, denoted as R2.
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Chapter 4

Distribution of Quadratic Forms in

—

Y

In chapter 3 and 4, we discussed some properties of linear functions of the random vector . We
now consider quadratic forms in . We will find it useful in later chapters to express a sum of
squares as a quadratic form §7 Ay. In this format, we will be able to show that certain sums of
squares have chi-square distributions and are independent, thereby leading to F' tests.

4.1 Sum of Squares

Example 4.1. Note

Since .
1 Lopo 1o
y—n;yz—nj 7=—7"j
we have
A B N I 1\ .
ny2=n<y 7) (JTy>=yT ?y=ir(J>y
n n n
So
n n 1
Z(yz—y)2=zy?—ny2—f(I—nJ>27
=1 =1
Hence

n n
> oyt = (Z v - ny2> +ng?
=1 i=1

can be written in terms of quadratic forms as
ST 7> T 1 (1 N
yly=y \I-—J)y+y (=J |y
n n

31
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Remark. The matrices of the three quadratic forms have the following properties:
(a) I=(I—-2LJ)+LJ.

(b) I,I—L1J and J are idempotent.

© (1= 27) (2) =0

Using theorems given later in this chapter (and assuming normality of the y;’s), these three
properties lead to the conclusion that

n

> (Wi —9)*/0° and ny?/o®

i=1

have chi-square distributions and are independent.

4.2 Mean and Variance of Quadratic Forms

Theorem 4.2. If E[y§] = ii and Var(y) = 3, and if A is symmetric matriz of constants, then
E[j" Aj] = tr(AZ) + ji" Ajfi.
Proof. Since ¥ = E[yyT] — jiji’, we have
Elj" Ay = E [tr(y" Ap)] = E [tr(Agy")] = tr (E[A7y"])
= tr (AE[77"]) = tr (A(S + fifi")) = tr (AS + Ajii")
= tr(AY) + i’ Af. O

Example 4.3. Assume y;’s are iid with E(y) = 1 and variance Cov (%) = 021, then

1= el (110

s (o)) om - 30) )

= 1(02(n1)+u2 <?J?J?J)>

n — n

= 0'2.

Example 4.4. Assume z;’s are iid with E(Z) = uI,, and variance Cov(Z) = 02I. Consider

n

Qz) =Y (wi — )% = [Py dl| = #(I - Py),

i=1

where V' = L(1,,). Then
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Alternatively, define ¥ = ¥ — 71, = (z1 — Z,...,7, — Z)T. Then ¢ = Py . & and

n
Q@) =) (v —7)* =71y
i=1
Var (i) = Var(Py . &) = Py1 Var(Z)(Py.)” = 6*Py..

So
EQ(z)] =tr (I(c*Py1)) +0=0>(n—1).

Theorem 4.5. If § ~ N,(ii,X), then the MGF of §' Ay is
Mgr pg(t) = |T — 20AS| /2= A - (I=20A%) 7 n /2.
Theorem 4.6. If j ~ N,({i,X), then
Cov(y, yAy) = 2L Af.
Proof.

(7 — Bl (5" Ay — E[jA)]

(5 — @) AG — i Afi — tr(AD)]

(7 — i) (T — )" A — i) +2(F — 1) " Aji — tr(A%))]
+ 2¥ A — 0,

since all third central moments of the multivariate normal are zero.

Corollary 4.7. If f ~ N,(ii,X), and B is k X p matrix of constants. Then

Cov(B7, §" Aij) = 2BXAji.

Then
E(Z"AY) = tr(ASy,) + g Afly.

4.3 Noncentral Chi-square Distribution

Recall if zq, ..., 2, are iid N(0,1), then u =Y, 22 = 277 ~ x%(n) and

=11

un/?—le—y/2

1) = Tz

u > 0,

33
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where

r(1/2) = Vi
E(u) =n,
Var(u) = 2n,

1
M,(t) = CESTIER

Theorem 4.9. Let X ~ N(u,1) and Y = X2, then
o0
fry) =) fe,, PUE = k),
k=0

where K ~ Poi(u?/2). Hierarchically,
YK ~ X%K+17
K ~ Poi()).
Theorem 4.10. To generate Y :
(a) Generate K ~ Poi(\);

(b) Generate 2K +1 x? random variables and add them up, that is Y. (i.e., a x* r.v. with random
df.)
Definition 4.11. Assume y; ~ N(u;, 1),i € [n] are independent, then

is called the noncentral chi-square distribution and is denoted by
X2 (1, A).

The noncentrality parameter X is defined as

Then

i=1 i=1

Zyﬂ =Y Bl =Y (P + 1) =n+2x
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Theorem 4.12 (additive). If vi,...,v; are independently distributed as
X2 ('I’Li, Ai)7
then
k k k
St (S 2on).
i=1 i=1 =1
Proof. By Theorem 4.9.

Theorem 4.13. If v ~ x%(n,\), then
E[v] =n+2),
Var(v) = 2n + 8,
1 1
M) = — L eman-ya-z) 4 L
O = G =a® P
Proof. (?) Let K ~ Poi()\), then

E[v] = F[E[v|K]] = E[2K 4+ n] = 2\ + n,
Var(v) = Var (E[v|K]) + E [Var(v| K)]
= Var(2K +n) + E [2(2K + n)]
= Var(2K) + E[4K + 2n]
=4A+4X +2n
=2n + 8\

Lastly, since the MGF of x2 is

(1—2t)v/2 2

M,(t)=E[e"]| =E[E[e"|K]| =E

2K+4n
1 2
(1—275) ]

Remark. x%(n,0) = x?(n) = x2.
Theorem 4.14. If § ~ N, (i, I), then

=@ - /)"~ i)~ x5

4.4 Distribution of Quadratic Forms

Theorem 4.15. If §f ~ N, ({i, %), then

T
G- A2 G- = (2@ 0) (370 -0) =T~

—

where 7 = N"Y2(ij — i) ~ N(0,1).

35



36 CHAPTER 4. DISTRIBUTION OF QUADRATIC FORMS IN Y
Theorem 4.16. If ij ~ N, (ji,%), then the MGF of C = i1 Ajj is
M.(t) = |I — 2tAS|"% exp {;ﬁT [T — (I —2tAD)™] zlﬁ} .
We saw previously that a projection Py onto a space V' C R"™ with dim(V') = k, has k-evals 1

and n — k-evals 0. The idea can be extended to any idempotent matrix.

Theorem 4.17. If A € R™*" is idempotent of rank r, then A has r e-vals = 1 and n —r e-vals =
0.

Proof. Since rank(A) = r, then dim(C(A)) = r. So take {#1,...,%,} as a basis for C'(4), then for
i € [k], ¥ = AZ, for some Z. Then

AZ; = A(AZ) = AZ = 7.

So each 7; is an e-vect corresponding to A = 1. But there are » LIN such vectors, so the gem. mult.
of A =1 is r, which is less than algebraic multiplicity. But rank (N(A4)) = n —r, then A = 0 has
alg. mult. of at least n —r. So A has r-vals = 1 and n — r e-vals = 0. O

Corollary 4.18. If A is idempotent, by Theorem 4.17, rank(A) = >, \;, so
rank(A4) = tr(A).

Theorem 4.19. Let §j ~ N,(ii,X), let A be a symmetric matriz of constants of rank r, and let
A= %ﬁTAﬁ. Then
7L A ~ X2 (r, \) <= AX idempotent.

Corollary 4.20. If i ~ N,(0,02I), then
gL Aij/o? ~ x*(r) <= A is idempotent of rank 7.
Corollary 4.21. If § ~ N,(ji,c*I), then
7' Aj/o? ~ x*(r,\) <= A is idempotent of rank r,

AT Af

where A = 555,

Corollary 4.22. If § ~ N,(ji,02I), and let Py be the projection matrix onto a subspace V C R"
of dimension r < n. Then

. Lo
7' Pyilo® = ;llp(yl‘/)ll2 ~X*(r, ).

T P it - 2
where X = L5008 = L |p(| V)"

Corollary 4.23. Suppose § ~ N, (i, X) and let ¢ € R? be arbitrary, then

(37_ aTE_l(ﬂ— 5) ~ Xg(nv )‘)7

where A = (i — TS 71(ji — o).
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Example 4.24. Assume ¢ ~ N, (uf, 02I), then

(n—1)s%/a% ~ x*(n — 1).
Proof.
- = S <[]

o2

Since I_(;#UQI =1—

%J is idempotent,

o2

rank (I(l/n)J) =rank (I — (1/n)J) =tr (I — (1/n)J) =n—1,

and

we have (n — 1)s2/0% ~ x?(n — 1). O
The classical linear model has the form ¢ ~ N, (ji, 1), where
f=XB3eV=LaZ,.. . o) =CX).
We are interested in the statistical properties of gj' = p(g]V) and function of the residual vector
g-y=pFv").

Theorem 4.25. Let V. < R™ have dimension k, and let ¥ € R™ a random vector with mean
Ely) = fi. Then

(a)
Elp(gV)] = p(@V).

(b) If Var(¢) = oI, then
Var(p(#lV)) = 0> Py,

E [lp@V)IF] = 0%k + lpGilv) 1.
(c) If further, § ~ N, (ji,c?I), then

p(FIV) ~ Ny (p(A|V), 0Py ),

1 . 2 1 . 1 . 2
= lpAV)IIF = 7" Pvif ~ Xk <2 5 (V)] ) :
o o

|

Proof.
Elp(yV)] = E[Pvy] = Py Ely] = Pyji = p(i|V).
Var (p(§]V)) = Var (Py§) = Py (c*I) Py = o®Py.

E[Ip@V)IP] = B [7 Pvg] = te(®Py) + 77 Py i = ok + (V) |
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Mutually orthogonal model space: Vi,..., V.

n
Sample space R { Error space.

Theorem 4.26. Let V...,V be mutually orthogonal subspaces of R™ with dimensions dy, ..., dg,
respectively. Let § € R™ with mean E[y] = fi. Let

gi = p(glVi) = Pv.g, Vi € [K],

fis = p({lVi) = Pvji. Vi € [K].

(a) If Var(j) = oI, then
COV(gi,:l)j) = OvVZ # .7

(b) If j ~ N,(ii,0%I), then 41, ..., 9x are independent with §; ~ N (ji;, 0Py, ).
(¢) If f ~ Ny (i1, 021), then ||i1°, ..., |9kl are independent with
1., .9 9 1 2
Ll ~ G, (el
Proof. (a) For i # j,
Cov(giagj) = COV(PVf,g’ PV,ZY) = J2PV1‘PVJ' =0,
since Py, Py, 7 = 0 for any Z.

(b)
E[gi] = E[Pv;y] = Py, ji = i;.

Var(§j;) = Var(Py,§) = Py,0*1P}, = Py, O
Example 4.27. Let i/ = XS + & where X € R"¥P, rank(X) = p and €~ N(0,0%1). Take
Py=1-XXTX)'x7T,

then SSE = 47 Py4j. Then

SSE . /T—X(XTX)'X\
o2 02 Y.

But p(E[7]|V) = PyE[j] = Py X3 = 0. By Theorem 4.26(c), we have

SSE_

o2 " Xn—p
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4.5 Independence of Linear Forms and Quadratic Forms
Lemma 4.28. If § ~ N, (f,X), then
Cov(7, 4" Aff) = 28 Aji.
Corollary 4.29. If B € R¥*" be constant and i ~ N,,(ji, %), then
Cov(By, §Ay) = 2BXAfI.

Theorem 4.30. Suppose that B is a k X p matriz of constants, A is a p X p symmetric of constants,
and § ~ Np(fi,X). Then

Bij 1 T Ajj <= BXA =0.
Corollary 4.31. If A is p x p symmetric and § ~ N, (i, 0%I), then

By Il T Aj < BA=0.

Example 4.32. Assume 7 ~ N, (uj,02I). Since

# = = = 1) =" (1-17)4

=1

y= %gTy and %jT (I — %J) = %ET — #nyﬁT =0, (or: ]lzPLi(]ln) = (PLL(]ln)]].n)T = 0,) we have
y AL s=.

Theorem 4.33. Let A and B be symmetric matrices of constants. If § ~ N,(fi,X), then
7' Ay 1L ' Bjj <= AYB = 0.
Corollary 4.34. Let A and B be symmetric matrices of constants and § ~ N, (ji,0%I), then
g Aij L " B§j <= AB = 0. (or equivalently BA = 0.)

Example 4.35. Express

as

Assume § ~ N, (1], 02I). Since JJ = nJ, we have (I-2J)(2J)=0.So

1 1
i (I - J) j LT (J) 7
n n

which is obvious since we have shown s2 1l 7.
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4.6 Noncentral F' and ¢t Distribution

4.6.1 Noncentral F' distribution

Recall if u ~ x%(p), v ~ x*(¢q) and u and v are independent, then

w="2  Fip.q)

Moreover q
FE = —
()= L.
2¢*(p+q—2)
plg—1)*(¢—4)

Definition 4.36. Suppose that u ~ x2(p, \), while v ~ x?(g) with v and v independent. Then

Var(w) =

_up

Z_
v/q

~ F(p,q,)),
the noncentral F distribution with noncentrality parameter A, where X is the same noncentrality
parameter as in the distribution of noncentral chi-square distribution.

- (1+2).

Remark. When an F statistic is used to test a hypothesis Hy, the distribution will typically be
central if the (null) hypothesis is true and noncentral if the hypothesis is false. Thus the noncentral
F distribution can often be used to evaluate the power of an F' test. The power of a test is the
probability of rejecting Hy for a given value of A\. If F,, is the upper « percentage point of the
central F' distribution, then the power, P(p,q,a, \) can be defined as

which of course, greater than E[w].

P(P7q7047)\) :P(Z > FOé)?
where z is the noncentral F' random variable.

Example 4.37. ¢ = X,§+ €, where € ~ Nn(ﬁ, o2I), then 7 ~ Nn()?ﬂ, o?l),

SSEfan = Y (i — 9:)* = §" (I — X(X"X) 7' X ") = if" Agj,
=1

where A = I — Po(x). Then AX = 0. Let X = (X1, X5),
= _ |A
o l@ |

Hy : Reduced model: § = X153, + ¢

Consider testing Hy : 52 =0, then
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So
SSEred = 7 (I — X1(XT X1)7'X{) .

The extra SS is given by
SSH, = SSEred — SSEfm = ¢ (X(XTX)'XT — X0 (X X1) ' X]) 4 = §" By,
where
B = Pe(x) — Poexy) = X(XTX)TXT - X0 (X{ X)) 7IXT
Then AB = APq(x) — APq(x,). But APo(x) = (I — Po(x))Pex) = 0. Also,

AXy = AX H —0.

So AP¢(x,) = 0. Thus, AB =0. So SSp, 1 SSEg. Hence we can use these independent SS. to
build approximate F-statistics to test Hy : 52 =0.

Theorem 4.38. Let i = Xﬁ+ ¢, where X € R™ ¥ with rank r < k and &€ ~ N(0,021I). Let
Vi C C(X) be a subspace with dim(Vy) =11 <r. Let § = p(¢]|C(X)). Then

Jvol?/r 1 - 2
p o @I/ NFrl,n_r(22\\p<Xﬁ|v1>\\).
g an g
|73 /=)

Proof. § — i = P(7]C*+(X)), so we know from previous example, Q1 = [p(#]V1)||> and Q, =

|lp(#C+(X))||” are independent r.v.’s and that since rank(Py,) = r1,
2 2 1 3 2
Qi/o ~ Xry EHP(XBWI)H )
QQ/OQ ~ XT2L—T" O

4.6.2 Noncentral ¢ Distribution
Recall if 2 ~ N(0,1) and u ~ x?(p) and z and u are independent, then

z

u/p

t= ~ t(p).

Definition 4.39. Suppose that y ~ N(u,1) and u ~ x?(p) and y and u are independent. Then
Y

O ~ t(p, p),

the noncentral t distribution with p degrees of freedom and noncentrality parameter pu.

t=

Example 4.40. If y ~ N(u,0?), then

ylo_ ”

t =

since y/o ~ N(u/o,1).
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Theorem 4.41. Let yi,...,yn ud N(u,0?), then for any constant pq,

Yy—to

= tn—1(N),
sy
where
A:u—m
o/vn’
Proof. Let u = 3/_\’/‘%7 then u ~ N(g/_j%, 1). Note that
Y—to
T=-9" - - 0




Chapter 5

Simple Linear Regresssion

5.1 The Model

Definition 5.1. The simple linear regression model for n observations can be written as
Yi = Bo+ Bixi + €, i=1,...,n.

The designation simple indicates that there is only one z to predict the response y, and linear
means that the above model is linear in By and ;. In this chapter, we assume that y; and ¢;
are random variables and the values of x; are known constants, which means that the same values
of x1,...,x, would be used in repeated sampling. To complete the above model, we make the
following additional assumptions:

(a) E(e;) =0fori=1,...,n, or equivalently, Ey;] = Bo + f12;.
(b) Var(e) =o0? or i = 1,...,n, or equivalently, Var(y;) = o2.
(c) Cov(e;,e;) =0 for i # j, or equivalently, Cov(y;,y;) = 0.

Remark. (a) Assumption 1 states y; depends only on z; and that all other variation in y; is
random.

(b) Assumption 2 asserts the variance of € or y does not depend on the value of x;, known as the
assumption of homoscedasticity, homogeneous variance or constant variance.

(¢) Assumption 3 says € or y variables are uncorrelated with each other. (If we add a normality
assumption, the € or y variables will be independent.)

5.2 Estimation of 3y, 3; and o2

Using a random sample of n observations yi, ..., ¥y, and the accompanying iilxed values z1, ..., %n,
we can estimate the parameters Sy, 51 and ¢2. To obtain the estimates By and Bi, we use the
method of least squares, which does not require any distributional assumptions.
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In the least-square approach, we seek estimators 60 and ﬂl that minimize the sum of squares of
the deviations y; — g; of the n observed y;’s from their predicted values ¢; = ﬁo + 51361

Te= Z = (i — o — Bw)*.

i=1 i=1

mp

Note that the predicted value g; estimate E[yz], not y;; that is, Bo + lei estimates By + S1x;, not
Bo + Brzi + €. A better notation would be E[y;], but §; is commonly used. By differentiating the
above formula, we have

B = i iy — 1Ty i (wi—T)(Yi — §)
Dy wf — na? i (@i — T)?

where R R

Bo=y— b
Note the three assumptions in section 1 were not used in deriving the least-square estimators. It is
not necessary that §; = By + S12; be based on Ely;] = Bo + S1x;, that is, §; = o + f1x; can be fit
to a set of data for which

Ely;] # Bo + prx;.

However, if the three assumptions holds, then the least-square estimator BO and ,5’1 are unbiased
and have minimum variance among all linear unbiased estimators. Use the three assumptions, we
obtain the following means and variance of 50 and 51

EB] = b1,

E[Bo] = Bo,

~ 0'2
Var(f:1) = m,

i=1\Zi

Var(fo) = o |+ + i
ar(fo) =0° |-+ =———

no 3l (xi —T)?
Note in discussing E[Bl] and Var(Bl), for example, we are considering random variation of j3;
from sample for sample. It is assumed that n values x1,...,z;, would remain the same in future
samples so that Var(ﬂl) and Var(f) are constant. Furthermore we see that when > .| (z; — T)?

is maximized, Var(ﬁl) is minimized. By assumption 2 in section 1, o2 is the same for each ;. Then
oc?=F [(yz - E[yl]) for each i. Using §; as an estimator of E[y;], we estimate o2 by an average
from the sample, that is

o 2= 9)* Xy — Bo— Bui)* _ SSE

S = = .

n—2 n—2 n—2

The deviation é; = y; — g; is often called the residual of y; and SSE is called the residual sum of
squares. With n—2 in the denominator, 52 is an unbiased estimator of 0. Intuitively, we divide by
n — 2 instead of n — 1 because ¢; = 60 + ﬂl x; has two estimated parameters and should thereby be
a better estimator of E[y;] than y. Thus we expect SSE = > (y; — §:)* < Y.i; (y; — §)*. Using
some algebra, we indeed have

SSE = zn:(yl _ Ql)2 _ zn:(yl . g)2 . [Z?:l(fi - j)(yi —7) ]
i=1 i=1 Zi:l(wi - SL’)2
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5.3 Hypothesis Test and Confidence Interval for j;

Typically, hypothesis about 81 are of more interest than hypothesis about Sy since our first priority
is to determine whether there is a linear relationship between y and x. In order to obtain a test for
Hy : f1 = 0, we assume that y; ~ N (8o + B124,02). Then

(a)

~ 0'2
ﬂl ~ N <B17 Z:;l(xi — x)2> .

(b)

(n —2)s%/0% ~ x*(n — 2).

()

By L s%.
(We can not use the distribution of Bl directly since o is unknown.) From these three properties it
follows that . . i
T _7)2
f= i B ELE R

s/V i (@i =) /(n—2)s2/0?/n—2

where R
E[p] B

0= = .
Var(f3) o/ 2 (zi — T)?

If By = 0, then ¢t ~ t(n — 2). For a two sided alternative hypothesis Hy : 81 # 0, we reject
Ho : p1 = 0 if [t| > t4/2,n—2, Where ty/3,_9 is the upper a/2 percentage point of the central
t(n — 2) distribution and « is the desired significant level of the test (probability of rejecting).
Alternatively, we reject Hy if the p value p < a.. For a two sided test, the p value is defined as twice
the probability that ¢(n — 2) exceeds the absolute value of the observe t. A 100(1 — )% confidence

interval for (3 is given by
s

Y (@i — 7))

Bl + ta/2,n72

5.4 Coefflicient of Determination

Definition 5.2. The coefficient of determination r2 is defined as
oSSR YI(G-7)
SST > i (v —9)?
where SSR is the regression sum of squares and SST is the total sum of squares.

SST = SSR + SSE

Thus 72 gives the proportion of variation in y that is explained by the model or, equivalently,
accounted for by the regression on x.
We have labeled as 72 because it is the same as the square of the sample correlation coefficient

r between y and x
Say Yo (@ —T)(yi — 1)

\/S%sg - Vo @ =% (yi - 9)°

T =
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Chapter 6

Multiple Regression: Estimation

6.1 Introduction

In multiple regression, we attempt to predict a dependent or response variable y on the basis of
an assumed linear relationship with several independent or predictor variables xi,zs,..., 2. In
addition to constructing a model for prediction, we may wish to assess the extent of the relationship
between y and the x variables. For this purpose, we use the multiple correlation coefficient R. In
this chapter, y is a continuous random variable and the z variables are fixed con- stants (either
discrete or continuous) that are controlled by the experimenter.

6.2 The model

The assumptions on ¢; and y; are
E[d =0or E[jf] = X3.
Cov(€) = oI or Cov(ij) = o*I.
In summary, if € ~ N, (0,02I), then
§~ No(X5,020).

In multiple linear regression, the explanatory variables are usually LIN. So we assume rank(X) =
k + 1. Also, we assume n > k + 1, so the model involves data reduction (i.e., summerization). If
r =k + 1, there is no reduction, just transformation.

Remark. The E arguments are called (partial) regression coefficients. Mathematically, the partial
derivative of E[y] w.r.t 21 is 8. Thus, 8; indicates the change in E[y] with a unit increase in z;
when the other predictors are held constant. Statistically, 51 shows the effect x; on E[g] in the
presence of the other z’s. This effect would typically be different from the effect of z; on E[y] if
the other z’s were not present in the model. For example

y = Po+ Brx1 + Baxa + €
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will usually be different from 5§ and 87 in ¢ = 85 + Sz + €. If 1 and 2 are orthogonal, that is,
if f{fg =0 or if (fl — flln)T(fg — fg[n> =0, then By = 55 and 51 = 55.

Remark. If we are only interested in prediction, we usually only need to find ﬁ =X 5 Often, we

are interested in estimating B.

6.3 Estimation of 5 and o?

6.3.1 Least Squares Estimator for E

6.3.2 Properties of the Least-Square Estimator 5

Theorem 6.1. If E[y] = Xg, then B is an unbiased estiamtor for 5

Theorem 6.2. If Cov(i) = 021, the covariance matriz for 5 is given by o?(XT X)L,
Theorem 6.3. If €~ MVN(0,02I), then
B~ N (Bo*(XTX) 7).
Remark. We will see that under certain conditions, ﬁ is still asymptotically norm even when € is

not normally distributed.

Theorem 6.4 (Gauss-Markov Theorem). If E[f] = X3 and Cov(§) = o021, the least-squares
estimators 3; for j =0, ...,k have minimum variance among all linear unbiased estimator (BLUE).

Theorem 6.5. Gauss-Markov does not depend on normality. E is BLUFE regardless of the error
distribution. If we add the normal errors assumptions, the LSE has minimum variance among all
unbiased estimators (UMVUE).

Proof. Consider the CLM

Then



6.3. ESTIMATION OF EAND o? 49

where 01 = —51, Ty (7)) = 777
) ) T>(y)
| =2 | =X
o —
9k+2 71k+2(y)

So the density is an exponential family with complete sufficient statistic
7'y
XTg|-

Since @73 = @7 (XTX)"1XT is a function of X7§ and is unbiased for a”3, @3 is UMVUE for
1

@l 3. Further, s = (7 — XB)T(§ — X ) is unbiased for o2 and

n—k—1

&2 — 7y -y X(XTX)N(XTy)
n—k—1 ’

Thus, s? is UMVUE for o2. O
Corollary 6.6. If E[y] = Xg and Cov(%) = oI, the BLUE of ETB is 6T5, where Bis the least
squares estimator 5: (XTX)"1XTy.

Remark. Take @ = (0,0,...,1,...,0)7 to see that Bj is the BLUE for 5;.

Theorem 6.7.

S,

Var(aTE) =a’ Var(f) = o?[a” (X" X)a).

So if the columns of X are mutually orthogonal, the elements ofg are uncorrelated. For a given
set of explanatory variables, the values at which they are observed affect the variance (precison) of
the resulting estimators.

Theorem 6.8. The predicted values § is invariant to a full-rank linear transformation on the x’s.

Proof. Assume a full rank linear transformation of X is given by Z = X H, where H is square and
of full rank. In the orthogonal model,

f=X(XTX)'X"G = Pox)i.
In the transformation model,
f=2(2"2)"' 2" = Poz)§ = Poxm)y.
It is sufficient to show C(X) = C(XH). O

Theorem 6.9. If % = (1,21,...,7)T and consider rescaling the predictors Z = (1,c1x1, . .., cpay) T,

then y = ng = ngé', where ﬂ; is the least square estimator from the regression of y on Z.

Proof. Take H = diag(1,cy,...,ck). O
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6.3.3 An estimation for o2
Theorem 6.10. If E[j] = X and Cov(§) = 021, then

S,

Corollary 6.11. An unbiased estimator of Cov(3) is given by

o

ov(f) = s2(XTX)™!

6.4 Geometry of least squares

6.4.1 Parameter Space, data Space, and prediction space

ﬁ can be viewed as a single point in R¥t1, which is called the parameter space. i can be viewed as
a single point in R™, which is called the data space. The columuns of X = (1, %1, ..., Zx) including
1, are points in the data space. Note that because we assumed that X is of rank k£ + 1, these
vectors are linearly independent. The set of all possible linear combinations of the columns of X
constitutes a subspace of the data space, which is called the prediction space (R**1), which is a
proper complete subspace of the data space R™. Note that ¢ is not in the prediction space, is known
and E[y] is in the prediction space. Multiple linear regression can be understood geometrically as
the process of finding a sensible estimate of E[¢] in the prediction space and then determining the
vector in the parameter space that is associated with this estimate. The estimate of E[g] is denoted

as gj’, and the associated vector in the parameter space is denoted as ﬁ . A reasonable geometric idea
is to estimate E[j] using the point in the prediction space that is closest to . It turns out that
gj’, the closest point in the prediction space to ¥, can be found by noting that the difference vector
€ = §— ¢ must be orthogonal (perpendicular) to the prediction space (hnear analysis). Furthermore
because the prediction space is spanned by the columns of X, the point § must be such that € ¢ is
orthogonal to the columns of X. We therefore seek 3 such that

=t

XTe=

or

IR

P
Il
Sl

XTG-9=X"G-Xx6)=xT5-X"X

which implies that X7 X3 = XT7.

6.5 Normal model

6.5.1 Maximum Likelihood Estimation

LS tells us how to estimate parameter 57 but doesn’t help much with other parameters (or other
distributional properties). ML provides a general criterion for finding estimators of unknown pa-
rameters. It provides access to a much broader class of estimators than LS at the expense of stronger
distribution assumptions.
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Definition 6.12. Assume a random vector ¢ has pdf/pmf f(y|7), which depends on an unknown
e’ CRP. If I is an open set, then 7 satisfies

-1

Theorem 6.13. If § ~ Nn(XB_‘7 o?1), where X € R™*+1) of rank k + 1 < n, the MLE ofg and

0'2 are

=

f=XTX)"X"y,

Ag_l - - 2_1 -~ 2_SS"7E
6° = —§—pGCX)I" = ~|p (FIC- (X)) = =

Remark. A “better” estimator is
a2
y—Xp

n — rank(X)’

s? =

even if X is not full rank. It can be shown that s? is the best (quadratic) unbiased estimator of o2
under the spherical error CLM, i.e., Var(€]X) = 021, where normality is not required.

Example 6.14. For the intercept only model, y; = By + e, Xg = 1,09. Then 5’0 = 7. Since
rank(X) =1,
9 1

s :n—lHy_y

2 1 n o
=n_12(yi—y)-
1

1=

6.5.2 Properties of  and 42

Theorem 6.15. Assume 3 ~ Nn(Xg, a?I), then

(a) A
B~ Nis1 (57 02(XTX)_1) :
(b)
(n— ]Z_Q_ Ds ~ X%—k—1
(c)
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6.6 Generalized Least-Squares: Cov(y) = o2V

In simple linear regression, larger values of x; may lead to larger values of Var(y;). In either simple
or multiple regression, if y1, ..., y, accur at sequential points in time, they are typically correlated.
Then we use the model

j=XB+¢ Elf)=X3, Var(y) =% =02V,
where V' is known positive definite matrix.
Remark. The model above is not a Gaussian-Markov model.
Example 6.16. Uncorrelated, hetoskedastic errors

yi=PBo+ biwite, i=1,....n,
where e;’s are independent with Ele;] = 0 and Var(e;) = o%z;. Then
Var(é) = o2V,
V = diag(x1,...,%n)-

In this case, we might estimate E with

~ (yi — Bo — Prx;)? — 1
arg ming Z (v = o = Hr:) = arg ming Z —(yi — Bo — Bra;)*.
x; Z;
i=1

i=1
This is weighted least square (lower variance implies greater weight in the sum). Note that

(yi — Bo — Prwi)* = (F— XB)"C~ (7 — XB).

— Xj

n
=

1

A simple transformation can make the model be a Gaussian-Markov model. Since V is known
p-d., then there exists a nonsingular ) such that

VvV =QQT.

Then .
Q= 1'X)+Q e
Then E[Q~'€] = 0 and Var(Q'€) = 0%I. Then the GLS criterion is

Q'AT(Q ') = (@7 - Q' XHT(Q 5~ Q' XF)
= (- XAT(QQ") (¥ -XP)

Remark. The GLS estimates 5 by minimizing squared statiscal distance instead of Euclidean
distance, i.e., it takes into account the covariances among y;’s. Most of time, V arbitrary =
“generalized least squares”, V' diagonal = “weighted least square”.
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Theorem 6.17.
1 I 1 1y 3 15T 1
SSE = (Q7'7- Q7' X)) (@7'7-Q'XB) = (@ '9) Pg1x) Q7
Proof. Tt follows from
rank (P(Q,lx)l) =n—rank (Q7'X) =n—rank(X) =n—k— 1. O
Theorem 6.18.
FLSSE
Proof. Let X = Q1 X. Since
f=X"X)"'X(Q'9) =B(Q '),
we have
1T o (wTv) L wT —1 12T —1
SSE = (Q79) (IX(X X)X > Q%) = (Q'9)"A(Q 7).
By the distribution of quadratic form, since B(0?I)A = 0, we have
A1 SSE. 0

Theorem 6.19. (a) The BLUE of § is

= xTvix)"'xTv-ly.

(b) )

Var(8) = o*(XTV-1X)~L

(c)

n—k—1 n—k—1

o G=XHVIG-XF) _ g [V - VIXETVIX) XV g

(d) If &~ N(0,02V), the MLE’s of 3 and o2 are

=

f=(XTvix)"1xTy-1y.

o G-XPTVIG-XF) TV - VIXETVX) T XTV
0- .

n—k—1 n—k—1
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6.7 Model Misspecification

What happens if we use OLS when GLS is appropriate? Suppose the true model is GLS, then the
BLUE )

f=XTv1x)"'XTy-17.

Var(f) = o(XTV1X)"L.
But we estimate ,5 with

G = (XxTX)" X7y
Then .
Bl ) = a BI(XT X)X Tq) = 75

So 5 and 5* are unbiased. However,

Var(E*) = (XTX) ' XTVar(N X (XTX) ' =2 (XTX) ' XTV X (XT X)L

Var(@” §*) = 02" (XTX) ' XTVX(XTX) a.

Var(a® f) = o2 (XTV—1X)"a.
Notice that

( )THXTVX - (XTXO)(XTVTIX)THXTX)] (XTX) T a
=@ (XTX)'XT [V -X(XTV X)X X(XTX) 'a
(XTX)1XxTys [1 - V_%X(XTV_lX)_lXTV_%} Vix(xTXx)'a
0

where z = (XTX)" !XTV and X = V-2 X. What happens if we misspecify E[§]? Consider the
special case, and partition the model

A

F=XBf+&=(X1,X) +é&= X161+ Xofo + €

2

If we leave out X2,6_;2 when it should be included, we are underfitting. If we include ngg when it
doesn’t belong to the true model, we are overfitting.

6.7.1 Underfitting

We write the reduced model as .
:’-7 = Xlﬂik + 6*7
Var(e*) = o?I.
Then the mean and Var-Cov of 8; = (X{ X1) 1 X{§ are
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(a) )
E[Bﬂ = 51 + A&
where A = (X{ X)) ' X Xs.
(b) A
Var(87) = o2(XT X1) 1.

This means that underfitting makes 51 biased an amount that depends on both the excluded and
included explanatory variables.

Corollary 6.20. If X{ X, = 0, that is, if columns of X; are orthogonal to the columns of X5, then
E[ﬁﬂ = b1

Remark. o%(X{ X;)~! is not equal to the corresponding block of Var-Cov matrix for 3 obtained
from the full model.

=

Theorem 6.21. Let 5 = (XTX)"1XTq from the full model be partitioned as [@11 and let 5{ =

B
(XTX1)7r XT3 be the estimator from the reduced model. Then
Var(§) — Var(8}) = AB~' A7,
which is a p.s.d. matriz, where
A= (X{ X)X Xy,
B=XIX,-XIXx A

Proof.
> -1
2 B1 2/ T yy—1 o [XTX: XTX
V. =V S| = XX =
ar(f) ar 3 o’ ( ) XX, XTX,
o |Hyp Hypo 71_ o [HY H'
=0 Hyy  Hoyy =0 H21 22
We know

HY = H ' + H'H\2 B~ Hy H{',
where B = Hoy — Hngfllng. Also, we know
Var(87) = o2(XF' X,)™! = o2H;!.
Thus,
Var(8) — Var(8}) = o?(H' — H};})
=o? (Hy'Hi2B™'Ho Hyy')
=0 [(X{X1) ' X{ Xo B~ X3 X1 (X{ X1) 7]
=g?AB AT
We can show AB~'A is p.s.d. O
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Remark. Underfitting reduces te variance of regression parameter estimators, but introduces bias.
Overfitting proces unbiased estimators, but increases the variance of these estimators.

6.8 The model in centered form

It’s sometimes useful to “center” the explanatory variables when fitting the multple regression
model, for example, in expressing certain hypothesis tests.

Yi = Bo + Prxiz + -+ Brxi + €
=a+ @i —T1) + -+ BTk — Ti) + €, i € [n],

where
a= o+ Pi1ZT1 + - + BiTe.

In matrix form,

where

By =B, 807,
X. = (I — %J)Xl,

where I — %J is sometimes called the centered matrix. The least square estimation:

ERIEERSINEE

Thus, & = 7 and 1 = (X7 X.)" ' X7y

Remark. These estimators are the same as the usual least-squares estimators with the adjustment

IR

=l

Bo=é&— b7 — BrTe =7 — fu

Then

—

Elyi] = a+ 31(%1 —T1)+-+ Bk(mik — Ty),

so the regression plane passes through the point (y,Z1,...,Zk.)
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6.9 SST,SSE,SSR,R?

Theorem 6.22. In general,

G (I — Po(x))§ = SSE

Since
we have

In the centered case,

SSE = 7§ — (& 1) (L X)T¥
=gy —ny® - BT Xy
= SST — SSR..

So

=

SSR = BT XTi7 = BiXT X (X X)X 5= BT XT X 1 = (X 61)T (X5

Definition 6.23.
SST: corrected total sum of squares,

which quantifies total variability in the data.
SSR: regression sum of squares,

which quantifies the variability in the data that can be explained by the regression terms.
Definition 6.24. The proportion of the total SS due to the regression,

SSR
R? = ——
SST’

which is called the coefficient of determination. It is the sample estimation of the squared multiple
correlation coefficient.

Theorem 6.25 (Facts). (a)
0<R*< 1L

(b) If all the Bj ’s were 0, except for Bo, R? would be 0. (This event has probability 0 for continuous
data). If all the y value fell on the fitted surface, that is, if y; = §; fori=1,...,n, then R? = 1.
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()
RZ\/ﬁ:Tﬂ;

vy’

which is the sample correlation between y;’s and the y;’s.

(d) Adding a variable x to the model cannot decrease the value of R2.

(¢) If i =--- =B, =0, then
k

n—1"

E[R?] =
Note that the Bj ’s will not be 0 when the B;’s are 0.

Proof. Note that ¥ ~ N,,(Bo1,,0%I). We know

SSE 4 (I—FPox))
Q5 = yT (02()) Yy~ X?z—k—h

o2

and
887E SSR

o2 o2’

Now reall that if W ~ x2,, V ~ x2 and W 1V, then

W+V

W4+V
Then
E[W]=E [WV_VFV(W+V)] —E {W] E[W + V.
So
w ] EW]
E[WJrV] EW4+V]
Thus,
BB — E[SSR] k -
R = E[SSR+SSE]  n—1

(f) R? cannot be partitioned into k components, each of which is uniquely attributable to an x5,
unless the x’s are x’s are mutually orthogonal, that is,

n

Z(xij —Zj)(@im — Trm) =0, for j#m.

i=1

(9) R? is invariant to a full rank linear transformation of x’s and to a scale change on y, but not
invariant to a joint linear transformation or [y, x|.
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(h)

R = cos(),
where 0 is the angle between mean-corrected §j and mean-corrected .

2

Z?fy]]-n

(XB)Tg—”?Q_ 2
=3 = —p5 =5 —Cos 0.
17— gLa| yry—ny

Also,
2

SST = |7 — gl.|° =

~12 A
73| + |5t

We can see that if k is a relatively large fraction of n, it is possible to have a large value of R?
that is not meaningful. In this case, x’s that do not contribute to predicting y may appear to do
so in a particular example, and the estimated regression equation may not be a useful estimator of
the population model. To correct for this tendency, Ezekeil proposed a bias-corrected of R2.

(F =)o) s

2
Fa = n—k—1 T oon—k-—1

6.10 Examples

Example 6.26. In the linear model ¢ = XB+¢en~ N(0,%), show that the BLUE of 3 is equal
to the OLS estimator if and only if there exists a nonsingular matrix F' such that

£X = XF.
In other words, show that (X7X 1 X) !XTy "1y = (XTX)~ !XTy if and only if XX = XF.
Proof. “=".
(XTe1X) T XTE T = (XTX) T IXT — XTX (X7 lx) T XTe ot = X7
— >y (X721 X) T XX = X
— X (X"27'X) 7 XTX = %X,

YIXF=X=FTXTy1=Xx7T
— FI'xTy1x = XxTXx
— (X" X)) R = (xTx) T

— (X" X)) FRTXT = (xTx) T

XxT.

Since XF~1 = ¥71X, we have F~TXT = XTx 1 O
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CHAPTER 6. MULTIPLE REGRESSION: ESTIMATION



Chapter 7

Multiple Regression: Tests of
Hypotheses and Confidence
Intervals

We will assume throughout the chapter that
i~ Nu(XB,0°T),

where X isn x (k+1) of rank k+1 < n.

7.1 Test on a subset of the 3’s

Testing linear hypothesis amounts to putting constraints on the model space and comparing the
constrained model vs the unconstrained model. Assume model

y=H+e,
where
fi=XpeC(X), &~ N(0,5%).

Q:Is fi € Vo C C(X)? For example, is u C C(Xj), where Xy consists of a subset of the columns of
X. Without loss of generality, arrange the linear model so the terms that we want to test appear
last in the linear predictor:

J=XB+&= X101 + Xafa + ¢,

where X; € R(++1-0) and X, € R™". Thus, 81 = (80, B1, - - -, Be—n)T and Bz = (Be—ni1, .-, Bi)~.
Under Hy : Eg =0,
7=X18;, & ~N(0,0%1).

The problem is to test
HO : ﬁ S C(Xl) VS H1 : ﬁ g C(Xl),

61
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under the maintained hypothesis that
C(X) = C([X1,Xa]).

So we need a test statistic whose magnitude measures the strength of the evidence agaist Hy. If the
test statistic is “large enough”, we reject Hy. How large? It depends on the predictors. An a-level
test rejects if the p-value < « for some pre-specify a. Note: for hypothesis testing and confidence
intervals, we will need normality as well. Under RM, p C C(X;) C C(X), so

RM true = FM true.
The least square estimators of ji, Po(x,)¥ and Po(x)y estimate the same thing. Then
Poxy§ — Poxn = (Pex) — Poxy) 7
should be small under Hy : ji € C(X7). Measure the size of (PC(X) — PC(Xl)) y with
12 i, -
[(Pecx) = Peen) 9l =" (Pewx) = Pex) 9.
Note
E " (Pogx) = Pecxy) 4] = 0 dim (CH(X1) N C(X)) + 1" (Poex) — Pecxy) /i
- N\T - -
= 0*h+ (Poeofi = Pexn i) (Poeofi = Pogx) ) -
Under Hy, i € C(X;) C C(X), then
Po(x)fi — Poxyfi = i — ji = 0.
But under Hy, i € C(X), but i ¢ C(X1), so
Pex)li = Po(x,) i = [i — fio # 0.
In other words,

2
i _ o o“h, under Hy
E [y (PC(X) PC(X1)) y] = { o2h + ||ﬁ_ﬁ0||27 under H,

This suggests the test statistic

a2
Hy_yOH /h{ ~ 1, under Hy

o2 > 1, wunder H;

Typically, o2 is unnknown and must be estimated under FM, the appropriate estimator is

2

y—4
n—k—1
(52 is valid under both Hy and H;.) So the test statistic is

s? =

a2
y_yOH /h ~ 1, under Hy
zj—ffz‘/(n—k—l) > 1, under H;
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Theorem 7.1. Suppose §j ~ Nn(XB7J2I), where Xﬁz X181+ X385, Let

7= p(HIC(X)) = Porx)i,
ﬁo = p(glc(Xl)) = PC(Xl)g7
fio = p(A|C(X1)) = Poixyfi = Pogx,y (X 6).

Then
(a)
Yo-sl =Lt u-p 7~ x>
=79 =50 (I = Fo)) T~ Xn-p-1-
(b)
JaR jaN 2 1 T — 2
—2|[7 || = 5Y (Pox) = Poxyy) §~ xi (M),
where
1 ) 1. e
AL = EH(PC(X) — Poxy) || = @HM — foll
1 . . . o2
= EHPC(X)(Xlﬁl + X2f2) — Pox,) (X161 + X252)H
1 - - o o2
= ﬁHXlﬁl + Xofa — X161 — PC(Xl)X252H
1 o2
= 5,7 Pocx Ko |
1 -
= TﬂgngTPcL(xl)X252~
(c)
1 — JaN 2 1 jaR JaN 2
2 A o21Y OH ’
Proof. (c)
N - 2
73| = le@ctcon|’,
Lo )P _ 1 2
|7=do| = Ip@ce) neta]’s
and
C(X)NX*(X,) C C(X),
so it is mutually orthogonal projections. O

Theorem 7.2. Let ij ~ Nn(Xg, o2I) and define an F statistic as follows:

N ~ N2

’y — Wl /b T (Poex) = Pocxn) §/h
s g7 (I = Pocx)) §/(n —k—1)

_{ Fon—k-1, under Hy

po

Fyp—r—1(A1), under Hy
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Proof. Under Hy, A1 = 0. O

Remark. The a-level F-test for Hy : ﬁg =0vs Hi : ﬁg # 0 is to reject Hy if F > Fy pn_p—1,1-a;
where F, y,_k—1,1—q is the upper atP-quantile of F,, —k—1. Equivalently, reject Hy if P(X > F') < a,
where X ~ F, ,,_p_1.

Theorem 7.3. The F test is always a right tail test.

Definition 7.4.
2

2 . -
- - |-
= SSErm — SSErMm
= SSRrm — SSRrM
= SS(5215)
= “extra” regression sum of squares due to (s after counting for [y
=type I SS.

5—370’

The difference in dfg’s (dimension of error space) is
m—((k+1—-h)—(n—(k+1)) =h.

Then the test statistic can be written as
SSErM —SSErm
_ dtg(RM)—df (FM)
SSEpm/dfs(FM)
The test is summerized in an AVOVA table.

ANOVA Table

Source of Variation df Sum of Squares Mean Squares F
Due to 5 adjusted for f; h SS(B2181) = 7 Peixynct (x0d | MS(BalB1) = SS(Ba|61)/h | MEL251)
Error n—k—1 SSE =y" (I — Pox)) 4 MSE = SSE/(n — k — 1)
Corrected Total n—1 SST =>,(yi — 9)*

An additional column is sometimes added to the AVOVA table for expected mean squares E(MS).
I 1 -
E [MS(5|5)] = 5B [sS(3i16)|
ss@xi)]

o2

2

g

-2 F
h

2
g
= —(h+2\
h(+ 1)
1
oo Lo
= 0"+ 2 lln = poll™

Also, E]MSE] = 2. Thus, o
EMS(I5)]

= 1,under Hy.
EMSE] ,under Hy
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Note any mean square can be regarded as an estimate of its expected value. So MSE estimates
o2 (always), and MS(EQ‘E— 1) estimates 02 under Hy and estimates 02 + ¢, ¢ > 0 under Hy. F
behaves as
F{ ~ 1, under Hy
=1, under Hy

7.2 Test of Overall Regression
We note in last chapter that the probblem associated with both overfitting and underfitting mo-
tivates us to seek an optimal model. Hypothesis testing is a formal tool for, among other things,

choosing between a residual model and an associated full model. The hypothesis Hy, expresses the
reduced model in terms of values of a subset of the 3;’s in 8. The alternative hypothesis, Hi, is

associated with the full model. Partition ﬁ so that
B = Bo,
Bo = (Brsee B)"
Then
7= X101+ X2 +€.
In this case, Hy : ﬁ} = 0 is equivalent to
Hy:B1=---=0,=0,

which says that explanatory variables z1, ...,z have no linear effect (don’t predict) the response.
This is called the overall test. Under Hy,

o =p (H1C(X1)) = p (41L(1n)) = Yln,

and h = k. So the numerator of the F-statistic is

1 I o -
EyT (Pex) = Pra) 7= % (7" Praa,)¥— 9" Pra,®)
1 AT - L,
=5 (Pex)9)” §— 0" Pl Pra.,)¥
Ll arer. o
=7 (,6’ X y—ny )
= R \isR.
k
So the test statistic for the overall regression is
jo SSR/k _ MSR Fyn-k—1, under Ho: B =---=p, =0
- SSE/(n—k—1) MSE Fyn—k—1(M), under Hj. ’
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where
1 - 2
M = 03| (Pewn = Pey) (Xl + Xasi)|
1 2
= 55311 (Pecx) = Poq,y) Xofa|
1 - SN2
= 50208~ P %o
1 R
725;X2TPLL(LL)X252
1
( 55303 XIXofa. )
ANOVA Table

Source of Variation df Sum of Squares Mean Squares F

Due to (s k SSR = 61y 7= BTXT§ — ng? SSR/k MSR
Error n—k—1 SSE=¢" (I —Pox))§J | SSE/(n—k —1)
Total n—1 SST =", (y; — 3)?

7.3 F test in terms of R?

Theorem 7.5. The F statistic for testing Hy : 52 = 0 in the full rank linear model i = Xlgl +
X232 + € can be written in terms of R? as
(Rins — Ri) /b
(1= Rip)/(n—k—1)
Proof. Exercise. O

F =

Corollary 7.6. The F statistic for overall regression can be written in terms of R? as
B R?/k
Q1 fRQ)/(nfk—l)'

-

Proof. For this hypothesis, h = dim(8;) = Then it is sufficient to show that Rgy = 0. The
( 2

reduced model is i = y1l,, + € Then X,B) =7l,. So
2

2
— — 2
17— g1, ||

7.4 The General Linear Hypothesis Tests for H : C’g —( and
CB=t
7.4.1 The test for Hy: C =0

The hypothesis Hy : Cﬂ = O where C' is a known ¢ x (k + 1) coefficient matrix of rank ¢ < k + 1,
is known as the general linear hypothesis. The alternative hypothesis is Hj : C’ﬁ # 0.
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Example 7.7. The hypothesis H : ﬂ; = 0 in the overall regression can be expressed in the form
Hy : CB =0 as follows o
S

Hy: CB = (0, 1) 3 =By =0.
2

Similarly, the hypothesis Hy : ,6?2 = 0 in the test on a subset of 5 can be expressed in the form
Hy : C3 = 0:

Hy: CB = (0,1) % =3 =0.

Example 7.8. Hj : 81 = (2 can be expressed as
Ho: B —fa=0<= CTF=0,
where C' = (0,1,—-1,0---,0)7.

Example 7.9. Hy: 31 =--- = 5 when k = 4 can be written as Cﬁz 0, where

01 -1 0 0
c=1o00 1 -1 o],
00 0 1 -1

or

01 -1 0 O
c=(01 0 -1 0
01 0 0 -1

Example 7.10. The formulation Hy : C’E = 0 also allows for more general hypotheses such as
Ho:2B81 — B2 = B2 — 203+ 304 =1 — Pa =0,
which can be expressed as follows:

Bo

02 -1 0 0]|a
Hy:10 0 1 -2 3| |B|=

01 0 0 -—1||ps

Ba

o O O

Remark. rank(C) = ¢ ensures that we don’t have any redundant hypothesis in Hy : Cg =t.

Remark. The test statistic for Hy : Cﬁ = 0 is based on comparing C’g to its null value 0, using
squared statistical distance of the form

Q- (ci- [CEDTA (Vara (C5)) " (- £ [c])

- (03)" (i (c) "5
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where 0 indicates that expectation is taken w.r.t. the null model. Since
B~ Nt (Bo*(xTX) 1),

we have .
OB ~ N,(CB,0?C(XxTX)~toT).

SSE

—2=7, We obtain

Estimating o2 with s =

=)

Var (cé) — 20(XTX)LCT.

So

T

Q= (ch) [cx™x)7'c" T ch

(CE)T [c(xTx)1ct] T o
SSE/(n— k1)

To use () as a test statistic, we need its distribution. We denote the sum of squares due to CE
(due to hypothesis) as SSH, i.e.,

T -1 .5
sSH = (CF) [C(XTX)71CT] 7 CF = 88 due to H.

Theorem 7.11. If ij ~ Nn(X,é_;7 o2I) and C is ¢ x (k+ 1) of rank ¢ < k + 1, then

(a) X .
CB ~ N,[CB,s*C(XTX)~*CT).
(b)
(CE)T [c(xTx)"1cT) o
SSQH = p ~x2 (g, M),
where .
- ()T [C(XTx)"1cT] ™ ¢
o 202 '
(c)
S;S—QE ~xi(n—k—1).
(d)

SSH Il SSE.

Proof. (b) Since
Ch ~ Niy1[B, 0*C(XTXx)"1CT],
the result follows by the distribution of Quadratic form.
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(d) Since f I SSE, we have SSH = f(j3) 1 SSE. O
Theorem 7.12. Let if ~ N, (X3,0%I) and define the statistic

Q SSH /q (CHTIC(XTX)LCT]-1CF/q

F:EZSSE/(n—k—n SSE/(n—k— 1) ’

where C is ¢ X (k+ 1) of rank ¢ < k+1 and g = (XTX)"1XTy. Then

F Fyn—k—1, under Hy: CE? 0
Fyn—r—1(\), under H; : CB#0

where ~ ~
(epricx™x)~'tcttes

)\ =
202

The F test for Hy : C3 = 0 is usually called the general linear hypothesis test. The degrees of
freedom ¢ is the number of linear combinations in Cf.

Theorem 7.13. The F test in Theorem 7.12 for the general linear hypothesis Hy : C’g =0isa
full-reduced-model test.

Proof. Under Hy, Cﬁz 0, B
CXTX)'xTX[ =0,

CXTX)'xTp=o,
7T =0,
where T = X(XTX)"'CT. Then under Hy, pn = X3 € C(X) and p € C-(T). Then
pe€C(X)NCHT) = Vy C C(X).

Since under Hy : C8 # 0, € C(X), but pu € Vy. So the two hypothesis are nested. Test for nested
models is of the form

7" (Pewx) = Porxy) i/h

SSE/(n—k —1)

Replace Pg(x,) with Py, = Po(x) — Po(r), and replace h with dim(C'(X)) — dim(Vp), which is the
reduction of dimension of the model space in moving from FM to RM. Note

F =

rank(7T") = rank(77) > rank(77 X) = rank (C(X"X) ' X" X) = rank(C) = q.
Also
rank(7T") = rank(7T7T) = rank (C(XTX) ' XTX(XTX)7'CT) = rank (C(XTX)~'CT) < q.

So
rank(7) = ¢ = dim (C(X)) — dim(Vp).
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Thus, the FM vs RM F statistic is

7 (Pocxy — Pwy) /a4 (Pox) — (Pexy — Poeny)) 9/ i Poaryi/a

F="SE/m—k-1) ~ SSE/(n —k—1) = SSE/n—k—1)’
where
JPoryi =4 T(TTT) ' Ty
= " X(XTX) T [o(XTX) T XTX(XTX) T T e(x T X)X Ty
= GOt [o(xTx)1eT) T Of.
Thus, this is the test for the general linear hypothesis. O

7.4.2 The test for Hj: C’B =t
We assume that the system of equations C’g = 1 is consistent, that is, rank(C) =rank(C, ).
Theorem 7.14. If ij ~ Nn(Xﬂ_’7 0%I) and C is ¢ x (k+1) of rank q < k + 1, then

(a)

CB—i~N,(C3-ta2Cc(xTX)"1CT),
(b)

SSH _ -HT[Cc(xXTx)-tcT)- —t

where .

s (€5 = DTCT ) CT(CE -

202 '
(€ SSE
? NX2(n_k—1)7

(d)

SSH 1l SSE.
Theorem 7.15. Let §f ~ N, (X3,021) and define the statistic

SSH/g  (CF—-HTIC(XTX) 10T (CF - f)/q

F =S /m—k=1) = SSE /(n—k—1)

where C is ¢ X (k+ 1) of rank ¢ < k+ 1 and E: (XTX)"1XTy. Then

F Fan 1, under HO Cﬂ—t
Fyn—k—1(X), under Hj : C’ﬂ £t

where
t‘)T XTX —1 CT fj
202
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o T =
7.5 Tesing on 3; and a' 8
Important special cases of the general linear test are Hy : 3; = 0 or Hp : 5T5 =0, then
C=a" and g =1,

and

@ 5y (XTX)Na AT (@)

F =
SSE/n —k—1 s2aT(XTX)-1a

~ Fl,n—k—l, under HO : 6TE: 0.
Since the F statistic has 1 and n — k — 1 degrees of freedom, we can equivalently use the ¢ statistic

a
t= B ~ tn—k—1 under Hy.

sy/al(XTX)1a

A special case: @ = (0,0,...,1,0,...,0)T, where 1 is in the (5 + 1)th position. Then

C_iTg =B,
a (XTX)la=(XTX)
Thus,
_ i
sP{(XTX) g4
and

t= B = BJ}
sVIXTX) Y0 SE())

N

since Cov(f) = o?(XT X)L

7.6 Confidence Interval and Prediction Intervals

Hypothesis tests and confidence intervals are essentially two ways of approaching the same problem.
Recall

(a) For an a-level test of the form Hy : 6 = 6y vs Hy : 0 # 6y, a 100(1 — a)% confidence region
is “set of all values 6y s.t. Hy would not be rejected at the a level”. In other words, it is the
acceptance region of the a-level test.

(b) 6o is outside of a 100(1 — )% confidence region for  if and only if an a-level test of Hy : § = 6y
vs Hy : 0 # 60y is rejected.

(¢) In other words, we invert the statistical tests we have derived to obtain confidence region.
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7.6.1 Confidence Region for 5
Under Hy,

(CHTC(XTX)1CT] " Ch 0% 2/q

F = = ~
SSE /o2(n — k — 1) X2, /n—k-1

Fq,nfkfb

The distribution of F' is the same for all values of E and o2, and thus a pivotal quantity, which we
can use to derive confidence regions

(05— CE)T (C(xTx)"1cT) ™! (CE— cp)

P
qs?

< Fq,n—k—l,l—a =1l-a

As a function of 5,

(ch- CB’)T (c(xTx)em) T (of - o)
= =Fyn—k-1,1-0a)

is the equation of an ellipsoid centered at CE, with orientation determined by C(X7X)~1CT.
Special cases:

(a) If C is equal to I, then t equal to E and ¢ becomes to k + 1, we obtain

-, -,

TXTX(F - f)
(k+1)s?

(G -

~ Fpiin—k—1-

P((B =BT XTX(F = 5)/(h+1)* < Fajsin 1) =1—a.
Then 100(1 — )% joint confidence region for 3 is

S=1{F:(F—ATXTX(E ~B) < (k+ s Frsimr11-a).

For k£ = 1, this region can be plotted as an ellipse in two dimensions. For k > 1, the ellipsoidal
region is unwieldy to interpret and report, and we therefore consider intervals for the individual
B;’s or for @’ 3.

(b) Let C = a”, then t = @’ §.

Then
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Then

Plin—k-1,9 < Sth-k-11-2 | =1-a.

Rearranging, we find a 100(1 — )% C.I. about aTj is

aTB £ty po1,1-as\/al (XTX) 1a.

(c) Taked = (0,...,1,...,0), where 1 is in the j*® position. Similarly, 100(1 — )% C.I. about alg

1S

B+ tn—k—1,1—%8\/{(XTX)A}J‘HJH'

7.6.2 Confidence Interval for F(y)

Let o = (1,201,...,70x)” denote a particular choice of ¥ = (1,21,...,2;)T. Note that ¥y need
not be one of the #Ts in the sample; that is, #J need not be a row of X. If 7 is very far outside
the area covered by the sample however, the prediction may be poor. Let yy be an observation
corresponding to Zy. Then .
Yo = fffﬁ +é€,

where &~ N(0,02I), and 3 and o2 are the same. Then Elyo] = a'c’ng We wish to find a confidence
interval for E[yg], that is, for the mean of the distribution of y-values corresponding to Zy. The
minimum variance unbiased estimator of E[yp] is given by

Since that are of the form @73 and aZ 3, respectively, we obtain a 100(1 — a)% confidence interval
for Elyo) = 75 8
fg,@ita/g,n,k,1$ fg(XTX)_lfo.

Remark. We are sometimes interested in simultaneous intervals about several values of the ex-
planatory variables (or for the entire regression line.) Let

A; = “event that ¢*" interval captured the true mean response”.

For example, P(A;) = 0.95 for i = 1,...,4, then

4
P (ﬂ Ai> < 0.95.
i=1

So each interval needs to made wider to attain an overall C.I. level of 0.95. Let
B; = “Type I error on i*® test”.

Then

n

P(“at least one type I error”) = P (U BZ-) < ZP(BZ-).
i i=1
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Instead of o on an individual test, use

« (0%

af=—=——.
n  # of tests

Then

See chapter 8.67 in the textbook.

7.6.3 Prediction interval for a future observation y

A “confidence interval” for a future observation yg corresponding to Z is called a prediction interval.
We speak of a prediction interval rather than a condidence interval because yg is an individual
observation and is thereby a random variable rather than a parameter. To be 100(1 — )% confident
that the interval contains yg, the prediction interval will clearly have to be wider than a condidence
interval for the parameter E[yo]. Since

Yo = T 3 + &,
we predict yog by 9o = fOTg , which is also the estimator of E[yg] = i"'gg The random variables yg
and gy are independent because yg is a future observation to be obtained independently of the n

observation used to compute §jo = 73 3. Hence

=

Var(yo — Jo) = Var(yo — fgﬁ) = Var(xBTg+ € — fgﬁ)

. T3. .
Since 2" [ is a constant, this becomes

2

Var(yo — 4o) = Var(eg) + Var(fOTB)
=g+ U2fg(XTX)_1i"0
=1+ 2 (XTX)"17),

which is estimated by
s34+ 78 (XTX) 7 7).

It can be shown that E[yg *ﬁo} = 0 and that s? is independent of both yo and 4y = fOTE . Therefore,
the ¢ statistic A
Yo — Yo
t =
sv/1+ZF(XTX) 14,

A 100(1 — a)% prediction interval is

~t(n—k—1).

Yo £ f1—a/2,n—k—15\/1 + Z5(XTX) 1,

which is wider than the C.I. of E[yo].
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7.6.4 Confidence Interval for o2
Since

(n—k—1)s

2 NXQ(n_k_1)7

g

we have
(n—k—1)s? 9

2 —
PiIXxi—anpr1 < 5 < Xajzn—k-1| =1 -,

g

where Xi /2m—k—1 is the upper a/2 percentage point of the chi-square distribution.

7.7 Likelihood Ratio Tests

The tests in the previous sections were derived using informal methods based on finding sums of
squares that have chi-square distributions and are independent. These same tests can be obtained
more formlly by the likelihood ratio approch. We describe the likelihood ratio method in the simple
context of testing Hy : 5: 0vs Hy : E # 0. For a random sample

272 (yla'“vyn)T ~ Nn(ngo—z-[)a

the likelihood function is given as

N 1 . T 3 2
2y —(G-XBAT(§—XB) /20
L3.0%) = Groayira® (T-XB) (G-XB) /207

The likelihood ratio method compares the maximum value of L(g7 o?) restriced by Hy : 5 =0 to
the maximum value of L(5,0?) under H; : § # 0, which is essentially unrestriced. We denote the
maximum value of L(3,02) restriced by 8 = 0 as

L a2 2
max L(f,0%)

and the unrestriced maximum as

L(B, ).
max L(f, 0%)

If ﬁ is equal (or close) to 0, then maxgeo, L(E, 02) should be close to maxgece L(ﬁ_'7 a?). If not, we

would conclude that i = (y1,...,y,)T apparently did not come from Nn(XE, o%I) with 5 = 0.

Definition 7.16. The likelihood ratio test (LRT) statistic for testing Ho : 6 € Oy vs Hy : 6 & Oy
is

SUPgeo, L(0]7)

supgeg L(6]7)

It is clear that 0 < A(%) < 1. Smaller values of A(%) would favor H; and larger values would favor
Hy. We thus reject Hy if A(§) < ¢, where ¢ is chosen to that P(A(7) < ¢) = « if Hy is true.

A@) =

Theorem 7.17. If . . N
§= X151 + X2z + e~ N,(XB,0%),

the F-test for Hy : 52 =0 is equivalent to the LRT.
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Proof. We use the maximum likelihood estimators

F=(x"x)"xTy

S, =,

~2 (- XB) (7 - Xp) _ SSEFM.

OFM = n n
Then
sip  L(B.0o%f) = — e~ T-XB)G-X) 207
0250, FeRk+1 (2mG2)n/?
= m) H(eh) Be
For RM,
% _n _n _'—XB’T_'—Xﬁ
Lem(By,0%) = (2m) "2 (0?) ™2 exp (— @ - 1;J§y 1) .

Similarly, we have

Then

sup L(B{,0%§) = (2m) "% (6f) Fe 2.
020,57 ERk+1-h

Thus, the LRT statistic is
A = "o, LOL ) _ (2m) 7 (Ghar) FeE <SSEFM>3
SUPZ s62¢0 L(0]y) (2m) 7= (

Rejection region:
{7:A@) <}, ce(0,1).

SSErm

< ><K
AMy) <c+= 5By S €
SSErMm > Ci%
SSEpy
SSEnu ~ B 2 |
SSEpnt
(P _p ;
.. j(Poeo —Poeen) ¥ 2

n—k—1y(I—Pox)) §/(n—k—1)~
h e
=P o (o).

where . .
o IPow) —Foex) ¥
§(I = Pox)) g/(n—k —1)
Thus, the LRT and that F' test are equivalent. O

~Fyp_p—1.
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Theorem 7.18. If ij ~ N,L(Xﬂ_’7 02I), then the F test for Cbeta = t is equivalent to the LRT.

Proof. To derive the LRT for the gen. lin. hypothesis Hy : Cﬁ =1, we need to find
sup L(B,0%).
J2>O,E:C§:t

We can do this with Lagrange multiplier,

—

p(3,02) = 1(F,0%) + XT(CF — 1)

G~ XB) (G~ XB) 1,z
52 +AT(Cp —1).

= —g log(27) — %log(UQ) -

Let . .
o G- XD G- XB)
"’L b)

S

f=XTx)"'x"y.

Differentiating with respect to 5, X and o2, we obtain

1 =, - —
gg — 55 (2XTF-2XTXf) + CTX =,
op -~ L o

o

O __n 1 7
do? 202 2(0?)

From the first equation, we have

B = (XTX) X7+ 63(XTX) T CTX.

Then ) )
Chy=Ch+a2C(XTX)'CTX =1
Then -
Ty\—1~71-1 CB — ¢
A=-—[C(XTX)"'CT] Foa

Solving for X and plugging in

= =

Gy = B — (XTX)"CTIC(XTX) 1O (O - D),

and

(7 — XBo)T (7 — X Bo)
T
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Let )
di =y — XPo,
dy = X(XTX)"10T (O(XTX)~1CT) (05 7).
Then
dld, = (- X)TX(XTX) IO (C(xTx)7LeT) T (eF - 7)
= (- XB)(X%) =0.
Lo w7 | 7 Lrorz | 17 T
= —(d+ ) (i + D) = = [dl dy + dldy + 2d" dg}
1ope 1o B
= Ed?dl + Edg@ = SSEpy +d2 ds.
But
Ja i T —1
dLdy = (0/3 - t) (C(xTx)teh) o(xTx) X7
X(XTX)"LOT (C(XTX)LOT) (05— )
= AT T y\—1 ~T\ ~1 T y\—1 AT T P O S
= (ci-1) (cx™x)e") e Tx) et (o(xTx)e) T (0B - )
A AT _ 50
= (ci-1) (c(x™x)e") (B -1)
= SSH, .
Thus,
,2_ SSEm | SSHo
n n
Then the LRT statistic is and
2
Sup . 3. O
/\(:lj) _ 62>0,05= ( . ‘y)
sup g2>0 ﬁeRk+1 /8 2|y)
[ SSEpm SSErv \"?
B SSErMm SSEFM + SSH,
n/2
- (1 + SSHO/SSEFM)

:<1+¢vé—k—n)wa

SSH /q
SSE/n—k—1
Then A(%) < ¢, ¢ €(0,1) is equivalent to F' > Fy ,_k—1.1—a- O

where
F =
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