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Chapter 0

Preliminary

0.1 Notations of sets

Definition 0.1. Let S be a set. We use s € S to denote that s is an element of S. We use 0 to
denote the empty set.

Notation 0.2. The following are the most commonly used sets.

7Z := the set of integers,

Q := the set of rational numbers,
R := the set of real numbers,

C := the set of complex numbers,

“ 2

where by convention, “:=” means “is defined by”.

Notation 0.3 (Set-builder notation). Let S be a set.

the set of all elements x such that the statement P(z) about x is true,

{z | P(a)}:

{z € S| P(x)} := the set of all elements z in S such that the statement P(x) about z is true.

Example 0.4.

S:=1{2,4,6,...,100} = {2z |z = 1,...,50},
27 :={...,—4,-2,0,2,4,...} = {2z |z € Z},
A:={10,11,12,...} = {x € Z | = > 10}.
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Example 0.5.

N:={1,2,3,...} ={z €Z |z > 0},

No:={0,1,2,3,...} ={z € Z |z >0},

27%:={xe€Z|x>0}=N,

QY :={zreQ|z >0},

R>:={z €R |z > 0},

27% = {2 €Z| x>0} =Ny,

Q*%:={zecQ|z >0},

R*?:={z €R |z > 0}.
Definition 0.6. We say a set A is a subset of a set B, denoted by A C Bor B D A, if a € B for

any a € A. We use A C B or B 2 A to denote that A is a proper subset of B, that is, A C B but
A # B.

Definition 0.7. We define the Cartesian product of sets A and B by

Ax B={(a,b)|a€ Aand be B}.
Example 0.8. Let A ={1,2} and B = {5,6,9}. Then

A x B={(1,5),(1,6),(1,9),(2,5),(2,6),(2,9)}.

0.2 Relations between sets

Definition 0.9. A relation between sets A and B is a subset R of A x B. For (a,b) € R, we write
aRb.

Example 0.10. Consider the sets A and B in Example 0.8. Since {(1,5), (1,9),(2,6)}
we have that it is a relation between A and B. The relation R = {(a,b) € Ax B |b—
{(1,5),(2,6)} makes more sense.

SHIA
IS

x B,
4} =

Example 0.11 (Equality Relation). The equality relation = on a set S is defined by
=:={(z,2) | x € S}.

If S ={1,2}, then = ={(1,1),(2,2)}. Since (1,1) € =, we write 1 = 1.
a set
Definition 0.12. A function or a map ¢ mapping a set X into a set Y, written as ¢ : X — Y

or X -2, Y, is a relation between X and Y such that each z € X appears as the first member of
exactly one ordered pair (z,y) in ¢, i.e., ¢ = {(z,¢(x)) | x € X}. If (x,y) € ¢, we write ¢(x) =y
or T — .
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Example 0.13. Let X = {-1,1,2}, Y = N and the function ¢ be

¢: X —Y
—1—1
1—1

2— 4
Note that ¢ can also be written as

¢:{-1,1,2} — N

xn—>x2

Definition 0.14. Let ¢ : X — Y, then X is called the domain of ¢, and Y is called the codomain
of ¢. The image or range of ¢ is

Im(¢) := ¢(X) = {¢(x) | = € X}.
Example 0.15. In Example 0.13, we have that Im(¢) = {1,4}.

Definition 0.16. The cardinality of a set X, denoted by |X|, is the number of elements in X. If
X =0, then |X| = 0. If X is an infinite set, then let | X| = co.

Definition 0.17. Let ¢ : X — Y.
(a) ¢ is called one-to-one or an injection if ¢(x1) = ¢(x2) with z1,ze € X implies that 1 = z».
(b) ¢ is called onto or a surjection if Im(¢) =Y.

(¢) ¢ is called one-to-one correspondence or a bijection if ¢ is both one-to-one and onto. In this
case, X and Y are said to have the same cardinality, i.e., | X| = |Y].

Remark. If | X| = co = |Y|, then often one cannot say that |X| = |Y| since we cannot compare
two infinities, except for that there is a 1-1 correspondence between X and Y. For example,
|Z| = |IN| = |Q| (countable). Note that R is uncountable.

Definition 0.18. Let ¢ : X — Y be 1-1. We defined the inverse function ¢! by
¢~ Im(g) — X
p(z) —x

¢! is well-defined, because if there is ¢(Z) € Im(¢) with & # z such that ¢(Z) = ¢(z), then T =z
since ¢ is 1-1, a contradiction. Note that ¢~ is always a 1-1 correspondence.

Remark. If ¢ is a 1-1 correspondence, then Im(¢) =Y and so
oY — X
¢(z) —

Definition 0.19. A partition of a set S is a collection of nonempty subsets of S such that every
element of S is in exactly one of the subsets. The subsets are called the cells of the partition.
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Convention 0.20. When discussing a partition of a set .S, we denote by Z the cell containing the
element = of S. Thus, Z = 7y if and only if z and y are in the same cell.

Example 0.21. The collection {27, 27 + 1} forms a partition of Z.
9% = {2 |z €} =1{...,~4,-2,0,2,4,...} = d="2=0=2=14="--

2W+1:={22+1|zeZ}={..,—5,-3,-1,1,3,5...} =—b="8=—1=1=3="--.

When considering the partition {2Z,27 + 1} of Z, we use 0 and 1 to represent the cells 2Z and
27 + 1, respectively. When consider the partition {3Z,3Z + 1,3Z + 2} of Z, we use 0, 1 and 2 to
represent the cells 3Z, 3Z + 1, and 3Z + 2, respectively.

In general, for an integer n > 2, we can partition Z into n cells 0, 1, 2, ---, n — 1 according
to whether the remainder is 0,1,2,...,n — 1 when an integer is divided by n. They are called the
residue classes module n in Z.

Fact 0.22. Each partition of a set S yields a relation R on S naturally: let z Ry ((z,y) € R) if
and only if and only if T =7 (z and y are in the same cell).

Definition 0.23. An equivalence relation ~ on a set S is one that satisfies these three properties
for all x,y,z € S.

o (Reflexive) = ~ z.

e (Symmetric) If z ~ gy, then y ~ x.

o (Transitive) If x ~ y and y ~ z, then = ~ z.

Theorem 0.24. The relation R corresponding to a partition of a set S is an equivalence relation.

Proof. Tt follows from Convention 0.20 and Fact 0.22: Let z,y,z € S.

(Reflexive) Since T =7 (x and z are clearly in the same cell), we have that R z.

(Symmetric) If t Ry, then T =g, so y = Z, and thus y R z.

(Transitive) If t Ry and y R z, then T =g and § = Z, hence T = z and so z R z. O

Theorem 0.25. An equivalence relation ~ on a set S yield a natural partition of S, where the
a={zxeS|z~a}

Proof. Let a € S. Since a must be in the “cell” a by the reflexive condition, the left is to show that
ifa € b, then @ = b.

C Let € @. Then 2 ~ a. But a € b, so a ~ b. Thus, x ~ b by the transitivity, and so € b.

D Lety €b. Theny ~b. But a € b, so a ~ b, and then b ~ a by symmetry. Hence y ~ a by
the transitivity, and so y € a. O

Definition 0.26. Each cell in the partition arising from an equivalence relation ~ on a set S is an
equivalence class. For x € S, we have that the equivalence class containing z is Z = {y € S | y ~
x} ={y €S|z~ y} by Theorem 0.25 and symmetry.
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Groups

1.1 Binary operations

Definition 1.1. A binary operation * on a set S is a function % : S x § — S. We write

x: x5 — 8
(a,b) — a*xb:=x(a,b)
Example 1.2. The usual addition on R:
+:RxR—R
(a,b) — a+b
and the usual multiplication on Z:
L XZ— 7
(a,b) —a-b=ab
are binary operations. The matrix addition on m x n matrices Mat,, xn (R):
+ : Mat,n(R) X Mat,,xn(R) — Mat, xn(R)
(M,N)— M+ N
and the matrix multiplication on n X n square matrices Mat,, (R):
- : Mat,, (R) x Mat, (R) — Mat,, (R)
(M,N)— M -N
are binary operations.
Fact 1.3. The usual + and the usual - are binary operations on Z, Q, R and C, respectively.

Definition 1.4. Let x: S xS — S and H C S. The subset H is closed under  if a*xb € H for all
a,b € H, that is to say, {a*b | a,b € H} C H. In this case, the binary operation on H given by
restricting * to H is the induced operation of x on H, that is to say, we have a binary operation
on H:

x: Hx H— H.
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Example 1.5. Let - : R x R — R be the usual multiplication. The subset Z of R is closed under -
since a - b € Z for any a,b € Z. So we have an induced operation - on Z:

L XL — 7
(a,0) —a-b

Example 1.6. Let R* := R~ {0}. We have that R*, as a subset of R, is not closed under + because
—2,2 € R* but =2+ 2 =0 ¢ R*. This also means that + : R* x R* — R* is not well-defined.

Example 1.7. Let H := {n? |n € N} CZ. Then H = {1,4,9,16,...}.

(a) H is not closed under + since 1,4 € Hbut 1 +4=5¢ H.

(b) H is closed under - because for any n?,m? € H with m,n € N, we have that nm € N and
n?-m? = (nm)? € H by the associativity and commutativity (defined later) of - on Z

Definition 1.8. Let F' = {f : R — R}, i.e., F is the set of functions from R to R. For any f,g € F,
define

f+9:R—R
z— f(z) + g(x),

f—g:R—R
x— f(x) = g(x)

frg:R—R
zr— f(x)-9(z),

fog:R—R
z— f(g()).
Then f+g,f—g,f g,fog € F for any f,g € F. So we have binary operations +, —, - and o on

F'. For example,

+:FxF—F
(f,9)—f+9:R—R
z— f(z) + g(x)
Remark. Let f, g be two functions. Then f o g is well-defined if and only if Im(g) C D(f), where
D(f) is the domain of f. In particular, if f:Y — Z and g: X — Y, then Im(g) CY = D(f) and

SO
x Lyt gz

Definition 1.9. A binary operation * on a set S is commutative if and only if a * b = b * a for all
a,besS.
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Definition 1.10. A binary operation on a set S is associative if (a * b) x ¢ = a * (b * c).
Remark. If x is associative, then the longer expression such as a * b * ¢ are not ambiguous.
Example 1.11. Define a relation % on Z by
x: L X1l — 7
(a,b) — ab+2

Then * is commutative since a*xb = ab+2 = ba+2 = bxa for any a,b € Z, but * is not associative
since for any a, b, c € Z with a # ¢, we get (a xb) x ¢ # a * (b * ¢) by showing that

(axb)xc=(ab+2)xc= (ab+ 2)c+ 2 = abc + 2¢ + 2,

ax(bxc)=ax*(bc+2)=albc+2)+2=abc+ 2a+2.
Theorem 1.12. Let S be a set and H = {f : S — S}. Then o is associative on H.
Proof. Let f,g,h € H. We want to prove (fog)oh = fo(goh). Note that

s gt s g s e 95 g
fog goh
(fog)oh folgoh)

So (fog)oh:S — Sand fo(goh):S — S. This shows that they have the same domain and
codomain. Next, for z € S, we have that

(fog)oh(z)=(fog)(h(x)) =
fo(goh)(z) = f((goh)(z))
(fog

Since x € S is arbitrary, we have that fo (goh) =

fg(h(2))),

((hmﬂ)
)o O

Example 1.13. The following table defines a binary operation * on S = {a,b, ¢} by the following
rule:

(i*™™ entry on the left) * (" entry on the top)
= (entry in the i*" row and 7' column of the table body).

Table 1.1

Since a * b = ¢ and b * a = a, we have that * is not commutative. Since (a*b) xc=cxc=a
and a x (b*c) = ax b= ¢, we have that * is not associative.

A binary operation defined by a table is commutative if and only if the table is symmetric about
the diagonal.
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1.2 Isomorphic Binary Structures

Table 1.2 Table 1.3
* a b c * T Y z
a b c b z Y z )
b a c b Y T z y
c c b a z z Y x

There are 3 X 2 X 1 = 6 one-to-one correspondence functions from S to T. (First, the image of a
has 3 choices, then the image b has 2 choices, and finally the image of ¢ has 1 choice.)

Sy sS4 T [y ST s st
av— av—x avr—y avr—y avr— z avr— z
b—y br— 2z b—x ar— z b—x br—y
cr— z c—y cr— 2 cr— cr—y cr—x

The 1-1 correspondence f is what we are most interested in, because you can check that

flaxB) = f(a)x f(B),Va, B €S.

For example,

flaxa)=f(b) =y =axz = f(a) * f(a),
Flaxb) = f(c) = z = axy = f(a) * F(b),
Flaxe)=fb) =y =axz= fla) f(c).

Definition 1.14. Define a binary algebraic structure (S, *) to be a set S together with a binary
operation * on S.

Definition 1.15. Let (S, *) and (T, *) be binary algebraic structures. A homomorphism of S with
T is a function ¢ : S — T such that

p(z*y) = dp(z) x d(y),Vo,y € S.

A homomorphism ¢ : S — T is an isomorphism if ¢ is a 1-1 correspondence. S and T are
isomorphic binary structures, denoted by S = T, if there is an isomorphism ¢ : S — T.

Example 1.16. Let RT := {z € R |z > 0}. Let us show that
(R, +) = (RY, ).
Define
¢:R— RT

T — e’
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Since € > 0 for any x € R, we have that ¢ is well-defined. Since ¢(z+y) = et = e*-e¥ = ¢(x)-¢(y)
for any z,y € R, we have that ¢ is a homomorphism. Let z,y € R be such that ¢(x) = ¢(y). Then
e” = e¥. Since e() : R — R* is a strictly monotonic (increasing) function, we have that z = y.
Hence ¢ is 1-1. Let y € R*. Then ¢(Iny) = e™¥ = y, and so ¢ is onto.

Example 1.17. Let n € N. Let Z/nZ := {0,1,--- ,n — 1} be the residue classes module n in Z,
and
Uy ={zeC|z"=1} = {2/ |m=0,1,...,n — 1}

be the n'" roots of unity. Note that for Z € Z/nZ,

z={ylz~y}
= {y | z and y are in the same cell}
={y | n divides (z — y)}
={y |z =y (mod n)}.

We define an operation + on Z/nZ by

+:Z/nZ X Z/nZk — Z/nZ
(m, k) — m+k

We check that the operation + is well-defined. Let (i, k1) = (M, k), then m; = m and k; = k.
Then n | (m1 —m) and n | (k1 — k), and so m; = na +m and k1 = nb+ k for some a,b € Z. Hence
mi+ky =n(a+d)+ (m+k), e, n(a+b) = (mi+k1)—(m+k),and son | (m1+k1) — (m+k)).
Thus, my + k1 = m + k. This means that +(m, k) = +(m1, k1) or m + k = my + k.

Define

¢ (Z/nZ,+) — (Up,-)

m i2mrm/n

First, we check that ¢ is well-defined. Let m = k in Z/nZ. Then n | (m — k) and so m = na + k
for some a € Z. Hence

¢<m> — ei27rm/n — ei27r(na+k)/n — ei27ra . eka/n — eiZﬂ-k/n — ¢(E>
So ¢ is well-defined. Since
P(Mm+ k) = ¢p(m+ k) = (R — gi2mm/n. g2k/n — g(m) - ¢(k),vm, k € Z/nZ,
we have that ¢ is a homomorphism. ¢ is clearly onto. Next, we show that ¢ is 1-1. Suppose that
m, k € Z/nZ be such that ¢(m) = ¢(k). Then e?27m/™ = ei2mk/n go i2m(m=k)/n — 1 implying that
(m — k)/n is an integer, so n | (m — k), and thus m = k.
Fact 1.18. Let (S, *) and (T, x) be binary algebraic structures.

(a) If there is not 1-1 correspondence between S and T', then S % T. For example, if |S| < oo but
|T| = oo, then S 2 T. If |S| = oo = |T|, and S is countable but 7" is uncountable, then S % T
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(b) If % is commutative on S, but = is not on 7', then S 2 T. (We cannot find any ¢ : S — T such
that ¢ is a homomorphism.)

(c) Let ¢ : S — T, if there are z,y € S such that x xy = y * x but ¢(z) * d(y) # ¢(y) * ¢(x), then
¢ is not a homomorphism.

(d) Let ¢ : S — T, if there are x,y € S such that = x x = x, but ¢(z) x p(x) # ¢(x), then ¢ is not
a homomorphism.

Definition 1.19. Let (S, *) be a binary structure. An element e of S is an identity element for *
ifexs=s=sxeforall sesS.

Theorem 1.20. If a binary structure (S, *) has an identity element, then it is unique.
Proof. Suppose that we have two identity elements e and f. Then

e fisid. e*f e is id. f 0

Theorem 1.21. Suppose (S, *) has an identity element e. If ¢ : S — T is a surjective homomor-
phism of (S, *) and (T,x), then ¢(e) € T is an identity element for x.

Proof. Let t € T. Since ¢ is surjective (onto), we have that there exists s € S such that ¢(s) = t.
We have that

¢(e) xt = pe) x d(s) = dle xs) = @(s) =1,

¢ is a homo.

txdle) = d(s) x ple) = (s x e) = ¢(s) = t.

e is an id. elt.

Thus, ¢(e) is an identity element on 7. O

Example 1.22. We have that (Q, +) % (Z, +).

Proof. Suppose that ¢ : Q — Z is an isomorphism. Then ¢ is onto. So for 1 € Z, there is an x € Q
such that ¢(x) = 1. Since /2 € Q, we have that 2¢(z/2) = ¢(x/2) + ¢(x/2) = ¢(x/2 + x/2) =
¢(x) = 1, but 2y = 1 has no solution in Z, a contradiction. Thus, there is no isomorphic function
from (Q, +) to (Z,+). O

Example 1.23. We have that (C,-) 2 (R,-).

Proof. Suppose that ¢ : C — R is an isomorphism. Then ¢ is onto. So for —1 € R, there is an
x € C such that ¢(x) = —1. Since /z € C, we have that (¢(\/7))? = ¢(v/7)-d(V/T) = ¢(\/2-/T) =

¢(x) = —1, but y2 = —1 has no solution in R, a contradiction. Thus, there is no isomorphic function
from (C,-) to (R, ). O
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1.3 Groups

Why define groups? 2z = 1 has no solution in (Z, ), but 24+ 2 = 1 has one in (Z, +).

Definition 1.24. A group is a binary structure (G, %), such that the following axioms are satisfied:

%, For all a,b,c € G, we have that
(axb)xc=ax(bxc). associativity of *
%,: There is e € G such that for all a € G,
exa=a=axe. identity element e for x
%5 Corresponding to each a € G, there is an element @ € G such that
a*xa=e=ax*a. inverse a of a

Remark. If (G,+) is a group, then we write —a for the inverse of a € G.
If (G,-) is a group, then we write a~! for the inverse of a € G.

Example 1.25. (a) (Z,+), (Q,+), (R,+), (C,+) are groups with the (additive) identity 0.

(c) (@°,), (R*?,
Example 1.26. (a) (Z,-), (Q,-), (R,-), (C,-) are not groups.

)
(b) (Q*,-), (R*,-), (C*,-) are groups with the (multiplicative) identity 1.
>0.) are group with the (multiplicative) identity 1.
)
(b) (N,+), (N, ) are not groups.
(¢c) (Z*,+), (Z*,-) are not groups.
Example 1.27. (nZ,+) is a group for each n € Z.

Example 1.28. (a) Let n > 2. Then (Z/nZ,+) is a group with the (additive) identity 0, and for
any a € Z/nZ, the (additive) inverse of @ is —a := n — a, because

a+(—a)=a+n—a=n=0.

Note that you may say that Z, := {0,...,n — 1} under addition modulo n is a group with the
(additive) identity 0 and the inverse n — a for each a € Z,.

(b) Let p € N be a prime number. ((Z/pZ)*,-), is a group, where (Z/pZ)* = {1,2,...,p — 1} and
a-b=a-b(orab=ab) for any a,b € (Z/pZ)*. Note that you may say that Z := {1,2,...,p—1}
under multiplication modulo p is a group with the (multiplicative) identity 1.

In fact, for prime number p, we have that F, := Z, is a (finite) field, because (F,,+) is an
(additive) group and (F5,-) is a (multiplicative) group.

Remark. Let p € N be prime and @ € (Z/pZ)*. By Euclidean Algorithm, we can find z,y € Z
such that az + py = ged(a,p) = 1. Soaz =azx +0 =az + 0y = az +py = 1, thus, a ! = 7.
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Definition 1.29. A group (G, ) is abelian if its binary operation * is commutative.
Example 1.30. (a) (Z,4+), (Q,+), (R,+), (C,+) are abelian groups.
b) (Q*,-), (R*,-), (C*,.) are abelian groups

(

(¢) (Z/nZ,+) is an abelian group.

(d) (Maty,xm(R),+) is an abelian group.
(

e) The general linear group of degree n

GL,(R) := {M € Mat,(R) | M is invertible}
is a group under - for n € N, but not abelian under - when n € Z?2. Note that (GL;(R),-) = (R*, ).
() ({f:R — R}, +) is an abelian group.
(g) For any R-vector space (V,+,-), (V,+) is an abelian group.
Theorem 1.31. If (G, *) is a group, then for all a,b,c € G,

axb=axc=b=c, left cancellation law

bxa=cxa=b=c. right cancellation law

Proof. We have that

a*b:a*céd*(a*b) =ax*(ax*c)
&4, (@Gxa)xb=(a*a)*c
g exb=exc
Lyop—c 0
Corollary 1.32. If (G, ) is a group, then for a,b € G, the linear equations axxz =b and y*xa =10
have unique solutions z and y in G.

Proof. Method 1. Existence. Since a * (a*b) = (axa)*b=e*xb=1>0, we have that xt = axbis a
solution of a x x = b. Uniqueness. Suppose that there exists z1,29 € G such that a x ;1 = b and
a*xo =0. Then a*x1 = a* s, and so x1 = 2 by the left cancellation law.

Method 2. If a x z = b, then x = a * b by observing that

r=exx=(a*xa)xx=ax*(axx)=axb. O
Theorem 1.33. If (G, *) is a group, then e € G is unique. For each a € G, a € G is unique.

Proof. Since (G, *) is a binary structure, we have that e € G is unique by Theorem 1.20. Suppose
there exist a,a € G such that axa =e=a*xaand a*xa =e =ax*a. Then a*xa = a* a, and so
a = a by the right cancellation law. O

Corollary 1.34. If (G, ) is a group, then @ = a for any a € G.



1.3. GROUPS 13

Proof. Since a * a = e = a* a, we have that a * @ = e = G * a, and so a is the inverse of a. Since a
is the inverse of @ by definition/notation, we have that @ = a by Theorem 1.33. O

Corollary 1.35. Let (G, *) be a group. For all a,b € G, we have that the (unique) inverse of a * b
isbxa,ie,axb=>bxa.

Proof. Since } 3
(bxa)x(axb)=bx(axa)xb=(bxe)xb=bxb=c¢,

and (a % b) % (b* @) = e, we have that a % b = b * a. O

Remark. If (G, +) is a group, then we write that —(a + b) = (=b) + (—a) for any a,b € G.
If (G,-) is a group, then we write that (ab)~! = b~ta~! for any a,b € G.

Definition 1.36. A semigroup (S, *) is an binary structure such that * is associative.
A monid is a semigroup (S, ) that has an identity element for the binary operation .

We have an equivalent definition (via left axioms) for groups.

Definition 1.37. A group is a binary structure (G, %), such that the following axioms are satisfied:

%: For all a,b,c € G, we have that

(axb)yxc=ax(bxc). associativity of x

“1: There is e € G such that for all @ € G,

exa=a. (left) identity element e for =

“11: Corresponding to each a € G, there is an element a € G such that

a*xa=e. (left) inverse a of a

Remark. We proved the equivalence:

Proof. Condition 4 is the same as ¢;. Clearly, we have that % — ¢ and 43 — “1. The
remaining is to show the following:
Y1 = % For a € G,

Il
—
Qu
*
ISY
S~—
*
—
IS}
*
e
S—
Il
Qn
*
—
I=})
*
S
N~—
*
®
Il
—
Qu
*
®
N
*
®

axe=-ex(axe)

—ax(exe)=axe=ax(axa)=(a*ad)*xa=exa=a.

gIH:>g3 FOI‘CLEG,

a*d:e*(a*&):(m*(a*d))*(a*&):m*((a*&)*(a*&))

:a*d*(a*(d*a)*a):m*((a*e)*&):m*(a*d):e. O

By symmetry, we can define groups via right axioms.
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1.4 Finite groups
Example 1.38. (a) If G := {e} is a group, then e is the identity.

(b) Assume that G := {e,a} is a group under *. Then

* e a * e a
e e a = e e a
a a a a e

Suppose that axa = a, then a = e by multiplying by @ on both sides, contradicting a # e. Hence
a*a = e. Hence the structure of groups of 2 elements are uniquely determined, up to isomorphism,
and so (G, *) = (Zy,+32). Recall that if ¢ : (S, %) — (T, %) is a homomorphism, then ¢(e) is the
identity element of T" by Theorem 1.21. Thus, we have a unique isomorphism given by

o

<Ga *> - <Z27+2>
er— 0

ar—1

Proposition 1.39. When giving a table for a finite group (G, %), each element a € G must appear
once and only once in each row and each column of the table.

Proof. Let x € G. Define a map by

At G— G

at—— I *xa

Let a,b € G such that ¢, (a) = ¢, (), i.e., z*a = x *xb. Then a = b by the left cancellation law. So
¢z is 1-1. By Pigeonhole Principle (PHP), ¢, is onto, which implies ¢, is a permutation map. Or
we can check the onto-ness directly: for b € G, letting a := ~'b € G, we have that

0r(a) = pplz ™t xb)=xx (27 xb) = (xx2z ) xb=exb=0.

Hence for the row whose first element is x, elements in the table body of that row is a permutation.
Since x € G is arbitrary, we have that each row in the table body is a permutation of G. Similarly,
each column in the table body is a permutation of G. O

Fact 1.40. Let (G,-) be an arbitrary group and z € G. Then similar to the proof of Proposi-
tion 1.39, we have a 1-1 correspondence

MG — G

a——xa

So we get that
2G ={za|a € G} =Im(\;) = G.
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For a,b € G, A(ab) = z(ab) = zab and A;(a)A;(b) = (xa)(xb) = xaxd, hence in general, A, is not
an isomorphism. Check that the o, defined below is an isomorphism.

0y :G— G
a — zax~t.

Fact 1.41. When giving a table for a finite binary structure (G, ) such that each element a € G
must appear once and only once in each row and each column of the table, then G is a group if and
only if the associative law holds.

Example 1.42. Let G :={e, a,b} be a group under x.

* e a b * e a b
e e a b e e a b
—

a a a a b e
b b b b e a

where a * a = b because b cannot occur in the 3rd row and in the 3rd column. So the table is
uniquely determined for a group consisting of 3 elements. Thus, we say that there is only one group
of 3 elements, up to isomorphism, and so (G, *) = (Z3, +3). Note that there are two isomorphisms
between them:

G = Zs G = Z
e—0 e—0
ar—1 ar+— 2
br— 2 br—1

1.5 Subgroups

Convention 1.43. We use 0 to denote an additive identity for a group (G, +), and 1 to denote a
multiplicative identity for a group (G, -).

If we say that G is a group, we usually mean that the operation is -, and then a~
denote the inverse of a € G.

L is used to

Definition 1.44. Let (G,+) be a group, a € G, and n € N, define

Oa =0,
na=a-+---+a,
- -
n times

—na = (—a)+---+ (—a) =n(—a).

n times
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Example 1.45. (Z,+) is a group. Then for m € Z,
m(1) = (=m)(=1) =m = 1(m) = (=1)(=m).
For m € Z, since m + (—m) = 0 = (—m) + m, we have that —(—m) = m. Note that

(—0)(—1) = 0(~1) = 0.

For m € N,
m(l)=1+---+1=m,
m times
L(m)= m =m,
1 time

and for m € Z<9,
m(l) = —(-m)(1) = (1) + -+ (=1) =m,

(—m) times

I(m)= m =m,
(cm)(~1) = (<) 4+ (-) =m,
(—m) times

(=1)(=m) = 1(~(=m)) = 1(m) = m.

More generally, we can prove that (—m)(—k) = mk = (—k)(—m) for m,k € Z. From now on, you
can directly use these results when working inside (Z, +).

Definition 1.46. Let (G,-) be a group, a € G, and n € N, define

a’ =1,

a"=a---a,
-
n times

o~ = a—l . 'Cl_l — (a—l)n.

n times

Theorem 1.47. Let (G,-) be a group and a € G. Then a™a"™ = a™ ™ for m,n € Z.

Proof. If mn = 0, it is trivial. If mn > 0, it holds by definition. If mn < 0, then without loss of
generality assume that m > 0 and n < 0, and so

a---a if m > |n|
a- a
) _ — m—(—n) times
aa"=a---aat---al = _(1 ) 1 .
—_— a "t a otherwise
e a4

m times —n times
—(m-+n) times

_ { amtn if m > |n| { a™tm if m > |n| man

a~(=(m+n))  Gtherwise ™t otherwise ¢ -
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Corollary 1.48. Let (G,-) be a group, then
(@) t=a""=(a")",VneZ

and so

n_—n n+(-n) _ aO 0 (=n)+n _ —n_n

=l=a =a =a "a",

we have that (a®)~! =a™".
Ifn=0,thena®=a"=1=(a"1° If n >0, then a™ = (a=1)". If n <0, then

a "= (an>—1 _ (a—(—n))—l — ((a—l)—n)—l _ (a—l)n.
Hence a=" = (a~!)™ for each n € Z. O

Definition 1.49. Let G be a group, then |G| is called the order of G.

Definition 1.50. If (G, %) and (H, *) are groups and H C G, then H is a subgroup of G, denoted
by H < Gor G > H. G itself is an improper subgroup of G. If H C G, then H is a proper subgroup
of G, denoted by H < G or G > H. {e} < G is the trivial subgroup of G.

Example 1.51. (a) nZ < Z < Q < R < C under +, where n € Z. In particular, nZ = Z if
n==l1,and nZ < Z if n € Z ~ {£1}.

(b) Q% < Q* < R* < C* and U,, < C* under -.

(c) Let n € Z?? and H =: {(0,as,...,a,) | az,...,a, € R}. Then H < R™ under the coordinate-
wise addition.

Remark. R" is a group under component-wise addition with identity (0,...,0). For the inverse of
(a1y...,a,) € R"is (—aq,...,—ay,). Check that R™ is closed under component-wise addition and
the operation is associative.

We have a natural isomorphism

HiRnfl
(O7a'27"'7a'n) — (a25"'aan)'

Example 1.52. Let G be a group of |G| = 4. Then either G = (Z,,+4), or G = (Z2,+3). We call
(Z3,+3) the Klein 4-group with the operation given by (a1,b1) +2 (az,b2) = (a1 +2 a2, b1 +2 ba).

Table 1.4 Table 1.5
+4 0 1 2 3 +2 (0,0) (0,1) (1,0) (1,1)
0 0 1 2 3 (0,0) (0,0) (0,1) (1,0) (1,1)
1 1 2 3 0 (0,1) (0,1) (0,0) (1,1) (1,0)
2 3 0 1 2 (1,0) (1,0) (1,1) (0,0) (0,1)
3 0 0 0 0 (1,1) (1,1) (1,0) (0,1) (0,0)
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Since 1+ 1,3 + 3 # 0 modulo 4, but (0,1) + (0,1), (1,0) + (1,0), (1,1) + (1,1) = (0,0) modulo
2, we have that 2z = 0 has 2 solutions in Z4, but 2y = (0,0) has 4 solutions in Z3. Thus, Z4 ¥ Z3.
Remark. The dihedral group of order 6 is the smallest finite non-abelian group.

It is often useful to draw a subgroup diagram of the subgroups of a group. In such a diagram,
a line running downward from a group G to a group H means that H is a subgroup of G. Thus,
the larger group is placed nearer the top of the diagram.

Zy / 73 \
{0,2} {(0,0), (0, 1)} {(0,0), (1,0)} {(0,0), (1, 1)}
{0} {(0,0)}
Figure 1.1 Figure 1.2

Example 1.53. Since Z, is 1 nontrivial subgroup and Z3 has 3 nontrivial subgroups, we have that
Zy % 73,

Example 1.54. Under the function addition, we have the following subgroup diagram:

{f:R—>R}

{f :R—R| f is continuous}

{f:R —R| f is differentiable}

Theorem 1.55 (Subgroup test 1). Let G be a group and H C G. Then H < G if and only if
(a) H is closed under the binary operation of G,

(b) the identity element 1 € H, and

(c) a=t € H for alla € H.

Proof. = Assume that H < G. Then clearly Condition (a) holds. Let 1y be the identity element
of H. Then 15 = 151y. View the equation as one in GG, we see that

17y =15 (gly) = lg = (15'1g)lg = lg = lgly = lg =1y € H.
Hence Condition (b) holds. Let aj' be the inverse of a in H. Then 1g = 1y = aaj'. View the

equation as on in G, we have that

afllG = afl(aal_il) — g1 = (aila)al__ll =l = lgal__ll — gt = CLI_{1 € H.
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<= Condition (a) implies that H is a binary structure. By Condition (b) we have at once that
%, is satisfied. Also ¥ is satisfied by Condition (c¢). For a,b,c € H, we have that (ab)c = a(bc)
when viewed as an equation in G. So (ab)c = a(bc) in H and thus ¢4 holds. Therefore, H < G. O

Theorem 1.56 (Subgroup test 2). Let G be a group and ) # H C G. Then H < G if and only if
(a) H is closed under the binary operation of G, and
(b) a=t € H for alla € H.

Proof. By Theorem 1.57, it is enough to show that the identity element 15 € H from the forward
direction. For a € H, we have that a=! € H by (b), and so 1¢ = aa! € H by (a). O

Combining Conditions (a) with (b) in Theorem 1.57, we have another elegant subgroup test
criterion given below. The proof is left as an exercise.

Theorem 1.57 (Subgroup test 3). Let G be a group and ) # H C G. Then H < G if and only if
ab~!' € H fora,bc H.

Fact 1.58. The proof of Theorem 1.55 provides us some byproducts about the relationship between
elements of H and G when H < G:

(a) H and G share the same identity element.
(b) For a € H, G and H share the same inverse a~!.

Example 1.59. Let n € N. Define the special linear group of degree n by

SL,,(R) = {M € GL,(R) | det(M) = 1}.
Note that SL,,(R) C GL,(R), then SL, (R) < GL,(R) under - by subgroup test:
(a) For M,N € SL,(R), MN € SL,(R) because det(MN) = det(M)det(N) =1 > 0.
(b) For the identity matrix (element) I,, € GL,(R), det(I,,) = 1, and so I,, € SL,,(R).

(c) For M € SL,,(R), det(M~1) =1/det(M) =1/1=1>0, and so M~ € SL,(R).

1.6 Cyclic subgroups

Theorem 1.60. Let G be a group and a € G. Then H :={a" |n € Z} < G. Ifa € K < G, then
H<LK.

Proof. Subgroup test:
(a) Let a™,a™ € H. Then a™a™ = a™™" € H.
(b) 1 is the identity element of G and 1 = a® € H.

(¢) For a™ € H, we have that in G the inverse of a™ is a=", but a™" € H.
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Therefore, H < G.

Assume that a € K < G. Then K is a group and, so a’ =1 € K and a~! € K by Fact 1.58.
Since K is closed under -, we have that a™,a~* € K for all m,k € N. Hence a™ € K for any n € Z,
implying that H C G. We just showed that H < K, so H is a group, and thus H < K. O

Definition 1.61. Let G be a group and a € G. Then the subgroup (a) := {a" | n € Z} of G is
called the cyclic subgroup of G generated by a.

Remark. If (G, +) is a group, then (a) := {na | n € Z}.

Definition 1.62. If G is a group and G = {(a) for some a € G, then G is cyclic, and we say that a
generates G or a is a generator for G.

Example 1.63. Z, = (1) = (3), but Z3 is not cyclic, because ((0,0)) = {(0,0)}, ((0,1)) =
{(0,0),(0,1)}, ((1,0)) = {(0,0),(1,0)}, and ((1,1)) = {(0,0), (1,1)}.

Example 1.64. Z = (1) = (—1), and (n) = nZ < Z for n € Z ~ {£1}. Note that for m € Z, by
Example 1.45, we have that m = (—m)(—1) € (—1), and so Z = (—1).

Example 1.65. For n € N, Z,, = (1) = (n — 1), because for m =0,...,n — 1,

m—1D4-+n-1=mn-m)n-1)=n>-n—-—mn+m=n(n—1-m)+m=m (mod n).

(n—m)times

Example 1.66. U, = (¢) = (¢ 1), where ¢ = ¢?*™/™, because for m =0,...,n — 1,

(Cnfl)nfm _ (627ri(n71)/n)nfm _ eZﬂ'i(nfm)(nfl)/n _ 627ri(n(n717m)+m)/n _ e27r7,'m/n _ Cm

This actually follows from Z =2 U,, through m « (™ for all m.

For a € {z € C | |2| =1} = S!, multiplying a by ("', i.e., (""ta = ¢!(n=13F q is equivalent to
rotating the a along the unit circle S counterclockwise by (n—1) 2% =2r— 2%, and this is equivalent
to rotating that element along the circle clockwise by 2. For example, we get that (" 'a = ("3

when a = ¢"~2. This can also be seen from that ¢?~! - ¢“land ("2 =("2=(C1)? etc.

1y

C3

Figure 1.3
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1.7 Properties of cyclic groups

Definition 1.67. Let G be a group and a € G. The order of a is
la] := [(a)]
Remark. We will see in this section that if |[(a)| < oo, then
|a| = min{n € N|a" = 1}.
Cyclic groups are fundamental to the understanding of groups.

Theorem 1.68. FEvery cyclic group is abelian.

Proof. Let G be a group and a € G such that G = (a). Let a™,a™ € G with m,n € Z. Then
a™a™ = a™™™ = q"a™. Thus, G is abelian. O

Proposition 1.69 (Division Algorithm). If m € N and n € Z, then there exists unique integers ¢
and r such that
n=mq+r, 0<r<m.

In particular, if m { n, then 0 < r < m.

Proof. Existence. Let qo := max{q € Z | mqg < n}. Then m(qo + 1) > n, i.e., m > n —mqy =: ro.
Then n = mgqy + 19 and 0 < 9 < m.

Uniqueness. Suppose that there exist another r1,¢; € Z such that n = mqg;+r; and 0 < r; < m.
Then mgqy +r9g = mqy +r1, i.e., m | (r1 —rp). Since —m < r1 — 1o < m, we have that r; = ro. This
implies that mgy = mgq, i.e., m(go — ¢1) = 0. Since Z has no nonzero zero divisors and m € N, we
have that go = ¢1. O

Definition 1.70. In the notation of the division algorithm, we regard ¢ as the quotient and r as
the nonnegative remainder when n is divided by m.

Example 1.71. (a) Find the quotient ¢ and reminder r» when n = 38 is divided by m = 7. By the
division algorithm, ¢ = max{q € Z | 7¢ < 38} =5, then r =n —mqg =38 — 7(5) = 3.

(b) Find the quotient ¢ and reminder r when n = —38 is divided by m = 7. By the division
algorithm, ¢ = max{q € Z | 7¢ < —38} = —6, then r =n — mqg = —38 — 7(—6) = 4.

Theorem 1.72. A subgroup of a cyclic group is cyclic.

Proof. Let G = (a) be a cyclic group and H < G. If H = {1}, then H = (1) is cyclic. Assume
now that H # {1}, then a* € H for some k € Z ~ {0}. Since a*a™* = a° = 1 and H is a
group, we have that a=* = (a¥)~' € H. This implies that a™ € H for some m € N. Let
m :=min{m € N | a™ € H}. We claim that H = (™). Let b € H C G. Then b = a™ for some
n € Z. Find q,r € Z such that

n=mqg+r, 0<r<m.

Then b = a™ = a™¥*" = (a™)%a", and so a” = (™) %a". Since a™ € H, similarly, we have that
(a™)~% € H. Also, since a™ = b € H and H is a group, we have that a” € H. By the definition of m
and the fact that r € {0,...,m — 1}, we have that r = 0. Hence n = mg, and thus b = a" = (a™)4.
Therefore, H = (a™) since b € H is arbitrarily chosen. (Note that the definition of m also works
for H = {1}.) O
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Corollary 1.73. If H < Z, then H = nZ for some n € Z.
Proof. By Theorem 1.72,
H=Mny={mn|meZ}={nm|meZ}=nZ,
where the third equality follows from that - in Z is commutative. O
Definition 1.74. Let a € Z ~ {0} and b, ¢ € Z such that b # 0 or ¢ # 0.
(a) If a | b and a | ¢, we say that a is a common divisor of b and c.

(b) The largest common positive divisor of b and ¢ is called the greatest common divisor of b and
¢, denoted by ged(b, ¢).

(c) Analogously define ged(by, ..., b,) for n € Z23.
Convention 1.75. For b, ¢ € Z, when we write ged(b, ¢), we mean that b # 0 or ¢ # 0.
Theorem 1.76. Let b,c € Z. Then

ged (b, ¢) = min{bx +cy > 0| z,y € Z}.

Proof. Let D ={bx+cy > 0| x,y € Z}. Then D # (. Let d := min D, then d = bx + cy for some
x,y € Z. Suppose that d1b. Since d > 0, we can write b = dg + r with 0 < r < d. Then

r=b—dg=>b— (bx+cy)g=5b(1 —qx) + c(—yq) € D,

contradicting 0 < r < d = min D. So d | b. Similarly, d | ¢. Hence 0 < d < ged(b, ¢) =: g. Note that
b= g¢B and ¢ = gC for some B,C € Z. Then

d=bx+cy=(9B)x+ (9C)y = g(Bx + Cy),
and so g | d. Thus, g = d. O
Corollary 1.77. If b,c,m,n € Z is such that bm + c¢n = 1, then
ged(b, ¢) = ged(b, n) = ged(m, ¢) = ged(m,n) = 1.
Corollary 1.78. Let b,c € Z and n € Z. Then
ged(b, ¢) = ged(e, b) = ged(=b, ¢) = ged(b, ¢ + bn).
Proof. Note that

ged(b,¢) = min{bx +cy > 0| z,y € Z} = min{cy + bx > 0| y,z € Z} = ged(c, b),
ged(b,¢) = min{br + cy > 0| 2,y € Z} = min{—bz + cx > 0| y,z € Z} = ged(-b, c).

Next,
ged (b, ¢+ bn) = min{bz + (¢ +bn)y >0 | z,y € Z} = min{b(z + ny) +cy > 0| x,y € Z}.

To show that ged(b, ¢) = ged(b, ¢ + bn), it suffices to show that {(x + ny,y) | x,y € Z} = Z*. This
is true because for (s,t) € Z2, letting = := s — ny and y := t, we have that (z +ny,y) = (s,t). O
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Definition 1.79. If b, ¢ € Z such that ged(b, c) = 1, then a and b are relatively prime.
Theorem 1.80. If ¢ | ab and ged(b,c) =1, then ¢ | a.

Proof. Since ged(b, ¢) = 1, we have that there exist m,n such that 1 = bm+cn. Then a = abm+acn.
Since ¢ | ab and ¢ | ac, we have that ¢ | abm and ¢ | acn. Thus, ¢ | a. O

Theorem 1.81 (Euclidean Algorithm). Let b € Z and ¢ € N. Repeat applying the division algo-
rithm, write

b=cq1 +71,0<r <cg,
c=7r1q2 + 12,0 <19 <11,

1 =T12q3 + 13,0 <13 <79,

Tn—2 = Tn—1qn + 7“»,“0 <Tp < Tp-1,

Tn—1 = "nqn+1-

Then r, = ged(b,c). (AsTy > 19 > -+ > 11 > 1, > 0, the algorithm terminates after finite
steps.)
Proof. Note that

ged(b, ¢) = ged(b — cqp, ¢) = ged(ry, ¢) = ged(r1, ¢ — r1q2) = ged(ry,72)
= =ged(rp-1,m) = gcd(rn_1 — rngn+1,7n) = ged(0,7,) = ry. O
Remark. This allows us to solve the linear Diophantine equation bx 4 cy = ged(b, ¢) = rp,, i.e.,
Tn =Tn—2 —Tn-1qn = (Mn—1 — T'n—3qn—2)qn—1 — ("—3 — "n—2qn-1)qn = -+~ = bx + cy,
i.e., continue to let r; =rj_o —gqjrj—1 for j =n,...,3, 7o =c—ri1qe, and 1 = b — cq.
Example 1.82. Find integers x,y such that 95z + 432y = 1. Note that
432 = 95(4) + 52,

95 = 52(1) + 43,

52 = 43(1) + 9,

43 =9(4) +7,

9="7(1)+2,

7=2(3)+1,
2 =1(2).

Hence ged(95,423) = 1. Then
1=7-2(3)=T7—(9—T7)3=—9(3) + 7(4) = —9(3) + (43 — 9(4))4 = 4(43) — 19(9)
= 4(43) — 19(52 — 43(1)) = —19(52) + 23(43) = —19(52) + 23(95 — 52(1))
= 23(95) — 42(52) = 23(95) — 42(432 — 95(4)) = 95(191) — 432(42).
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Theorem 1.83. Let G be a cyclic group.
(a) If |G| = o0, then G = Z.
(b) If |G| = n, then G = Z,,.
Proof. Assume that G = (a) with a € G.
(a) Define

o:G—7Z

a —n
Let h,k € Z be such that a” = a*. Suppose without of loss of generality that h < k. Then
a*~h =aka=h =aha™h = a® = 1. Let m := k — h € N. We claim that
G={d"|k=0,...om—1} = H.

Let a™ € G with n € Z. Then by the division algorithm, n = mgq + r for some ¢,r € Z such
that 0 < r < m — 1, and so a" = ™" = (a™)%" = 19a" = a” € H. Hence G C H C G, so
|G| = |H| < m, contradicting |G| = co. Thus, h = k, and so ¢ is well-defined. Let m = n, then
a™ = a", and so ¢ is 1-1. The onto-ness is clear. Also, ¢(a"a’) = ¢(a"+*) = h+k = ¢(a”) + ¢(a¥)
for a”,a* € G, so ¢ is a binary structure (group) homomorphism. Therefore, ¢ is an isomorphism.

(b) Assume that |G| = n. Then there exists h, k € Z with h < k such that a” = a*. Then a*~" =1
with k — h € N. Let m := min{i € N | a* = 1}. Similar to the proof of the part (a), we have
that G = {a* | k =0,...,m — 1}. Suppose without loss of generality that there exist i,j € Z with
0 <4< j <m—1such that a* = a/. Then a’~% = 1, contradicting the definition of m and the fact
that j —i € {1,...,m — 1}. Thus, the elements a°,a’,...,a™ ! are all distinct, and so

G=1{da',...,a™ '}
Since |G| = n, we have that m = n. Define
Vv:G— Z,
at — .

Then ¢ is well-defined. The 1-1ness and onto-ness are clear. Let a’,a’ € G. Then i+ j = ng+r for
some ¢, € Z such that 0 <7 < m — 1. Hence i +,, j = r and a't/ = a™*" = (a")%a" = 194" = a",
and so

P(a'a’) =P ™) =p(a") =1 =i+, j = p(a’) +n (a).

Therefore, v is a binary structure (group) homomorphism, and thus ¢ is an isomorphism. O

Corollary 1.84. Let G be a group. If a € G such that |a| < oo, then
|a| = min{m € N| a™ = 1}.

Proof. In the proof of Theorem 1.83(b), take G to be H := (a), to get that H = {a°,...,a™ 1},
where m = min{i € N | a’ = 1}. Then

la| = [{a)] = |H| = [{a°,...,a™ "} =m =min{m e N | ™ = 1}. O
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1.8 Cyclic subgroups of finite order

Proposition 1.85. Let G be a group, a € G, and n € Z. Then a™ = 1 if and only if |a| | n.

Proof. = By the division algorithm, we have that (a) = {a* | K = 0,...,|n| — 1}. Then |a| =
[{a)| < oco. Let m := |a] = min{m € N | a™ = 1} by Corollary 1.84. Then o™ = 1. Write
n = mgq +r with ¢, € Z such that 0 < r < m. Then 1 = a" = a™9"" = a". By the definition of m
and the fact that r € {0,...,m — 1}, we have that r = 0. Hence n = mq = |ag, and so |a| | n.

<= is straightforward. ]
Theorem 1.86. Let G be a group and a € G. If |a| = n, then for m € Z, |a™| = m.
Proof. Since (a™)&tmm = g#d(mm = (¢")&@amm = 1, we have that |a™| | zed(mmy by Proposi-

tion 1.85. On the other hand, Since a™e”l = (@™)l*"l = 1, we have that n | (m|a™) by Proposi-

tion 1.85. Hence _ | =1, we have that
gc (m n) gcd(m n
by Theorem 1.80. Thus, |a™| =

. Since ged(

gcd(rvln,n) | |am|

O

gcd(?n,n) ’ gcd(?n,n) )
gcd(m n)*

Corollary 1.87. Let G be a group and a € G. If |a| = n, then for m € Z, (a) = (a™) if and only
if ged(m,n) = 1.

Proof. Since (a™) < (a), we have that

(a) = (a™) <= [(a)] = [(a™)]|
> la| = |a™]
= ged(m,n)

<~ ged(m,n) =1,
where the last to the third equivalence follows from Theorem 1.86. O
Example 1.88. Let n € N.

(a) Z, = (m) if and only if m € {0,...,n—1} is such that ged(n,m) = 1. (In particular, for n > 2,
Zy, = ( )= <n —1). This is consistent with Example 1.65.) For n > 2, by Corollary 1.87, there are
p(n) such m’s, where

n—1]ged(m,n) = 1}]

p(n) = [{0 <
m < n|ged(m,n) =1}

= {1

is called the Euler’s ¢ function. When n € N,

NN

p(n) = [{1 < m <n|ged(m,n) = 1},

(b) U, = (¢™) if and only if m € Z is such that gcd(m,n) = 1.
Remark. Let n € N. Define

zZ)} ={m € Z, | m has a - inverse modulo n}.
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Then (Z),-) is a group for n € Zz3. Let a € {1,...,n — 1}. Then

a€Z) <= 3be Z  stab=1 (mod n)
< dbkeZstab+nk=1
< gcd(a,n) = 1.

Note that if ab+ nk = 1 with b,k € Z, then ab = 1 (mod n), write b = ng + r such that ¢,r € Z
and 0 < 7 < n—1, then ar = a(b — ng) = ab —naqg = 1 (mod n), thus, there exists r € Z such
that ar =1 (mod n).

Therefore, for n > 2,

1Zx| = ¢(n).
Example 1.89. Note that Z15 = (1) with |1] = 12. Let a := 1.

For ma € Z2, (ma) = (a) if and only if ged(m, |a]) =1
<= For m € Zy3,(m) = (1) if and only if ged(m,12) = 1.

Such m’s are 1,5,7,11, and so

Starting with b := 2, where [b| = |2| = |2a| = m =6,

(2) = {0,2,4,6,8,10}.
We characterize all subgroups of (2).

For mb € {0,2,4,6,8,10} = (b), (mb) = (b) if and only if ged(m, |b]) =1
<= For 2m € {0,2,4,6,8,10} = (2), (2m) = (2) if and only if ged(m,6) =1
<= For m €{0,1,2,3,4,5} = (2), (2m) = (2) if and only if ged(m,6) = 1.

Such m’s are 1,5, and so
(10) = (50) = (b) = (2) ={0,2,4,6,8,10}

Similarly, with ¢ := 4, where |c| = |4| = |[4a| = m = 3, we have that

(8) = (2¢) = () = (4) = {0,4,8},

._ — 1Al — 12 _
for d := 6, where |d| = |6| = |6a| = Zod(613) = 2 we have that
(6) = {0,6}.
Thus, we find all “descendants” of (2). For e := 3, where |e| = |3| = |3a| = ng) = 4, we have
that

(9) = (3e) = (e) = {0, 3,6,9}.

The subgroup diagram for these subgroups of Z15 is given in the following:
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{1
\
3)
/
(6)

NN

(2)
/
{4)
\
(0)
Figure 1.4

Proposition 1.90. Let G = (a) be a cyclic group with |a| = n. For m € N such that m | n, there
is a unique subgroup H < G of order m. This subgroup is H = (a"/m>.

Proof. By Theorem 1.86, |<a"/m)| = |a”/m| = wdtnmmy = njm = M- Let H < G such that
|H| = m. Then H = (a') for some i € Z (e.g, i = min{j € N | a € H} by the proof of
Theorem 1.72). Then m = |H| = |a’| = zea(rm Py Theorem 1.86, so 7 = ged(i,n), and thus 7 | i.
Hence a* € (a™/™), and so H < (a™'™). Also, |H| =m = |(a"/m>|, so H = (a™'™). O

Theorem 1.91. Let G = (a) be a cyclic group with |a| = n. Then (a®) = (a') if and only if
ged(s,n) = ged(t,n).

Proof. Note that
(a®) = (a') <= |a*| = ‘a
n B n
ged(s,n)  ged(t,n)
< ged(s,n) = ged(t,n),

|

<~

where the first equivalence follows from proposition 1.90 and the second equivalence follows from
Theorem 1.86.

O

Example 1.92. In Example 1.89, with 2 = 24 and 10 = 10a, we have that ged(2,12) = 2 =
ged(10,12), and so (2) = (2a) = (10a) = (10).
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Chapter 2

Permutations, Cosets and Direct
Product

2.1 Permutations and Dihedral groups

Let A be a nonempty set.

Definition 2.1. A permutation of A is a bijective function ¢ : A — A. Define the set S4 by
S4 = {permutations of A}.
Proposition 2.2. (S4,0) is a group.

Proof. Let o,7 € S4. Then o : A — A and 7 : A — A are functions, and so we can write
or:=coTas A AL A. Since compositions of bijective functions are bijective, we have that
ooT1 € S4. Hence (S4,0) is a binary structure. Note that the function composition is associative.
Let id4 : A — A be the identity map. Then id4 acts as the identity element of S4. The function
inverse 0! serves as inverse of o under o since c oo ! =idy =o' oo. [

Definition 2.3. We call the permutation composition o in S4 the permutation multiplication.

Definition 2.4. S, is called the symmetric group on A. In particular, when n € N and A =
{1,...,n}, the symmetric group on A is denoted by S, the symmetric group of degree n.

Proposition 2.5. |S,|=n!=n(n—1)---(2)(1).

Proof. Let o € S,,. We can define o(1) =i fori =1,...,n (n choices), then 0(2) € {1,...,n} ~{i}
(n — 1 choices). In general, o(i) has n — i + 1 choices for ¢ = 1,...,n. Thus, there are n(n —
)---(n=(n—-1)+1)n—n+1)=nn—1)---(2)(1) = n! elements in S,. O
Notation 2.6. Let A = {1,2,3,4,5}. For o € S4 such that o(1) =4, 0(2) =2, 0(3) =5, 0(4) =3,

and o(5) = 1, we use
(1 2 3 45
774 2 5 3 1

29



30 CHAPTER 2. PERMUTATIONS, COSETS AND DIRECT PRODUCT
/1 2 3 45
T=\3 5 4 2 1)

/1 23 4 5\(1 2 3 45
9T=\4 2 5 3 1)\3 5 4 2 1

For example, multiplying in right-to-left order,

to denote it. Let

Then

I
N
Ut =
= N
w w
DN
= ot
N

(07)(1) = o(r(1)) = (3) = 5.
Proposition 2.7. If |A| = |B|, then S4 = Sp.
Proof. Since |A| = |B|, there exists a bijection f : A — B. Define a map ¢ by

¢:54— Sp

o+— fooo fLl

-1
For 0 € S4, since B 4% 4L Bisa composition of bijective functions, we have that
fooof~!':B — Bis a bijection and then a permutation of B. So ¢ is well-defined. Define a map
¢~':Sp— Saby

¢! Sp — Sy
T ffl oTo f.
Note that
po¢ (1) =0(¢™ (1) =¢(foTof)=fo(florof)of Tt =7VT € S5,
6 0 (o) = 6 (B(0) = ¢ (fooof )= f o (forof ) of=aVoE S,

so that ¢ 0o 7! = idg, and ¢~! o ¢ = idg,. Hence ¢ is bijective. Also, ¢ is a binary structure
(group) homomorphism since

¢p(o7) = fo(or)o fT = (fooo fT)(foro f™)=¢(0)d(7),Yo,T € Sa.
Thus, ¢ is an isomorphism. [

Example 2.8. For A ={1,2,3} and B = {a, b, c} and the function f : A — B defined as f(1) = a,
£(2) = b, and £(3) = ¢, § maps

(1 2 3\ . a b c\ 1.
a.—<3 9 1) into (c b a)_foaof =:0,

where, for example, 6(a) = fooo f~1(a) = foo(l) = f(3) = c. Thus, any map in S4 becomes a
map in B after renaming the elements of A by elements in B under f. Therefore, we can take S,
to be a prototype for the symmetric group of finite a set of n elements.

Theorem 2.9. S, is not abelian for n € 773,
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Proof. Since

31

12 3\(/1 2 3\ (1 2 3
2 1 3 3 2 1) \1 3 2)°
but
1 2 3\ (1 2 3\ (1 2 3
3 2 1/)\2 1 3/ \1 2 3)°
we have that Ss is not abelian. Define a map
¢85 — Sp
( 1 2 3 ) < 1 2 3 4 n)
—
mi Mg M3 mi me msz 4 n
Let
1 2 3 1 2 3 cs
my mo ms)’ \ki ke ks ’
be such that
1 2 3 4 ny (1 2 3 4 n
mi; Mmoo M3 4 n - kl kg kg 4 nj)’
Then my = k1, ma = ko and m3 = k3, and so
1 2 3y (1 2 3
my mg mz)  \ki ko kg)’
This proves that ¢ is 1-1. Let
1 2 3 1 2 3 cs
m1 mo m3)’ \k1 ko ks &
Assume that
1 2 3 12 3y (1 2 3
mi; Mo M3 kl kJQ k‘g o 1 X9 T2 ’

where 1, x3, x3 are determined by mq, ms, mg and k1, ko, k3. Then

é 1 2 3 1 2 3 = ¢ 1 2 3
mip; M2 Mms3 kl kQ kg - Tr1 X2 X3
(1 2 3 4

- 1 X9 I3 4

(1 2 3 4

C\k1 ke k3 4

1 2 3

_¢<m1 mo M3

))

n
n
n\ /(1 2 3 4 n
n)\xy1 w2 x3 4 n
1 2 3

Jo(i w0

Thus, ¢ : S3 — S, is an injective binary structure homomorphism. Also, restricting the codomain

of ¢ we have that S5 — Im(y) is onto, so S3 = Im(yp).

Since S3 is not abelian and the binary

structure isomorphism preserves the commutativity, we have that the permutation multiplication

on ¢(S3) is not commutative. Therefore, S,, is not abelian as ¢(S3) C .S,.

O



32 CHAPTER 2. PERMUTATIONS, COSETS AND DIRECT PRODUCT

Remark. We utilized the fact that if ¢ is a binary structure homomorphism, then Im(¢) is a binary
structure. In fact, we will prove soon that Im(¢) < Sy, so that S3 — Im(y) is a group isomorphism.
Thus, we regard S3 a subset (subgroup) of S,,. For comparison, we regard R a subset (subfield) of

R? since R is isomorphic to any line in the plane R?: for k,b € R,

¢:R — R?
r— (r,kr+0b),

where Im(p) 2 R is the line y = kz + b in R?, and for c € R,

¥ : R — R?,

r— (c,r),
where Im(¢)) & R is the line x = ¢ in R%.

Notation 2.10. We use the following to denote elements of Ss.

(1 2 3 (1 2 3
o=\t 2 3 m=\2 3 1
3 2
rotatation of 0 radians rotatation of 7/3 radians

counterclockwise counterclockwise

/1 2 3 (1 2 3
Fo=11 3 2 P1=1\3 2 1

2 1

and

1 3 3 2

reflection on the line through reflection on the line through

1 and the center of the 3-gon 2 and the center of the 3-gon

2 3

rotatation of 27 /3

counterclockwise
1 2 3
F2=19 1 3
3
2 1

reflection on the line through
3 and the center of the 3-gon.

Definition 2.11. For n € Z>2, the n'" dihedral group D,,, is the set of symmetries of a regular

n-gon, which includes rotations and reflections.
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Example 2.12. Using p; for rotations, u; for mirror images in perpendicular bisectors of sides,
and ¢; for diagonal flips.

\(S v 6
\1 4 2
A 7/
AY 7/
N y
A 7/
N .
4r 7°3
A e
N y
A 7/
N
A 7
H2 -1
7/ A
, N
7 N
7/ AY
) N
L 2
; N
7/ A
; N
7/ A
e Hl AY
Figure 2.1

(1 2 3 4 (123 4y (1234 o (1234
Fi=\2 1 4 3) #7432 1) 7321 4) 271 4 3 2
Fact 2.13. From for example the table for D4, we get the subgroup diagram of Dj.

Dy
{po, p2, pu1, po}t {po, p1,p2, p3} {po, p2,01,02}
{pos p1} {pos 2}y {po,p2}  {po,01} {po, 02}
{po}

Figure 2.2
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2.2 Cayley’s Theorem

Lemma 2.14. Let G and G’ be groups and ¢ : G — G’ 1-1 such that ¢(zy) = é(z)¢(y). Then
Im(¢) < G' and G = Im(¢p).

Proof. Let 2',y" € Im(¢). Then there exist z,y € G such that ¢(x) = 2/ and ¢(y) = y'. Then
'y = o(x)p(y) = ¢(xy) € Im(¢). So Im(¢) is closed under the operation - of G'. Let ¢’ be
the identity element of G’. Then €'¢(e) = ¢(e) = ¢(ee) = ¢(e)p(e). Cancellation in G’ shows
that € = ¢(e) € Im(¢). Since € = ¢(e) = ¢p(zz™1) = ¢(z)p(z~!) = 2’¢(x~1), we have that
271 = ¢(z71!) € Im(¢). Thus, Im(¢) < G’. Restricting the codomain of ¢, we get a bijection
¢ : G — Im(¢) because ¢ is 1-1. Also, ¢ is a binary structure (group) homomorphism since

d(zy) = d(z)p(y) for all z,y € G. O

Theorem 2.15 (Cayley’s Theorem). If G is a group, then G is isomorphic to a group of permu-
tation.

Proof. Let x € G. Define A\, : G — G by g — xg. Similar to the proof of Proposition 1.39, A, is
bijective and so A, € Sg. Define a map ¢ by

¢:G— Sg

T — Ag.

Let z,y € G be such that ¢(z) = ¢(y). Then A\, = Ay, and so z = ze = Az(e) = A\y(e) = ye = y.
Hence ¢ is 1-1. Let z,y € G. Then

d(xy)(9) = Aay(9) = (2y)g = 2(yg) = Aa(yg) = Aa(N\yg) = AaAy(9) = d(2)d(y)(9), Vg € G,
and so ¢(zy) = ¢(x)(y). Thus, by Lemma 2.14,
G=Im(¢p)={N\; |z € G} < S¢. O

Definition 2.16. The map G — Sg by x — \, is the left regular representation of G. The map
G — Sg by x — p, is the right regular representation of G, where p, : G — G is given by g — gz.

Example 2.17. Given a group table

Table 2.1
e a b
e e a b
a a b e
b b e a

we have that

>
o
Il
N
(LK)
SIS
o o
N
p
S
I
N
[SEe
R
o o
N~

Ab

Il
N

e a b
b e al’
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The group table of the group {Ac, Ag, Ap} is

Table 2.2

)\e >\a )\b

Ae Ae Aa Ab
Aa Aa Ab Ae
Ab Ab Ae Aa

The table for this representation is just like the original table with x renamed \,.

2.3 Obits, Cycle and Alternating Groups

Definition 2.18 (equivalence relation (1)). Let 0 € S4. For a,b € A, we write a ~, bif b = 0"(a)
for some n € Z.

Remark. The equivalence relation (1) is an indeed an equivalence relation. Let a,b,c € A.
(Reflexive) Clearly a ~, a since a = id4(a) = 0%(a) and id4 € Sa.

(Symmetric) If a ~, b, then b = ¢"(a) for some n € Z. But then a = ¢~ "(b) with —n € Z, and so
b~ a.

(Transitive) Assume that a ~, b and b ~, ¢, then b = ¢"(a) and ¢ = ¢™(b) for some n,m € Z.
Note that ¢ = 0™ (b) = 0™ (¢"(a)) = ¢™"(a) with m +n € Z, so a ~, c.

Definition 2.19. Let o € S4. The equivalence classes in A determined by the equivalence relation
(1) are the orbits of o.

Example 2.20. The orbits of id4 are the one-element subsets of A, i.e., for any a € A, the cell
a = {a} is an orbit.

Example 2.21. Consider the permutation

_ (12345678 g
77\3 86 7 41 5 2 8:
Note that
6

. /1 2 3 4 5
6 8 1 5 7

7 8
4 2)°

w

2258752723822
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4 25755547357 77— 4
Thus, the complete list of orbits of o is
{1,3,6}, {2,8}, {4,5,7}.
Definition 2.22. For an orbit ¢ of o € S,,, defines

1 (z) :{ olx) ifzei

T otherwise.

Example 2.23. In Example 2.21, the orbit 1 corresponds to the permutation
”*1234567865
Fi=\3 26 451738 8
The complete list of orbits of uJ is
{1,3,6}, {2}, {4}, {5}, {7}, {8}.
Similarly, the complete list of orbits of 4§ and g are, respectively,
{2,8}, {1}, {3}, {4}, {5}, {6}, {7}.
and
{4,5,7}, {1}, {2}, {3}, {6}, {8}

Definition 2.24. o € S, is a cycle if it has at most one orbit containing more than one element.
The length of a cycle is the number of elements in its largest orbit.

Example 2.25. In Example 2.23, uf, ng, and pug are cycles.

Definition 2.26 (cyclic notation). For a cycle o € S,,, we use (a; as -+ Gm_1 @) to denote
the permutation which sends a; to a;4+1 for i = 1,...,m — 1 and sends a,, to a;, while fixing any
be{l,...,n} ~{a1,...,an}. In particular, we use (1) to denote the idy; . 3.

Example 2.27.
1 2 3 4 5)

(1354):<3 2 5 1 4

Observe that with different starting numbers,
(1354)=(3541)=(5431)=(4135).

Remark. Use the cyclic notation, it is easy to see that the map ¢ in the proof of Theorem 2.9 is
an injective homomorphism:

¢: 83— Sy
(1) — (1)
(1,2) — (1,2)
(1,3) — (1,3)
(2,3) — (2,3)
(1,2,3) — (1,2,3
(1,3,2) — (1,3,2
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Definition 2.28. Two cycles of S,, are called disjoint if they have no numbers in common.

Example 2.29. In Example 2.21,
1 2 3 45 6 7 8 0,00
o= (5 5 0780 0 5)-EeEETs) —uu

Reading in right-to-left order, 4 is sent to 7 (7 is sent to 7, and 7 is sent to 7).

Theorem 2.30. Each o € S, is a product of disjoint cycles. The representation is unique up to
the order of the factors.

Proof. Let @y,--- ,a, be the orbits of 0. Then o = g ---pug . Since the orbits (equivalence classes)
ai,---,a, forms a partition of {1,...,n}, we have that the cycles ug ,...,u are disjoint. The
second statement is straightforward. O

Example 2.31.
1 2 3 4 5 6
= 3303 0)-0oesnzeinng

rarely used

Example 2.32 (cycles are not disjoint).

123456
(1456)(215)-(6 R 1)

and

6

L 5)7&(1456)(215).

(215)(1456) = <4
Neither of these permutations is a cycle.
Definition 2.33. A cycle of length 2 in S,, is a transposition.
Proposition 2.34. Let n > 2. Then any o € S,, is a product of transpositions.

Proof. For (1) € S, (1) =(12)(2 1). Let (a1 ag -+ am) € S,. Then

(a1 az -+ am) = (a1 am)(ar am—1)--- (a1 az) (a1 az).

For a, it is sent to as by the last transposition, and as is fixed by the remaining m—2 transpositions,
so aqp is sent to as. For as, it is sent to a; by the last transposition, then a; is sent to asg by the
second to last transposition, and ag is fixed by the remaining m — 3 transpositions. Then the
statement follows from induction. O

Remark. Naively, this corollary just states that any rearrangement of n objects can be achieved
by successively interchanging pairs of them.

Example 2.35. We have that o := (1 6)(2 5 3) = (1 6)(2 3)(2 5) by the proof of Proposition 2.34.

Theorem 2.36. Let o € S,,. If m,..., Tk, V1, ---,Ye are transpositions in Sy, such that T ...7Tp =
o =71, then (=1)F = (=1)¢, i.e., the parity of the number of factors of any o is well-defined.



38 CHAPTER 2. PERMUTATIONS, COSETS AND DIRECT PRODUCT

Proof. Refer to the proof 1 from textbook. O

Definition 2.37. A permutation of a finite set is even or odd according to whether it can be
expressed as a product of an even number of transpositions or the product of an odd number of
transpositions, respectively.

Example 2.38. Since
c:=(1456)(215)=(16)(15)(14)(25)(21),
we have that o is an odd permutation.

Definition 2.39. Let n € Z>2. Let A, be the set of even permutations in S,, and B,, the set of
odd permutations.

Proposition 2.40. Let n € Zxs. |A,| = |B,| =n!/2.
Proof. Let 7 = (1 2) € S,,. Define a function A;|4, g, from A, : S, — S, by

/\T|An—>Bn : An — Bn

O+H——TO0.

For o € A, o can be expressed as a product of a even number of transpositions, then 7o = (1 2)0 is
add, so 7o € B, and hence A is well-defined. We have that A; is 1-1, 50 A;|a, B, is 1-1. Let p € B,,.
Then 77 1p = (12)p € A, and A\ |a, B, (T71p) = 7(77p) = p. So A\;|a, B, is onto. Thus, A\, |4, B,
is a bijection, and so |A,| = |B,|. Also, A, U B,, = Sy, hence |A,| = |B,| = |Sn|/2 = n!/2. O

Lemma 2.41. Let

o=T1- T =(a1,1 Q12 - Q-1 Q1y) (A1 Ak - 0 Glty—1 Gty )-

Then
—1 —1

ol =1, ...Tfl = (g1 Gk, - Ago) - (a1 a1g, - a12).
Hence ¢ and 0! have the same parity.
Example 2.42. Ifc=(1243)(67)=(13)(14)(12)(67), then
cl=(67)""(1243)"'=(67)(1342)=(1342)(67) = (12)(14)(13)(67).
Theorem 2.43. Let n > 2. Then A, < .S,.
Proof. Let a1,02 € A,. Then o109 is even, and so o109 € A,. Since idg;,. ,p = (1 2)(1 2),

idfy,... ny is even, and then idgy .,y € Ay, Let o € A,. Then o1 € A, by Lemma 2.41. Hence
A, < S, by subgroup test. O

Definition 2.44. Let n > 2. A, is the alternating group on n letters.
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2.4 Cosets and the theorem of lagrange

Definition 2.45. Let H < G. Define the relation ~; on G by a ~, b if a='b € H. Define the
relation ~ on G by a ~g b if ab~! € H.

Theorem 2.46. ~, and ~g are both equivalence relations on G.
Proof. We prove that ~, is an equivalence relation on G. Let a,b,c € G.
(Relexive) We have that a=!a = e € H since H < G. Hence a ~, a.

(Symmetric) Let a ~7 b. Then a='b € H. Then b=ta = (a='b)~! € H since H < G. Hence
b ~r Q.

(Transitive) Let a ~z, b and b ~7, c. Then a='b € H and b~'c € H. Hence a~lc = (a=1b)(b~'c) €
H since H < G, and so a ~, c. ]

Remark. Let H < G. The equivalence relation ~j defines a partition of G, as described in
Theorem 0.25. For a € G,

a={rxeG|a~ypz}
={z€G|atzrcH}
={zxc€G|a 'z =hfor some h € H}
={x € G| x = ah for some h € H}
= {ah|he H}
=:aH.

Similarly, the equivalence relation ~g defines a partition of G: for a € G,
a=Ha:={ha|he H}.
Theorem 2.47. Let H < G. Then fora € G, |aH| = H = |Hal.

Proof. We have a well-defined injective map

Aalg : H— G
h — ah.
Since Im(A,|g) = {ah | h € H} = aH, we have that |H| = |aH]|. O

Remark. aH < G if and only if a = 1 since only the cell 1 = H contains 1.

Definition 2.48. Let H < G. Let the subset aH = {ah | h € H} of G be the left coset of H
containing a, and

G//H :={aH | a € G}.
Let the subset Ha = {ha | h € H} of G be the right coset of H containing a, and

G\\H :={Ha|a € G}.
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Remark. Let H < G. Since 1H = H = H1, H is always a left and right coset (containing 1).
If G is abelian, then aH = Ha for any a € G. So the partition of G into left cosets G//H of H
and the partition into right cosets G\\H are the same.

Example 2.49. Recall Example 0.20. For 3Z < Z, we have that Z//3Z = {3Z,1 + 3Z,2 + 3Z},
and they form a partition of Z into left cosets of 3Z. Since Z is abelian, we have that Z\\3Z =
{32,324+ 1,32+ 2} =7Z//3Z.
Let n € Zss. Then nZ < Z, and Z//nZ = {a | a € Z} with
a={r€Z|ar~pz}

={x€Z]|a~ga}

={zeZ|a+ (—x)enl}

={zx€Z]|a—zenZ}

={zeZ|n|(a—-=)}

={r€Z]|a=z(modn)}.
Thus, the partition of Z into cosets of nZ is the partition of Z into residue class modulo n. For
that reason, we often refer to the cells of this partition Z//nZ as cosets modulo nZ. We have that

Z)/nZ =1{0,1,...,n—1}.

Example 2.50. The group Zg is abelian and H := {0,3} < Zs. Find Zg//H. One coset is H
itself. The coset containing 1 is 1+ {0,3} = {1,4}. The coset containing 2 is 2 + {0,3} = {2,5}.
Note that 0 = H,1 =1+ H, and 2 = 2+ H are all cosets of H.

Remark. We will see a corollary, says that if G is abelian and H < G, then the cosets of H forms
a group G//H under the binary operation (aH)(bH) = (ab)H or ab = ab. For example, nZ < Z
with n > 2, then the cosets of nZ form the group Z/nZ under the operation @ + b = a + b.

Example 2.51. Ss is not abelian. Let H := (u1) = {po, 1} = {(1),(2 3)} < S3. Then
p1H ={pipo, prpa} = {p1, (12 3)(23)} = {p1, (1 2)} = {p1, 3},

paH = {p2po; p2pa} = {p2, (1 3 2)(2 3)} = {p2, (1 3)} = {p2, p2}-
All right cosets of H are H,

Hp1 = {pop1,p1p1} = {p1,(2 3)(1 2 3)} = {p1, (1 3)} = {p1, 2} # p1 H,

Hpy = {pop2, p1p2} = {p2, (2 3)(1 3 2)} = {p2, (1 2)} = {p2, s} # p2H.
Consider the set of left cosets S3//H = {H,p1H, p2H} = {1,p1,p2}. We try to define a map

¢:83//H xS3//H — S3//H

(@,b) — ab.

Note that
P17 = i = (p1p2) H = {p1papo. prpan} = {(1 2 3)(1 3 2), (12 3)(1 3 2)(2 3)} = {(1), (2 )},
mspz = fspz = (pspe)H = {pspepo, pspopn b = {(1 2)(1 3),(12)(13)(23)} ={(132),(13)}.

Since (p1,p2) = (f3, iz) but pipz # [i3fiz, we have that ¢ is not well-defined. Thus, S3//H is not
a group under ab = ab. An alternative proof for this result is from Ss//H # Ss\\H.
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Theorem 2.52 (Lagrange’s Theorem). Let |G| < oo and H < G. Then |H| | |G].

Proof. Since |G| < oo, we have that |G//H| < co. Without loss of generality, assume that G//H =
{a1H,...,a,H}. Then a1 H,- - ,a,H are mutually disjoint and their union is G. By Theorem 2.47,

we have that
G| = |a;H| =Y |H| =r|H|.
i=1 i=1

Thus, [H| | |G- O

Corollary 2.53. If G is a group of |G| = p with p prime, then G is cyclic.

Proof. Let a € G~ {1}. Then {1,a} C (a), and so |(a)| > 2. Since |a| < G, we have that |(a)| | p
by Theorem 2.52. Hence |{(a)| = p = |G|, and so G = (a). O

Corollary 2.54. If G is a group of |G| = p with p prime, then G = Z,.

Proof. It follows from Theorem 1.83(b) and Corollary 2.53. O

Remark. This says that there is only one group structure, up to isomorphism, of a given prime
order p.

Corollary 2.55. Let |G| < co and a € G. Then |a] | |G|.

Proof. It follows from |a| = |{a)| and Theorem 2.52. O

Corollary 2.56. Let |G| < oo and H < G. Then

G/ /H| = |'f1'|

Definition 2.57. Let H < G. Define the index [G : H] of H in G by
(G s H] = G//H].

Remark. [G: H] = |G\\H|.

Theorem 2.58. Let |G| < 0o and H < G. Then

G|
G:H|l=—.
[ ] |
Theorem 2.59. Let K < H < G. Then
[G:K]=|G: H|[H : K].

Proof. The proof that [G : H] and [H : K] are finite is left as an exercise. O
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2.5 Direct product and finitely generated abelian groups

Notation 2.60. The Cartesian product is denoted by either Sy x --- x S,, or by []\_; S;.

Theorem 2.61. Let G,...,Gy, be groups. Then [];_, G; is a group under componentwise multi-
plication.

Proof. Let (a1,...,a,), (b1,...,by) € [1i—; Gi. Then for i =1,...,n, a;,b; € G;, and so a;b; € G;
since G; is a group. Hence (a1, ..., a,), (b1,...,b,) = (a1b1,...,anby) € [Ti—, Gi.

The associative law in H?:l G; follows from the associative law of Gy,...,G,. Check that
(e1,...,ey) is the identity of [}, G; if ; is the identity of G; for i = 1,...,n. Finally, the inverse
of (a1,...,a,) € [[1n, Giis (a7 ',...,a;0). O

Remark. If each G; is additive, then we often use @, G; or G1 & --- & G, in place of [[|_, G;.
Fact 2.62. Let Gy,...,G, be groups. Then

I1G:|=1]lcil
=1 i=1

Theorem 2.63. Let G, G’ be groups. Then we have a group isomorphism

GxG =G xG
(a,d") — (d,a).
Theorem 2.64. Let Gq,...,G, be groups and H; < G; fori=1,...,n. Then
Hyx---xH, <Gy X xGy.

Proof. By Theorem 2.61, Hy x --- x H, is a group under -. It is straightforward to see that
Hy x---x H, CGyx---G,. By definition of the subgroups, Hy X --- x H, <Gy X - x G,. O

Definition 2.65. Let n € Z>s, and r1,...,7, € Z~ {0}.

(a) We say b € Z is a common multiple of ry,...,r, if r; |bfori=1,... n.
(b) The least common multiple of r1, ..., is the smallest positive common multiples, denoted by
lem(ry, ..., 7).

Theorem 2.66. Let G1,...,G,, be groups. Let (ay,...,a,) € [, G; be such that |a;| < oo in G;
fori=1,... ,n. Then

[(a1,...,an)] =lem(|ai], ..., |an])-
Proof. Fori=1,...,n, since |a;| ’ lem(|ay],...,|an|), we have that aicm(lall’“'"a"‘) = 1 by Proposi-
tion 1.85. Then
(a17 . an)lcm(|a1|,...,|an\) _ (allcm(|a1| ..... \an\)’ o 7ailcmﬂal|,...,\an\)) _ (el, o 6n)-
Hence |(a1,...,a,)| <lem(lai],...,|an|) by the minimality of |(a1,...,an)|.
Suppose that there is an s € N with s < lem(|a], .. ., |an|) such that (a1, ...,a,)* = (e1,...,en).

Then (af,...,al) = (e1,...,en). Then for i = 1,...,n, |a;| | s by Proposition 1.85. Hence s >

’r'n

lem(lay],...,|an|), contradicting s < lem(|ay|,...,|an|). Thus, |(a1,...,a,)| = lem(|a1], ..., |an|)-
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Example 2.67. (a) The order of (1,1) in the group Z3 x Z3 is lem(2, 3) = 2(3) = 6 since the order
of 1in Z3 is 2 and the order of 1 in Z3 is 3, because Zy = (1) and Z5 = (1).

(b) The order of (1,1,1) in the group Z5 x Z4 X Zss is

lem(|1], 1], |1]) = lem(3, 4, 35) = 3(4)(35) = 420.

(¢) The order of (8,4,10) in the group Z13 X Zgo X Zag is

12 60 24
ged(8,12)7 ged(4,60)" ged(10,24)

lem(|8], |4/, |10]) = lem ( ) = lem(3, 15, 12) = 60.

by Theorem 1.86.
Theorem 2.68. The group Z,, X Zp = Zpyy if and only if ged(m,n) = 1.

Proof. = Suppose that ged(m,n) # 1. Let (a,b) € Z,, x Z, with a € Z,,, and b € Z,. Then
|al ’ m and |b| ‘ n by Corollary 2.55. Then lem(m,n)(a,b) = (lem(m,n)a,lem(m,n)b) = (0,0) by
Proposition 1.85. Sice (0,0) is the identity of Z,, X Z,, we have that every element of Z,, x Z,
has order at most lem(m,n), but lem(m,n) < mn. Thus, Z,, x Z, is not cyclic, contradicting
T X T & T

<= Let ged(m,n) = 1. Then by Theorem 2.66, |(1,1)| = lem(|1],]1]) = lem(m,n) = mn. So
Zm X Zn = {(1,1)) is cyclic. Thus, Z,, X Z, & Z;, by Theorem 1.83(b). O

Example 2.69. (a) Zy x Z3 = Zs.
(b) |Zg X Z3| = |Z3‘ X |Z3| = 3(3) = 9, and Z3 X Zg % Zg.

Corollary 2.70. The group [[;" | Zm, = Zp,
1 7.
Example 2.71. (a) Zy X Z3 X Z5 = Zsp.

m,, if and only if ged(m;, m;) = 1 for all 4, j with

10

(b) ZQ X Zgz = Zlg.
(C) ZQ X Z3 X Zg % Zlg since ng(3,3) 7& 1.

Corollary 2.72. Assume that n € Z>o and n = (p1)™ --- (p,)" such that pq,...,p, are different
primes and nq,...,n, € N, then

1%

Zn Z(pl)"l X oo X Z(pr)n,‘.
Example 2.73. Z7; = Zg X Zg.

Example 2.74. The group Z x Z5 is generated by (1,0) and (0, 1) because (n,0) = n(1,0) for any
n € Z and (m,1) = m(1,0) + (0,1) for any m € Z. We write that Z x Zy = ((1,0), (0, 1)).

Definition 2.75. Let G4, ..., G, be groups. For i = 1,...,n, define a subgroup G; of [T, Gi by
éi = {(61, A X« 77N 7 N PR en) | a; € Gz}

We consider [, G; to be the internal direct product of these subgroups G;, and [, G; is called
the external direct product of the groups G;.
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Remark. We shall usually omit the words external and internal and just say direct product.
Proposition 2.76. We have a natural (group) isomorphism
G — G
(€1, ey €1y iy Cialy -y Cpn) — Q.

Definition 2.77. Let G be a group and A C G. Define the subgroup of G generated by A by

(4) = {a - ary

n

n€N,a;, € A,r; € Z}.
If G ={ay,...,ar) for some k € N and ay,...,ax € G, then G is finitely generated (by aq,...,ax).
Remark. If G is finite, then G is finitely generated as G = (G).

Definition 2.78. Let m € Z3(. Then Z™ is the free abelian group of rank m.

Remark. (a) By convention, Z° = {0}.
(b) If m € N, then Z™ = (e; er), where e; € Z™ with e; ; = 0;; = L ifi=j
’ el ! J * 0 otherwise

example, Zz = <(1,0), (0,1)> with e = (1,0) and €y = (0,1), where €11 = (511 = 1, €12 = (512 =0
and eg; = 011 = 1, e = dz0 = 0.

For

Theorem 2.79 (Fundamental Theorem of Finitely Generated Abelian Groups). Let G be a finitely
generated abelian group, then
GEL™ X Zyy X oo X Zyrn

for somem € Zxo andn €N, p1,...,p, primes and r1,...,7y € Zxo. The direct product is unique
except for possible rearrangement of the factors. The number m is the Betti number of G.

Proof. We omit the proof of existence. The uniqueness follows from Theorem 2.63. O
Remark. If G = {1}, then since Z; = {0},
G={1} = {0} = {0} x {0} = Z° x Z, = Z° x Zp.

Example 2.80. Find all abelian groups, up to isomorphism, of order 360.

Since |G| = 360 < oo, we have that the Betti number m of G is 0. Then G = Zr1 X -+ X Zrn
for some n € N, p1,...,p, primes and r1,...,7, € Zxo such that p}* ---pi» = 360. Note that
360 = 23325. Hence we get as possibilities

Zo X Lo X Ly X g X L3 X Us,

Zo X Ly X L3 X L3 X Ly,
78 X L3 X L3 X Is,
Zo X Lo X Lo X Lg X Ls,
Zo X Ly X Lo X I,
g X Lo X Ls.

Thus, there are 6 different abelian groups (up to isomorphism) of order 360.
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Definition 2.81. A group G is decomposable if G = H x K with {1} < H, K < G. Otherwise G
is indecomposable.

Theorem 2.82. Let G be a finite abelian group. Then G is indecomposable if and only if G = Zpr
for some p prime and r € Zx¢.

Proof. = Since G is finite and abelian, we have that G = Zpil X +o X Zyra for some n € N,
Di,...,Pp Primes and r1,...,7, € Zx. Since G is indecomposable, n = 1.

< Let {1} < H < G. Since G is cyclic, we have that H is cyclic by Theorem 1.72. Since
|H| | |G| by Theorem 2.52 and |G| = p", we have that |[H| = p’ for some i € N with i < 7.
Hence H = Z,; by Theorem 1.83(b). Suppose that Z,r = Z,; x Z,; with i,j € Nand i +j = 7.
Without loss of generality, assume i < j. Let (a,b) € Z,i x Z,;. Then p/(a,b) = (p’a,p’b) =
(P~ (p'a),p’b) = (0,0) by Corollary 2.55. So every element in Z,: x Z,; would have an order at
most p/ < p"t = p", contradicting Z,i X Z,; = Zpr. O

Theorem 2.83. Let G be a finite abelian group. If m | |G|, then there exists an H < G of |H| = m.

Proof. By Theorem 2.79, G = Zp? X o+ X Z,rn for some n €N, p1,...,p, primes and rq,...,m, €
Zzo. Since |G| = pi*---pi» and m | |G|, we have that m = pi'---pS» with 0 < s; < r;. For

pTl S5
— 2 —_— k3
BT pi' by

Ti—Sq

= |pi

m—si>

i =1,...,n, in the cyclic group Z,, [1| = p;*, so |<pl
Theorem 1.86. Let

H o= (py" 7)< (pp o).
Then |H| = |<p7{1_31>‘ "'|<p§"_s"> =pit-opin = m. Fori = 1,....n, {p"~%) < z,

p;" " € Z,ri. Thus, H < G by Theorem 2.64. 0

r; since
K

Theorem 2.84. Let G be an abelian group of |G| = m such that m € N is square free, then G is
cyclic.

Proof. By Theorem 2.79, G = qul X+ X Zyrn for some n € Z, p1,...,p, primes and r1,...,7, €

Zo. Then m = pi*---pp». Since m is square free, r; = 1 for all ¢, and p1,...,p, are distinct.
Thus, G = Z,, X -+ X Zp, = Zp, ..., by Corollary 2.70. O
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Chapter 3

Homomorphisms and Quotient
Groups

3.1 Homomorphisms

Definition 3.1. Let ¢ : G — G’ be a map of groups. ¢ is a group homomorphism if ¢(ab) =
¢(a)p(b) for all a,b € G.

Remark. If ¢(a) = 1o for all a € G, then ¢ is the trivial group homomorphism.

Example 3.2. Let ¢ : G — G’ be a surjective group homomorphism. If G is abelian, then G’ is also
abelian since one can show that if ¢ : (S, ) — (T, %) be a surjective binary structure homomorphism
and * is commutative, then % is also commutative.

Example 3.3. Let ¢ : S,, — Z5 be defined by ¢(0) =0 if 0 € A,, and ¢(0) =1 if 0 € B,,. Let
o, ESy.

(a) fo,u € Ay, then op € A, 50 ¢(op) =0=0420= ¢(c) + ¢(u).

(b) If o, 0 € By, then oy € Ay, 80 ¢p(op) =0=1+4+31=¢(c) + ¢(u).

(¢c) fo € A, and p € By, then oy € By, s0 ¢p(op) =1=0421=¢(0) + d(p).
(d) f o € By, and p € Ay, then op € By, s0 ¢p(op) =1=1450= ¢(c) + ¢(u).
Thus, ¢ is a group homomorphism.

Example 3.4. Let F := ({f : R — R},+). Then F is a group. Let ¢ € R and ¢. : F — R be
the valuation map defined by ¢.(f) = f(¢). Then ¢. is a group homomorphism since ¢.(f + g) =

(f +9)(c) = fc) + g(c) = dc(f) + ¢c(g) for all f,g € F.

Example 3.5. Let A € Mat,,x,(R). Let ¢ : R” — R™ be defined by ¢(v) = Av. Then ¢ is a
group homomorphism since ¢(v + w) = A(v + w) = Av + Aw = ¢(v) + ¢(w) for all v,w € R™.

Example 3.6. Let det : (GL,(R),-) — (R*,-). Then det is a group homomorphism since
det(AB) = det(A) det(B) for all A, B € GL,,(R).

47
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Homomorphisms of a group G into itself are often useful for studying the structure of G.

Example 3.7. Let r € Z and ¢, : Z — Z be define by ¢,.(n) = rn. Then ¢, is a group homomor-
phism since ¢.(m +n) = r(m+n) = rm+rn = ¢.(m) + ¢,(n) for all m,n € Z. Note that ¢g is
the trivial group homomorphism, ¢; = idz, and ¢, is onto if and only if r = +1.

Example 3.8. Let G1,...,G,, be groups. Fori =1,...,n, the projection map m; : Gy x---xG,, —
G; defined by 7;(a1,...,a,) = a; is a group homomorphism since

m((al, .. .,an)(bl,. .. ,bn)) = Wi(albl,. . .,anbn) = aibi = 7ri(a1, .. .,an)m(bl, .. ,bn)
for all (a1,...,an),(b1,...,bn) € Gy X -+ X Gy

Example 3.9. Let F = (C[0,1],+), where C[0,1] = {f : [0,1] — R | f is continuous}. Then F is a
group. Let ¢ : F — R be defined by ¢(f) = fol f(x)dx. Then ¢ is a group homomorphism, for

1

o(f +9) = / (f + 9)(@)de = / (f(2) + g())dz = / f(x)dz + / g(2)dz = $(f) + Blg).

for all f,ge F.

Example 3.10. Let n € N and ¢ : Z — Z,, be given by ¢(m) = r, where m = ng + r for some
q,7 € Z such that 0 < r < n — 1 by division algorithm. Let s,t € Z. Then s = ¢ yn + r; and
t = qon + 7o, where ¢;,7; € Z such that 0 < r; <n—1fori=1,2. Write r; + ro = g3n + r3 for
some g3, r3 € Z such that 0 < r3 < n — 1 by division algorithm. Then s+t = (q1 + g2 + g3)n + 73,
so that ¢(s+t) =r3 =11 +n 12 = ¢(r1) +n ¢(r2). Thus, ¢ is a group homomorphism.

Proposition 3.11. If ¢ : G — G’ and ¢ : G’ — G” are group homomorphisms, then @ o ¢ is a
group homomorphism.

Definition 3.12. Let ¢ : X — Y and B C Y. The inverse image of B in X is
¢~'(B) = {z € X | ¢(z) € B}.

Fact 3.13. Let ¢ : X — Y and B C Y. Then z € ¢~ }(B) if and only if ¢(x) € B. In particular,
forbe Y, x € ¢~ 1({b}) if and only if ¢(x) = b.

Theorem 3.14. Let ¢ : G — G’ be a group homomorphism.
(a) ¢(1) = 1.

(b) ¢(a™t) = ¢(a)~! for alla € G.

(¢) If H < G, then ¢(H) < G'.

(d) If K' <G, then ¢~ 1(K') < G.

Proof. (a) It follows from Theorem 1.21.

(b) For a € G, 1g = ¢(1) = ¢d(aa™t) = ¢(a)p(a™?) since ¢ is a group homomorphism. Hence
¢(a™t) = ¢(a).
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(c) Let ¢(a),p(b) € ¢(H) with a,b € H. Since H < G, we have that ab € H. Also, since ¢ is a
group homomorphism, we have that ¢(a)@(b) = ¢(ab) € ¢(H). Since H < H, 1 € H. Then by (a),
lgr = ¢(1) € ¢(H). Since H < G, a~! € H. Then by (b), ¢(a)™t = ¢(a™?t) € ¢(H).

(d) Let a,b € ¢~1(K’). Then ¢(a),p(b) € K’'. Since ¢ is a group homomorphism, we have that
B(ab) = ¢p(a)p(b) € K’ as K' < G. Hence ab € ¢! (K’) by Fact 3.13. By (a), ¢(1) = 1g» € K’ since
K’ < G'. Hence 1 € ¢~ 1(K') by Fact 3.13. By (b), ¢(a™?!) = ¢(a)~t € K’ since ¢(a) € K' < G.
Hence a=! € (K1) by Fact 3.13. O

Definition 3.15. Let ¢ : G — G’ be a group homomorphism. The kernel of ¢ is
Ker(¢) = ¢~ ({1e'}) = {a € G| 6(a) = 1a'}.
Remark. By Theorem 3.14(d), Ker(¢) < G.
Example 3.16. In Example 3.5, Ker(¢) is the null space of A.
Theorem 3.17. Let ¢ : G — G’ be a group homomorphism and H = Ker(¢). Then for a € G,

¢ ({#(a)}) = {z € G| ¢(z) = $(a)} = all = Ha.
Consequently, G//H = G\\H.
Proof. The first equality follows from Fact 3.13. Note that for a € G,

{zeCG|g(@)=d(a)} ={z€C|o(a) ' d(z) = 1e'}
={z € G| d(a)g(z) =1c'}
={zed|g(a'z)=1¢}
={zeCG|latzco ' ({lag)})}
={recG|a 'z cKer(o)}
={zeG|latzc H}
=aH.

where the second equality follows from Theorem 3.14(b), the third equality follows from that ¢ is

a group homomorphism, the fourth equality follows from Fact 3.13, and the last equality follows
from the remark after Theorem 2.46. O

Example 3.18. Let |-| : C* — R>? be given by |2| = v/2Z. Then || is a group homomorphism,
and Ker(|[) = {z € C| |2| = 1} =S, which is the unit circle in the complex plane. The cosets of
S1 are of the form

ZS1=2{z€C ||zl =1} ={2|z€Cand |z| =1} ={z € C| |2| = |/},
i.e., the cosets of S; are circles with center at the origin.

Example 3.19. Let D := (D(R),+), where D(R) = {f : R — R | f is differentiable}. Let
F={{f:R—R},+). Then D, F are groups. Let ¢ : D — F be defined by ¢(f) = f’. Then ¢ is
a group homomorphism since ¢(f +¢g) = (f +9) = '+ ¢ = ¢(f) + ¢(g) for all f,g € F.

Note that Ker(¢) = {f € D| f' =0} = {f : R — R | f is constant} := C. Then the set of
functions in D mapped to z? is

o ({2*}) = o7 ({0(2%/3)}) = 2% /3 + C.
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Corollary 3.20. Let ¢ : G — G’ be a group homomorphism. Then ¢ is 1-1 if and only if
Ker(@) = {1},
Proof.

¢ is 1-1 <= for a € G, ¢(a) = 1¢ if and only if a = 1 <= Ker(¢) = {1}. O

Remark. Let H < G. We will see that if gH = Hg for all g € G, then G//H forms a group under

(aH)(bH) = (ab)H, and then we write (G//H,-) as G/H. Let ¢ : G — G’ be a group homomor-

phism and H := Ker(¢). Then G/H is a group, and there is a natural group homomorphism
¢:G— G/H

a+— aH.

Definition 3.21. H is a normal subgroup of G, written as H <G, if H < G, and gH = Hg for all
ge€q.

Corollary 3.22. If ¢ : G — G’ is a group homomorphism, then Ker(¢) < G.
Proof. Tt follows from Theorem 3.17. O

Remark. For a group homomorphism ¢ : G — G, Ker(¢) and Im(¢) are two primary important
things. We will show in the next setion that there is a well-defined isomorphism

Im(¢)

— ¢(a).

G/ Ker(¢)

3.2 Factor groups

Definition 3.23. Let ¢ : G — G’ be a group homomorphism with H = Ker(¢). Then the cosets
of H form a factor group, G/H := {aH | a € G}, where (aH)(bH) = (ab)H or ab = ab.

Remark. We will prove the binary operation is well-defined in Theorem 3.26, i.e., the coset mul-
tiplication is independent of the choices a and b from the cosets.

Example 3.24. Let n € N. Define a map

o1 — Z,

me—r,

where m = ng + r for some ¢, € Z such that 0 < r < n — 1 by division algorithm. Then ¢ is a
homomorphism by Example 3.10, with

Ker(¢) ={m € G| ¢(m) =0} = {nm | m € Z} = nZ.
Hence Z/nZ is a factor group.

Example 3.25. In Z/5Z, (2+5Z)+ (4+5Z) = (2+4) +5Z = 6+5Z = 1+ 5Z. Note that 27 € 2 =
2+ 57 and —16 € 4 = 4+ 57 (or because 2 = 27 (mod 5) and 4 = —16 (mod 5) by Example 2.49),

but (27 4+ 5Z) + (=16 +5Z) = (27— 16) +5Z = 11 +5Z =1+ 5Z, or 27T+ —16 =27 — 16 = 11 =

(!
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Remark. In the factor group Z/nZ,

a+nZ=b+nZ < a=> (mod n)
—a—-benZ
<~ nl|(a—-10)
<~ n|(b-a).

We prove that the coset multiplication is independent of the choices a and b from the cosets of
H when H <(G.

Theorem 3.26. Let H < G. Then left coset multiplication is well-defined by the equation (aH)(bH) =
(ab)H if and only if H <G.

Proof. = Let a € G. We claim that aH = Ha. “C”. Let x € aH. Choose representatives
x € aH and ™! = a7'1 = a~'H, we have that (zH)(a 'H) = (za~!)H. On the other hand,
choosing representatives a € aH and a~! € a1 H, we see that (aH)(a"'H) = 1H = H. Using our
assumption that left coset multiplication by representatives is well-defined, we must have za~' = H
and so za~! = h for some h € H. Then « = ha € Ha. Hence aH C Ha. “27” is left as an exercise.
Thus, H < G.

<= Assume that H < G. Suppose we wish to compute (aH)(bH). Due to our hypothesis, we
can simply say cosets, omitting left and right. Choosing @ € aH and b € bH, we obtain the coset
(ab)H. Choosing different representatives ahy € aH and bhe € bH with hy, hy € H, we obtain the
coset (ah1bhe)H. We need to show that (ab)H = (ahibhy)H. Now hib € Hb = bH, so h1b = bhg
for some h3 € H. Thus,

ahlbhg = a(hlb)hg = a(bh3)h2 = (ab)(hghg) € (ab)H O

Corollary 3.27. Let H <G. Then the cosets of H form a group G/H under the binary operation
(aH)(bH) = (ab)H.

Proof. By definition, the operation is closed. The associativity in G/H follows from associativity
in G. Because (aH)(1H) = (al)H = aH = (la)H = (1H)(aH), we see that 1H = H is the identity
element in G/H. Finally, (a *H)(aH) = (a ta)H = 1H = (aa™')H = (aH)(a"1H) shows that
a'H = (aH)™ L. O

Remark. Let H <G. Then (aH) ! =a"'H for aH € G/H.

Definition 3.28. Let H < G. Then G/H is the factor group (or quotient group) of G by H.

Example 3.29. Since Z is an abelian group, nZ <Z. Then Z/nZ is a factor group, and we will
see Z/nZ = Z, from Example 3.33.

Theorem 3.30. Let H I G. Then we have a surjective homomorphism

v:G— G/H

a+— aH

with Ker(y) = H.
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Proof. Let a,b € G. Then
7(ab) = (ab)H = (aH)(bH) = ~(a)¢(b).
Note that
Ker(y) ={a€G|y(a)=H}={acG|aH=H}=H. O
Proposition 3.31. We have the following.
(a) Let H < G. Then aH = bH if and only if a='b € H if and only if b~la € H.
(b) Let H < G. Then aH = bH if and only if ab~! € H if and only if ba=' € H.

Proof. (a) = If aH = bH, then ah; = bhy for some hy,hy € H, so a=tb = h1h2_1 € H because
H<G.

<= Ifa"'b € H, then a~'b= h for some h € H, so b= ah € aH, and hence aH = bH.

(b) The proof is similar to the proof of (a) with the condition that Ha = aH for each a € G when
H<G. O

Remark. Let H < G and a € G. Then aH = H if and only if a=! € H if and only if a € H.

Theorem 3.32 (The Fundamental Homomorphism Theorem). Let ¢ : G — G’ be a group homo-
morphism with H = Ker(¢). Then we have a natural group isomorphism

p: G/H = Im(g)
aH — ¢(a).
Let v : G — G/H be the natural group homomorphism given by v(a) = aH, then the following
diagram commutes:
G —2 Im(¢)
1

N

G/H

i.e., ¢ = ury, i.e., p(a) = py(a) for each a € G.
Proof. Let aH = bH € G/H. Then a~'b € H = Ker(¢) by proposition 3.31(a). Since ¢ is a group
homomorphism, we that 1g: = ¢(a™1b) = ¢(a=1)d(b) = ¢(a) " *¢(b). Then ¢(a) = ¢(b). Hence y is
well-defined. Let aH,bH € G/H. Then
u((aH)(bH)) = p((ab)H) = ¢(ab) = ¢(a)(b) = p(aH)u(bH),
and so p is a group homomorphism. Note that
Ker(u) = {aH € G/H | p(aH) =1}

={all € G/H | ¢(a) = 1c'}

={aH € G/H | a € Ker(¢)}

={aH € G/H |a € H}

= {H}

={lg/u}
The ontoness of p is straightforward. At last, for a € G, pvy(a) = p(aH) = ¢(a). O
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Example 3.33. In Example 3.24, since ¢ is surjective, we have an isomorphism
w:Z/nZ — Z,
m+ nZ — ¢(m) = m (mod n).

m (mod n) is the remainder of m divided by n, For example, when n = 5, u(19) = u(19 + 5Z) =
#(19) = 19 (mod 5) = 4, since 19 = 3(5) + 4.

Example 3.34. Classify the group (Z4 x Z3)/({0} x Z3). We have a projection map
@2y X Zo — Zy
(z,y) — .
Then ¢ is a surjective group homomorphism with
Ker(¢) = {(z,y) € Zy x Zy | ¢(x,y) =0} = {(z,y) € Zy x Zy | x = 0} = {0} x Zs.
Hence (Zy x Z3)/({0} x Zs2) & Z,.
Theorem 3.35. Let G, G’ be groups. We have a group isomorphism

p:(GxG)G — @G
(a,d")G" — a,
where G' = {1} x G' = {(1,d) | @ € G'}. Similarly, (G x G')/G — G’ in a natural way.
Proof. We have a surjective group homomorphism (projection map)
p:GxG — G
(a,a") — a
with
Ker(¢) = {(a,a') € G x G' | ¢(a,a’) =1} = {(a,d') e G x G |a=1} = {1} x G-
Hence (G x G")/({1} x G’) = G by Theorem 3.32. O
Lemma 3.36. Let H < G. Then for g € G,
gH =Hg <+ gHg ' = H.

Also,
gHg ' CHVgeG <= HCgHg ',Vgeq.
Proof. Note that for g € G,
gH=Hg<= {gh|he Hy ={hg| h e H}

< {gh|heH}g"' ={hg|heH}g"

< {ghg™' |he H} = {hgg™" | h € H}

< {ghg”' |he H} ={h|he H}

= gHg ' =H.



54 CHAPTER 3. HOMOMORPHISMS AND QUOTIENT GROUPS

Also,
gHg ' CHVgeG+={ghg ' |he H} C{h|hec H},Vge G

g Yghg ' |heH}gCg {h|heH}gVgeq
{9 'ghg'g|he HY C{g 'hg|h e H},Vg € G
= HC{g'hg|he H},YVge G
= HC{ghg ' |he H},VgeG
< HCgHg ' Vgedq,

where all the equivalences holds for a fixed g € G except for the fifth one. O

Remark. The following are direct results of Lemma 3.36.
gH=HgNge G+ gHg ' =HVgeG

—gHg 'CHVgeG
<« H CgHg ',Vged.

Theorem 3.37. Let H < G. The following conditions are equivalent.

(a) H<G.

(b) gH =Hyg for all g € G.

(c) gHg= = H for all g € G.

(d) gHg=* C H for all g € G.

(e) gHg=* D H for all g € G.

The condition (c) is often taken as the definition of a normal subgroup H of a group G.

Proof. (a)<=>(b) follows from the original definition of the normal subgroup, i.e., Definition 3.21.
The remaining equivalence follows from Lemma 3.36. O

Corollary 3.38. If G is abelian and H < G, then H < G.
Proof. Tt follows from that
gHg ' ={ghg ' |he H} ={g9*h|he H} ={h|hc H}Y = H. O

Definition 3.39. An isomorphism ¢ : G — G of a group G with itself is an automorphism of
G. The automorphism i, : G — G, where i4(z) = grg™', is the inner automorphism of G by g.
Performing i, on a is called conjugation of x by g.

Remark. Let H < G. The equivalence of conditions (b) and (¢) in Theorem 3.37 shows that
gH = Hg for all g € G if and only if Im(iy) = H for all g € G, that is, if and only if H is invariant
under all inner automorphisms of G. Thus,

{H|H<SG}={H <G|i4,(H)=H,Vg e G}.

Definition 3.40. Let H, K < G. Then K is a conjugate subgroup of H if K = i,(H) = gHg™!
for some g € G.

Remark. If H <G, then H is the only conjugate subgroup of H by Theorem 3.37.
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3.3 Factor group computations and simple groups

Example 3.41. N = {0} < Z since {0} is the trivial subgroup of Z and Z is abelian. Compute
Z/{0}.

Method 1. Since N = {0} has only one element, every coset of N has only one element. That
is, the cosets are of the form {m} for m € Z. Thus, there is a natural (well-defined) bijection

id:z/{0} — Z
{m} — m.

Each m € Z is simply renamed {m} in Z/{0}.
Method 2. W have a surjective (and injective) group homomorphism

id:Z—7Z
m— m,
with Ker(id) = {0}. Then by Theorem 3.32,
p:Z){0} =7

m+ {0} — m

or {m} — m.
Remark. In general, we have a surjective (and injective) group homomorphism
id:G— G
g—9,
with Ker(id) = {1}. Then by Theorem 3.32,
G} =G

g{l} —g
or {g} —g.

Moreover,
¢:G— G
g—1,
is a group homomorphism with Ker(¢) = G and Im(¢) = {1}. Then by Theorem 3.32,
n:GJG = {1}
gG—1

or Gr— 1.
This implies that G/G = {G}.
Theorem 3.42. Let |G| < o0 and N < G. Then N <G is of |G/N| = 2 if and only if |G| = 2|N]|.
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Proof. = Since G/N = {aN | a € G} and |G/N| = 2, we have that G/N = {N,aN} for some
a € G~ N. Since |[N| = |aN| and aN U N = G, we have that |G| = 2|N| (and aN = G~ N).

< Note that for all a € G~ N, aN NN = @, and so aN = G ~ N since G is finite and
laN| = [N| = %|G|. Hence by definition of G/N, |G/N| = 2. Similarly, for all a € G \ N,
Na =G~ N =aN. Also, for all a € N, aN = N = Na. Thus, aN = Na for all a € G, and so
N<G. O

Example 3.43. Let n € Z>y. Because 4,, < S, |Sn| = n! < o0, and |S,| = 2|A4,,| by Proposi-
tion 2.40, we see that A4, I5,. Let 0 € B, = S, \ A, so that S, /A, = {A,,04,}. Using the
definition of the operation (a4, )(bA,) = (ab)A, in S, /A,, we get the following table:

Table 3.1

A, oA,

A, A, oA,
oA, oA, A,

Note that (cA4,)(cA,) = 0?4, = A, since 0% € A,,. Renaming the element A,, “even” and the
elements 0 A,, “odd”, the multiplication shown in above table becomes

Table 3.2
even odd
even even odd
even odd even

This example illustrates that while knowing the product of two cosets in G/N does not tell us
what the product of two elements of G is, it may tell us that the product in G of two types of
elements is itself of a certain type.

Example 3.44 (Falsity of the converse of the theorem of Lagrange). |A4| = (4!) =12, and 6 | 12,
but A, contains no subgroup of 6. Suppose that H < Ay is of |[H| = 6 = 5]|A4]. Then H < Ay,
|Ay/H| =2, and Ay/H = {H,0H} with 0 € Ay ~ H by Theorem 3.42. Since A4/H is a group of
|Ay/H| = 2, we have that Ay/H = Z5 by Example 1.38(b). Hence Ay/H = (o0 H), and so for each
o € oH, we have that

o’H = (aH)(aH) = (cH)(cH) = 14,/4 = H,

and so o? € H. For each o € H, we must have (a?H) = (a«H)(aH) = HH = H, and so o € H.
Thus, for each a € Ay, we have that o> € H. But in A4, we have that (1 2 3) = (1 3 2)? € H,
(132)=(123)%€ H. A similar computation shows that

(124),(142),(134),(143),(234),(243)¢H.

This shows that |H| > 8, contradicting |H| = 6.
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Lemma 3.45. Let N <G and g € G. Then (gN)" = g"N for all n € Z.

Proof. Note that G/N is a group since N <G, with gN € G/N. If n = 0, then (gN)’ = N = 1N =
g°N. If n > 0, then (gN)* = gN ---gN = g"N. If n < 0, then

n times

(gN)" = (gN)"" - (gN) ' =(g7'N)---(¢7'N) = (¢"'N) ™ = (g7 ") "N =g"N,

—n times —n times

where the fourth equality follows from the discussion of the case n > 0 and the last equality follows
from Corollary 1.48. O

Theorem 3.46. Let N < (.
(a) If G is abelian, then so is G/N.
(b) If G={g1,...,9x), then G/N = (g1 N,--- , g N). In particular, if G is cyclic, then so is G/N.

Proof. (a) For gN,hN € G/N, (gN)(hN) = (gh)N = (hg)N = (hN)(gN), where the second
equality follows from that G is abelian.

(b) Let g € G = (g1,...,9k), then g = gi"* - - - g.* for some ny,...,n; € Z by Defintion 2.77. Hence
gN = (91" - g )N = (1" N) -+ (gg" N) = (1 N)™ -+~ (gpN)™ € (1IN, -+, giN),
where the third identity follows from Lemma 3.45. O
Example 3.47. Let us compute the factor group (Z4 x Zs)/{(0,1)), where
H = ((0,1)) = {(0,0),(0,1),(0,2),(0,3),(0,4), (0,5)} = {0} x Zs = Zs.
Since |H| = 6, we have that all cosets of H must have 6 elements. Also,

24 x Zs| _ |ZallZ6| _ 4(6)

= = 4.
|H]| 6 6

|(Zs x Zg)/H| =

Method 1. From Proposition 3.31, for (a1, a2) + H, (a},ds) + H € Z4 x Zg/H, we know that
(a1,a2)+H # (a},ab)+ H if and only if — (a1, a2)+(a},a)) ¢ H if and only if (a} —aq,a5—a2) ¢ H
if and only if a] — a; # 0 if and only if a} # a;. Thus, the cosets of H are

(0,0) + H, (1,0) + H, (2,0) + H, (3,0) + H.

Method 2. Similar to the proof of Theorem 3.35, we have a surjective group homomorphism,

¢2Z4XZ§—>Z4

(a17 a?) —ai,
with

Ker(d)) = {(al,ag) (S Z4 X Zﬁ | ¢(a1,ag) = 0} = {(al,ag) € Z4 X Z6 | a; = O} = {0} X Z(; = H.
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Then by Theorem 3.32, we have a group isomorphism
w2y x Zg)/H = 2,
(a1,a2) + H — ay,

Since |Z4| = 4, we have that |Zy x Zg/H| = 4. For each a; € Z;, we have a corresponding coset
(a1,a2) + H, where as € Zg can be arbitrarily chosen.

Example 3.48. Let us compute the factor group (Z4 x Zs)/{(0,2)), where
H :=((0,2)) = {(0,0),(0,2),(0,4)} = {0} x {0,2,4} = {0} x K,

where K := {0,2,4} < Zg since Zg is abelian and K < Z.
Method 1. Similar to Example 3.10, there is a surjective group homomorphism,

¢ZZ4XZG—>Z4XZQ

(a1,a2) — (a1, a2 (mod 2))

with
Ker(¢) = {(a1,a2) € Zs x Zg | (a1, a2 (mod 2)) = 0} = {(0,0), (0,2), (0,4)}.

Then by Theorem 3.32, we have a group isomorphism
i (Zy x Zg)JH = Z4 x Zs
(a1,a2) + H — (a1,as (mod 2)).
Method 2. Since the surjective group homomorphism
i ls — L
a — a (mod 2)

has Ker(y) = {0,2,4} = K, we have that Zs/K = Z5 by Theorem 3.32. By the following remark,
we have that
(Z4 X Zﬁ)/({O} X K) = Z4/{0} X Z@/K = Z4 X Z27

where the fact that if G 2 G and G’ = G, then G x G’ = G x G, is used in the last isomorphism.
Remark. In fact, if N <G and N’ < G’, then we have a surjective group homomorphism
¢:GxG = G/NxG'/N'
(9:9") = (gN,g'N"),

with
Ker(¢) = {(g9,9') € G xG" | (gN,g'N') = (N,N')}
= {(979/) S G X Gl | gN:N and g/N/ :N’}
={(9,9) €Gx G |ge N and ¢’ € N}
={(9,9') e Nx N'}
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Thus, by Theorem 3.32, we have a group isomorphism

p:(GxG)/(NxN)—=G/NxG /N
(9,9 ) (N x N') — (gN,g'N").

Summary 3.49. Let m,n € N. Let us compute the factor group Z,, x Z,/(0,k), where k € Z,.
Note that we have a surjective group homomorphism

P Zp — chd(k:,n)
a— a (mod ged(k,n)).

We claim that Ker(y) = kZ,, = (k) = {(ik) (mod n) | i € Z} =: K. The second and third equalities
follows from definitions.

C Let a € Ker(p). Then a (mod ged)(k,n) =0, so a = jged(k,n) for some j € N, and hence
a = j(kx + ny) for some z,y € Z by Theorem 1.76. Thus, a = jxk + njy = jzk (mod n). Take
i:=jx € Z, since 0 < a < n — 1, we have that a = (jak) (mod n) = (ik) (mod n) € K.

D Let r := (ik) (mod n) € K for some i € Z. Then r € Z with 0 < r < n — 1 and there exists
q € Z such that ik = ng + r. Then r = ik — ng. Since ged(k,n) | k and ged(k,n) | n, we have that
ged(k,n) | r. Hence r (mod ged)(k,n) =0, and so r € Ker(yp).

Therefore, Z,,/ K = Zyoq(x,n) by Theorem 3.32. By the above remark, we have that

Zm X Zn[(0,k) = (Zm x Z) ({0} X K) = Z,, {0} X Z,/ K = Zy X Zged(in)-
In particular, if ged(k,n) = 1, then
L, X Zn/<07k> = Zpy X chd(km) =Zm X 41 = Zm X {0} & Zm.

Example 3.50. Let us compute the factor group (Zs x Zs)/{((2,3)). Since H := {(2,3)) =

{(0,0),(2,3)}, we have that |((Zs x Z6)/((2,3)))] = 2 = 12.

Method 1. The possible abelian groups of order 12 are Z, x Z3 and Zs X Zs X Zz. Note that
the element (1,0) € Z, x Z3 is of |(1,0)] = lem(|1],|0]) = lem(4,1) = 4. We claim that no element
in Zy X Zy x Zs has order 4. Suppose that (a,b,¢) € Zs X Zy x Z3 is of |(a,b,c)| = 4, then
lem(lal, |b],|c|) =4, so |a] =4 or |b| =4 or |¢| = 4, contradicting |a|] < 2, |b] < 2, and |c| < 3. Thus,
the claim holds. Note that in (Z, x Zg)/H, by Lemma 3.45, 4((1,0)+H) = 4(1,0)+ H = (0,0)+ H,
and n((1,0) + H) =n(1,0)+ H = (n,0) + H # (0,0) + H when 1 < n < 3. Hence |(1,0) + H| = 4.

Method 2. Similar to Example 3.10, there is a surjective group homomorphism

¢IZ4><Z6—>Z4XZ3
(a1,a2) — ((3a1 + 2a2) (mod 4),as (mod 3))

with
Ker(¢) = {(a1,a2) € Zy X Zg | (3a1 + 2a2) (mod 4),as (mod 3)) = (0,0)} = {(0,0),(2,3)} = H.
Then by Theorem 3.32, we have a group isomorphism

ILLZ(Z4 XZﬁ)/HiZ4 X Zg
(a1,a2) + H — ((3a1 + 2a2) (mod 4), as (mod 3)).
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Method 3. It follows from that Z4 x Z3 = Z15 and that we have a surjective group homomorphism
@ Zy X Lg — Z12
(a1, a2) — (3a1 + 2a2) (mod 1)2
with
Ker(¢) = {(a1,a2) € Z4 X Zg | (3a1 + 2a2) (mod 1)2 = (0,0)} = {(0,0),(2,3)} = H.

Remark. Sine Z/nZ = Z, for all n € N, to check ¢ is a group homomorphism, an easy way is to
check the following map is a group homomorphism:

¢IZ4 X Zﬁ —>Z/Z4 X Z/Zg
(a1,a2) — (3a1 + 2a2,az).
It is straightforward since for (ai,as2), (b1,b2) € Z4 X Zg,

#((a1,az) + (b1,b2)) = d(ay + b1, az + ba)

3(ay +b1) +2(az + b2), as + bs)
(3a1 + 2a2) + (3by + 2b), az + ba)
3ay + 2az + 3by + 2by, @3 + by)
3a1 + 2az,az) + (3by + 202, bs)

= ¢(a1,az) + ¢(b1, ba).

Definition 3.51. A group G is simple if |G| > 2 and the only normal subgroups of G are {1} and
G.

~~ o~ ~

Theorem 3.52. The alternating group A, is simple for n > 5.

Theorem 3.53. Let ¢ : G — G’ be a group homomorphism. If N <G, then ¢(N) = Im(¢|n) <
Im(¢) = ¢(G). Also, if N' <G, then ¢~1(N') < G.

Remark. ¢(N) may not be a normal subgroup of G’ even though ¢ is a group homomorphism
and N < G. In Example 2.51, we showed that for H = {pg, u1} < S5, prH # Hpy. Hence H 4 S.
Consider the map A

¢:Zy — Ss
0 po

1— .
Then ¢ is a group homomorphism. We have Zy < Z,, but ¢(Z3) = H ¢ Ss.
Definition 3.54. M <G is maximal if M C G and there is no N < G such that M C N C G.
Fact 3.55. Let G be a group. Then G is simple if and only if {1} < G is maximal.
Lemma 3.56. Let N < G and consider the natural group homomorphism

v:G— G/N
g— gN.
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(a) If NC M and M <G is maximal, then v(M) < G/N is maximal.
(b) If X <G/N is maximal, then N C y~!(X), and v~}(X) < G is maximal.
Proof. By Theorem 3.53, we just need to prove the maximalities. O
Theorem 3.57. M <G is mazimal if and only if G/M is simple.
Proof. = Consider the natural group homomorphism
v:G— G/M
g+— gM.

Since M C M and M < G is maximal, we have that {M} = ~v(M) < G/M is maximal by
Lemma 3.56(a). So G/M is simple by fact 3.55.

<= By Fact 3.55, {M} < G/M is maximal. Then M = " !({M}) < G is maximal by
Lemma 3.56(b). O

Example 3.58. nZ <Z is maximal if and only if Z/nZ = Z,, is simple if and only if n is prime.

Definition 3.59. Let G be a group. Then the center Z(G) is defined by
Z(G)={2€ G| zg=gzforall g e G}.

Remark. We have that 1 € Z(G). If Z(G) = {1}, we say that the center of G is trivial.

Fact 3.60. Let G be a group. Then G is abelian if and only if Z(G) = G.

Theorem 3.61. Let Gy, --- ,G, be groups. Then
Z(Gy X -+ X Gp)=Z(Gy) X -+ X Z(Gy).
Proof.

(g1,--,9n) € Z(G1 X -+ X Gp) <= (g1, -59n) (M1, .. hy) = (hay .o b)) (915 -+ 5 Gn)s

V(hi,. oy hn) €Gy X - x Gy

= (g1h1, -+, gnhn) = (h1g1, - hngn),
V(hi,... hn) €Gy X - X Gy

< gih1 = h1g1, -+ , gnhn = hngn,
Vhi € Gy, - ,h, € G,

= q € Z(G1), 9 € Z(Gy)

< (g1,---+9n) € Z(G1) X -+ x Z(Gy,).

Hence Z(Gy X -+- X Gp) = Z(Gy) X - -+ X Z(Gy,). O

Corollary 3.62. Let Gy, -+ ,G,, be groups. Then G X - -+ X Gy, is abelian if and only if G4, ...,G,
are abelian.

Theorem 3.63. If G is a nonabelian group of order pq with p,q primes, then Z(G) = {1}.
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Example 3.64. Since S; is nonabelian of |S3| = 6 = 2(3), we have that Z(S3) = {po}. Conse-
quently,
Z(Sg X Z5) = Z(Sg) X Z(Z5) = {po} X Z5 = Z5.

Theorem 3.65. Let G be a group. Then Z(G) < G and Z(G) is abelian.

Definition 3.66. Let G be a group. An element [a,b] = aba='b~! is called a commutator of
a,b € G. Define [G,G] = ([a,b] | a € G,b € G), the commutator subgroup of G.

Proposition 3.67. Let a,b € G. Then [a,blba = ab = bala™!,b71].

Theorem 3.68. Let G be a group. Then [G,G] 4G.

Proof. By definition, [G,G] is a group. Also, since [G,G] C G, we have that [G,G] < G. Let
[a,b] € [G,G]. Then for g € G,

gla,blg™" = gaba™'b" g~

= gaba~ (g~ bg)b " g

= (gaba™tg™'b™ ) (bgb" g ™)
((ga)b(ga)~'b~")(bgb~ g™ ")

= [ga, b][b, 9]

€ |G, G],

since [G, G] is a group and [ga,b], [b, g] € [G,G]. Let x € [G,G] = ([a,b] | « € G and b € G). Then
by Definition 2.77, x = [a1,b1][ag, b2] - - - [an, by for some n € N and [a;, b;] € [G, G]. Note that

a1, b1]az, bo] - - [an, bu]g ™"

[

[a1,b1](g™ " g)[az, b2 (97" g) -+ (97" 9)[an, bulg ™
= (glar, b1]g™ ) (glaz, ba]g ™) -+ (glan, bnlg ™)

€ [G,G],

since gla;, b;lg~! € [G,G] for all i and [G,G] is a group. Hence g[G,G]g~! C [G,G], and so
[G,G] < G by Theorem 3.37. O

Theorem 3.69. If N I G, then G/N s abelian if and only if [G,G] < N.

Proof. = Let [a,b] € [G,G]. Then a,b,a!,b~! € G. Since G/N is abelian, (¢ "'N)(b~'N) =
(b=IN)(a"tN),ie., (a b~ 1)N = (b=ta")N. Hence [a,b] = aba='b~1 = (b~ ta V)" (a b)) e N
by Proposition 3.31(a).

<= Let aN,bN € G/N. Then

(aN)(bN) = (ab)N = (ba[a™*,b"'])N = (ba)([a~*,b"|N) = (ba)N = (bN)(aN),

where the the third equality follows from Proposition 3.67 and the fourth equality follows from that
[a=1,b71 € [G,G] C N. O

Example 3.70. Since p; = [p2, 1] € [S3,53] and pa = [p1, 1] € [Ss, 53], we have that Az =

{po: p1,p2} C [Ss, S5]. By Example 3.43, Ay 9 S5. But |S3/As| = {32 = 2, 50 S3/A3 = Z5, and

hence S3/Aj is abelian. Thus, [S3,S3] C Az by Theorem 3.69. Therefore, [Ss, S3] = As.
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3.4 Group action on a set
Definition 3.71. Let X be a set and G a group. An action of G on X is a map
x:Gx X —X
(9,2) — *(g,2) =g *x
such that
(a) lxxz=zforall z € X,
(b) (g9192) *x = g1 * (go xx) for all z € X and all ¢1,¢92 € G.
Under these conditions, X is a G-set.
Example 3.72. Let X be a set and H < Sx. Consider the map
x: Hx X — X
(0,2) — o(x).
Note that
(a) idx *x =idx(z) =« for all z € X,

(b) (o109) *x = (0102)(x) = 01(02(x)) = 01 * (02 x ) for all z € X and all g1, g2 € G, where the
second equality follows from that permutation multiplications are function compositions.

Thus, X is a H-set.
Theorem 3.73. Let X be a G-set. For each g € G, define

og: X — X

T— gx .
(a) o4 € Sx for g€ G.
(b) The function

¢ZG—>SX

gr— 04
18 a group homomorphism with

Ker(¢p) ={g€eG|g*xax=uz,Vre X}
Proof. (a) For z € X,

(04-109) (1) = 0y-1(0g(2) =g "% (g*z) = (g 'g) x2 = 1*x2 =2 =idx(z),

where the third equality follows from that X is a G-set. Hence o4-1 0 0y = idx. Interchange the

role of g and ¢g~! to obtain o, o 0g-1 =idx. Thus, o4 : X — X is a bijection and hence o, € Sx.
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(b) By (a), 04 € Sx, so ¢ is well-defined. Let g1,9> € G. Then for z € X,

?(9192) (%) = 04,9, () = (g192) * T = g1 * (g2 * T) = 04, (04, (7)) = (04,04,)(x) = (d(91)P(g2))(2),

where the third equality follows from that X is a G-set and the fifth equality folows from that
permutation multiplications are function compositions. Hence ¢(g1g2) = ¢(g1)d(g2), and so ¢ is a
group homomorphism.

Ker(¢p) ={9€Gloy,=id} ={g € G| o4(z) =idx(z),Ve e X} ={ge G |g*xz=z,Vz e X}
O

Remark. From Theorem 3.73, we have that
x:Gx X —X
(9, 2) — gx & = 04().
So actions of G on X is essentially the action of ¢(G) on X, where ¢(G) = {0, | g € G} < Sx.
x:0(G)x X — X
(09, %) — ag().

By Example 3.72, X is also a ¢(G)-set. When studying the set X, actions using subgroups of Sx
suffice. However, sometimes a set X is used to study G via a group action of G on X.

Remark. By Theorem 3.32, with N = Ker(¢) we have a group isomorphism
n:G/N = ¢(G)
gN — oy
Hence we can regard X as a G/N-set, where
x:G/INxX — X
(9N, z) — og(x) = g * x.
Definition 3.74. Let X be a G-set. We say that G acts faithful on X if
{9eGlg*xz=aVreX}={1}.
We say a group G is transitive on X if for each z1, 29 € X, there exists g € G such that gxz; = zs.
Remark. G acts faithful on X if and only if Ker(¢) = {1} in Theorem 3.73.

Proposition 3.75. Let X be a G-set. G is transitive on X if and only if ¢(G) is transitive on X
in Theorem 3.73.

Example 3.76. G is itself a G-set, where
x:GXxG— G
(91,92) = g1 % g2 = Ay, (92) = 9192
If H < G, then G is also an H-set, where

s HxG— G
(h,g) — hg
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Example 3.77. Let H < G. Then G is an H-set under conjugation, where
x: HxG— G
(h, g) — hgh™".
(a) 1xg=1gl"t =g forall g € G,
(b) For all g € G and all hy, hy € H,

(hihg) * g = (hiha)g(hihe) ™t = hy(haghy T = hi(ha * )Ryt = hy % (ha % g).

Example 3.78. Let V be an F-vector space, where F' is R or C. Then V is an F*-set, where

x: FxV —V

(r,v) — ro.
It follows from the two axioms
(rs)v=r(sv),¥r,s € Fand Vv eV

and
lv=v,YVveV.

Example 3.79. Let H < G. Then G//H is a G-set, where
x:GxG//H— G//H
(9,2H) — (gx)H.

Let (g,2H), (g,yH) be such that (9,2H) = (g,yH). Then ©H = yH, so y = xh for some h € H,
and hence

*(g,yH) = g (yH) = (9y)H = (9eh)H = (9)(hH) = (92)H = g+ (xH) = *(g, 2 H).
Thus, the action * is well-defined.
(a) 1% (xH) = (lx)H =2aH for all zH € G//H,
(b) For all ztH € G//H and all g1, g2 € G,

(9192) * (xH) = (g1922) H = (91(922))H = g1 * ((922)H) = g1 * (g2 * (vH)).

Example 3.80. Let G be the group Dy = {py, p1, p2, p3, 41, l12, 01, 02} of symmetries of the square.
In Figure 3.1, we show the square with vertices 1,2,3,4 as in Figure 2.1. We also label the sides
S1, S2, S3, S4, the diagonals d; and ds, vertical and horizontal axes m and ms, the center point C,
and midpoints P; of the sides s;. Recall that p; corresponds to rotating the square counterclockwise
through 7i/2 radians, u; corresponds to flipping on the axis m;, and d; to flipping on the diagonal
d;. We let

X = {1,2,3,4751,82753, 54,m1,m2,d1,d2,0, P17P2,P3,P4}.
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Then X can be regarded as a Dy-set in a natural way. Table 3.3 describes completely the action
of Dy on X and is given to provide geometric illustrations of ideas to be introduced. We should be
sure that we understand how this table is formed before continuing.

4 I 3
84 di d
C
P, e P,
mi 52
1 5 7 2
Figure 3.1
Table 3.3
1 2 3 4 S1 S9 S3 Sq mq mo d1 d2 C P1 PQ P3 P4
£0o 1 2 3 4 S1 S9 S3 Sa mi mo d1 d2 C P1 P2 P3 P4
P1 2 3 4 1 S9 S3 Sa S1 mo ma d2 dl C P2 P3 P4 P1
P2 3 4 1 2 S3 Sq S1 S9 mq mo d1 d2 C P3 P4 P1 P2
P3 4 1 2 3 Sa S1 S9 S3 mo ma d2 d1 C P4 Pl P2 Pg
H1 2 1 4 3 S1 S4 S3 S9 mq mo d2 d1 C P1 P4 P3 P2
U2 4 3 2 1 S3 S92 S1 S4 maq meo d2 d1 C Pg P2 P1 P4
(51 3 2 1 4 S9 S1 Sa S3 mo mq d1 dg C P2 P1 P4 P3
(52 1 4 3 2 Sq S3 S92 S1 mo mi d1 dg C P4 P3 PQ P1

Definition 3.81. Let X be a G-set. Let z € X and g € G. Let
Xg={zeX|gsr=z}and G, ={g € G|g*x =z}
Example 3.82. For the Dy-set X in Example 3.1, we have
X=X, X, ={C}, X, ={s1,83,mi,ma,C, Py, Ps}.
Also, with G = Dy,
G1={po-d2}, Gs;={po.}t, Ga, ={po,p2,01,02}.

Theorem 3.83. Let X be a G-set. Then G, < G for each x € X.
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Proof. Let x € X and g1, g2 € G,. Then g1 %z = & = goxx, and (g1g2) *x = g1 *(ga*x) = g1 %z = x,
and hence g1go € G,. Thus, G, is a binary structure. Since 1% x = x, we have that 1 € G,. If
g€ Gy, then gxx = 50 g txx =g 1% (g*2) = (g7 1g)*x = 1*2z = x, and consequently g~* € G,.
Thus, G, < G. O

Definition 3.84. Let X be a G-set and x € X. The subgroup G, is the isotropy subgroup of z.

Theorem 3.85. Let X be a G-set. For x1,x9 € X, let x1 ~ xo if and only if there exists g € G
such that g x x1 = xo. Then ~ is an equivalence relation on X.

Proof. (Reflexive) For z € X, we have that 1 xx = x.

(Symmetric) Assume that z; ~ x5. Then g x 21 = x5 for some g € G, and so g~ * 2o =
1

g t*(gxx)=(97tg) xry = 1 *x; = 21, and hence x5 ~ 7.
(Transitive) If 1 ~ xo and zo ~ x5, then g1 * 1 = 29 and go * xo = x3 for some ¢1,92 € G. Then
(9291) * 1 = g2(g1 * T1) = g2 * T2 = w3, and s0 1 ~ 3. O
Definition 3.86. Let X be a G-set. Each cell in the partition of the equivalence relation described
in Theorem 3.85 is an orbit in X under G. If x € X, the cell T containing x is the orbit of x. We
let this cell be G x z i.e.,

Grxx=zZ={g*z|geG}.

The relationship between the orbits in X and the group structure of G lies at the heart of the
applications that appear in next section.

Theorem 3.87. Let X be a G-set andx € X. Then |G x x| =[G : G,). If |G| < oo, then |G| | |G].
Proof. Define

¢:Gxx— G//G,
gxxr—— gGy.

Let gxx,hx2x € G*x. Then

grxr=hxx<=>h"tx(gxa)=h"1x(h*x)
—hlgxr=2x
— hlgedq,
<~ gG, = hG,.

So ¢ is well-defined and is 1-1. The ontoness is straightforward. Thus, ¢ is bijective. O
Corollary 3.88. Let X be a G-set and « € X. For h € G,

{9€G|g*x=hxz}=hG,.
Proof. By the proof of Theorem 3.87,

gxx =hx*xx <= gG, = hG, <= g € hG,. O
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Remark. When h = 1, it is the form of the definition of G,.
Corollary 3.89. Let X be a G-set and = € X. For y € G * x,
Gxy=Gx*uw.
Proof. Note that y = g1 * x for some g; € G. Then
Gry={g9*y|geG}

={g*(g1x2)|geG}
={(gq1) x| g € G}

={gxzlgeG}
=Gxux,
where the fourth equality follows from that p,, : G — G given by g — gg1 is a bijection. O

Example 3.90. Let X be the Dy-set in Example 3.80. With G = Dy, we have G x 1 = {1,2,3,4}

and G1 = {po, d2}. Since |G| = 8, we have that |G+ 1| =[G : G1] = ‘G“ =5=u

3.5 Application of G-sets to counting

Theorem 3.91 (Burnside’s Formula). Let G be a finite group and X a finite G-set. If r =
HG xx | x € X}|, i.e., v is the number of orbits in X under G, then

|Gl =1 X,l.
9eG

Proof. Let
N=H(g,z) e Gx X |g*x=ua}|

_N=— _ |G|
ZIXg|_N_Z|G””|_g:IG wal |Z|G*x|

geG reX

Then

where the third equality follows from Theorem 3.87. Now W has the same value for all y in the
same orbit G  x, then
1
Z |G * x| -

yeGx*x

Let x1,...,x, be the representatives of the r orbits, then by Corollary 3.89, X = |_|§=1 G *xxy, ie.,
X is the disjoint union of the G * z;’s. Thus, by splitting the summation over x into r parts, we get

SRl =19 Y AY Y =G =l =

geG i=1 yeGxx;

Corollary 3.92. If G is a finite group and X a finite G-set, then

HGxz |z e X} = |G| > 1X,l.

geG
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Example 3.93. Suppose that we wish to count how many distinguishable ways the six faces of a
cube can be marked with from one to six dots to form a die. Let us distinguish between the faces of
the cube for the moment and call them the bottom(bm), top(tp), left(it), right(rt), front(ft), and
back(bk). Then the bottom can have any one of six marks from one dot to six dots, the top any
one of the five remaining marks, and so on. There are 6! = 720 ways the cube faces can be marked
in all. We consider X to be the set of these 720 possible ways. Some markings yield the same die
as others, in the sense that one marking can be carried into another by a rotation of the marked
cube.

There are 24 possible positions of a cube on a table, for any one of six faces can be placed down,
and the any one of four to the front, giving 6(4) = 24 possible positions. Let

{bm, ft}, {bm,lt}, {bm,rt}, {bm,bk},

{tp. ft},  {tp,0t},  {tp,rt},  {tp,bk},

G- {te, ft},  {it,bm},  {it,tp}, {lt, bk},
o {rt, ft}, {rt,bm}, {rt,tp}, {rt, bk},
{re. iy, A{ftrty,  {ft.om}, {ft tp},

{bk,lt}, {bk,rt}, {bk,bm}, {bk, tp}

For an element (a,b) in G, the first spot denotes that we put the face a to the bottom and put the
face b to the front. We consider two markings to give the same die if one can be carried into the
other under action by an element of G. For example, we have a marking = that 6 is on the bottom,
2 is toward the font, 3 is on the left, 4 is on the right, 5 is on the back, and 1 is on the top, then
it can be carried into the marking that 1 is on the bottom, 2 is toward the font, 3 is on the left, 4
is on the right, 5 is on the back, and 6 is on the top under {tp, ft}. In other words, we consider
each orbit in X under G to correspond to a single die, and differentiable orbits to give differentiable
dice. We have that | X | =0 for g € G \ {1}, and | X;| = 720. Thus,

1
bits = —720 = 30.
f orbits o

Example 3.94. How many distinguishable ways can seven people be seated at a round table,
where there is no distinguishable “head” to the table? There are 7! ways ti assign to the different
chairs. A rotation of people achieved by asking each person to move one place to the right results
in the same arrangement. Such a rotation generates a cyclic group G of order 7, which we consider
to act on X in the obvious way. We have that | X,| =0 for g € G \ {1}, and |X;| = 7!. Thus,

1
forbits = ?7! = 6! = 120.

Example 3.95. Let us find the number of distinguishable ways the edges of an equilateral triangle
can be painted if four different colors of paint are available, assuming only one color is used on each
edge, and the same color may be used on different edges.

There are 43> = 64 ways of painting the edges in all. We consider X to be the set of these 64
possible painted triangles. The group G acting on X is the group symmetries of the triangle, which
is isomorphic to S3, and which we consider to be S3. Note that | X, | = 64, |X,,| =4 = |X,,|,
because to be invariant under p; for ¢ = 1,2, all edges must be the same color, and there are 4
possible colors. |X,,,| =16 = X,,, = X,,,, since the edges that are interchanged must be the same
color (4 possibilities) and the other edge may also be any of the colors (times 4 possibilities). Then

D Xyl =64+4+4416+ 16 + 16 = 120.
gE€Ss



70 CHAPTER 3. HOMOMORPHISMS AND QUOTIENT GROUPS

Thus,
1
g orbits = 6120 = 20,

so there are 20 distinguishable triangles.

Example 3.96. We repeat Example 3.95, with the assumption that a different color is used on
each edge. The number of possible ways of painting the edges is then 4(3)(2) = 24, and we let X
be the set of 24 possible painted triangles. Again, the group acting on X can be considered to be
Ss. Since all edges are a different color, we see that |X,,| = 24 while | X,| = 0 for g € S3 \ {po}.
Thus,

1
f orbits = 624 =4,

so there are four distinguishable triangles.



Chapter 4

Rings and Fields

4.1 Rings and fields

Definition 4.1. A ring (R, +,-) is a set R together with two binary structures (R, +) and (R, -)
such that the following axioms are satisfied:

(a) #1: (R,+) is an abelian group.
(b) %s: - is associative.

(¢) #3: For all a,b,c € R, the left distributive law a - (b4 ¢) = (a - b) + (a - ¢) and the right
distributive law (a +b)-c = (a-¢) + (b- ¢) hold.

Example 4.2. (Z,+,), (Q,+,-), (R,+,), and (C, +, ) are rings.

Remark. It is customary to denote multiplication in a ring by juxtaposition, using ab in place
of a -b. We shall also observe that the usual convention that multiplication is performed before
addition in the absence of parentheses, so the left distributive law, for example, becomes

a(b+ ¢) = ab+ ac,

without the parentheses on the right side of the equation. Also, as a convenience analogous to our
notation in group theory, we shall somewhat incorrectly refer to a ring R in place of a ring (R, +, -),
provided that no confusion will result. In particular, from now on Z will always be (Z,+, ), and
Q, R, and C will also be the rings in Example 4.2.

Example 4.3. Let R be a ring and Mat,,(R) the collection of all n x n matrices having elements of
R as entries. Since (R, +) is abelian, we have that Mat,, (R) is abelian. The associativity of matrix
multiplication and the two distributive laws in Mat,, (R) follow from the same properties in R. In
particular, we have the rings Mat,,(Z), Mat,, (Q), Mat,,(R), and Mat,, (C). Note that multiplication
is not a commutative operation in any of these rings for n > 2.

Example 4.4. (a) Let F = {f : R — R}. Then (F,+,0) is a ring, where o on F is the function
composition.
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(b) Let F ={f:R — R}. Then (F,+,") is a ring, where for f,g € F,

fg:R—R
z— f(z)g().

Example 4.5. (nZ,+, ) is a ring, because (nZ, +) is an abelian group, (nZ, -) is a binary structure,
and the associative and distributive laws inherit from the ones in Z since nZ C Z and Z is a ring.

Example 4.6. Let n € N. The cyclic group (Z,,+, ) is a ring, where
a-b= (ab) (mod n).
From now on, Z,, will always be the ring (Z,,, +, ).

Definition 4.7. Let Ry,..., R, be rings. The direct product Ry X --- X R,, of rings R; is a ring
under addition and multiplication by components.

Remark. Continuing matters of notation, we shall always let 0 be the additive identity of a ring
R. The additive inverse of an element of a of a ring is —a.

Convention 4.8. For a € R, and n € N, define

OZ'QZORv

n-a=a+---+a,
N

n times
—n-a=(—a)+---+ (—a) = n(—a).
n times

Here m - a with m € Z is not to be constructed as a multiplication of m and a in the ring R, for
the m may not be in the ring at all.

Theorem 4.9. If R is a ring, then for any a,b € R, we have that
(a) 0a = a0 =0,

(b) a(=b) = (—a)b = —(ab),

(¢) (—a)(=b) = ab.

Proof. (a) Note that a0 4+ a0 = a(0 + 0) = a0 = 0 + a0, then by cancellation law for the additive
group (R, +), we have that a0 = 0. Likewise, 0a = 0.

(b) To prove a(—b) is the additive inverse of ab, it is enough to show that
a(=b) +ab=0=ab+ a(-D),
which is true since by the left distributive law and by (a),

a(=b)+ab=a(-b+b)=a0=0=a0=a(b+ (-b)) = ab+ a(-b).
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(c) By (b),
(—a)(=b) = —(a(=b)) = —(—(ab)) = ab,

where the last equality follows from Corollary 1.34. O

Definition 4.10. For rings R and R/, a map ¢ : R — R’ is a ring homomorphism if the following
two conditions are satisfied for all a,b € R:

(a) ¢(a+b) = d(a) + ¢(b),
(b) ¢(ab) = ¢(a)o(b).

Remark. ¢ is 1-1 if and only if Ker(¢) = {0}. (R/Ker(¢),+) is a factor group. We will see that
(R/ Ker(¢),+, -) is a factor ring.

Example 4.11. Let (F, +, -) be the ring in Example 4.4(b) and a € R. Then the evaluation homomorphism

¢ : FF— R
fr— fla)
is a ring homomorphism.
Example 4.12. The map
67— 7,

a — a (mod n)

is a ring homomorphism. By Example 3.10, it is enough to show that ¢(ab) = ¢(ab) for a,b € Z.
Write a = ¢yn + r1 and b = gan + 9 by the division algorithm. Then

ab = n(qigan + r1q2 + q172) + 1172 = n(q1g2n + r1g2 + q1r2) + gsn + 13,
where by division algorithm ryry = g3n + r3. Hence
¢(ab) = ab=r3 =rira = ¢(a)p(b) (mod n).
Example 4.13 (Projection Homomorphisms). Let Ry, -, R,, be rings. For each i, the map

71',‘2R1X'"Rn—>Ri

(Fiy.oyrn) — 1y

is a ring homomorphism, projection onto the i*® component.

Definition 4.14. A ring isomorphism ¢ : R — R’ is a ring homomorphism that is bijective, written

as ¢: R =, R'. The rings R and R’ are then isomorphic, written as R = R'.

Remark. We will see that there are ring isomorphisms

Zp — 7/ Z) 70 —> Zy,

a+— a+nZ a+ nZ+— a (mod n).
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Theorem 4.15. Let S be a collection of rings such that for any S, T € S, we have that S = T,
then = is an equivalence relation on S.

Example 4.16. The map
7 — 27

T +— 2x

is a additive group isomorphism, but not a ring isomorphism because ¢(xy) = 2zy # (2z)(2y) =
B(x)o(y) for .,y € Z°.

Definition 4.17. {0} is the zero ring. Here 0 acts as multiplicative as well as additive identity.

Remark. Theorem 1.20 shows that if a ring has a multiplicative identity element 1, then it is
unique.

Remark. Let R be a ring and 1 € R. Then 1 = 0 if and only if R is a zero ring.

Definition 4.18. A ring in which the multiplication is commutative is a commutative ring. A ring
with a multiplicative identity is a ring with unity; the multiplicative identity element 1 is called
“unity”.

Remark.
I+ +D1+--+1)=1+---41,

n times m times nm times

ie.,

(n-1)(m-1)=(nwm) - L.
Example 4.19. Let r, s € Z be such that ged(r,s) = 1. Then
(b : er - ZT X Zs
n+— (n (mod r),n (mod s))
orn+—mn-(1,1)
is a ring homomorphism. Let m,n € Z,.s. Then
¢p(m+n) = (m+n)-(1,1)
((m+n)-1 (mod r),(m+mn)-1 (mod s))
=(m-1 (modr),m-1 (mod s))+ (n-1 (mod r),n-1 (mod s))
=m-(1,1)+n-(1,1)
= ¢(m) + ¢(n).

and

= (mn-1 (mod r),mn -1 (mod s))
=((m-1)(n-1) (mod r),(m-1)(n-1) (mod s))
(mod 7),m -1 (mod r))(n-1 (mod r),n -1 (mod s))
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Fact 4.20. A direct product Ry --- X -+ X R, of rings is commutative or has unity if and only if
each R; is commutative or has unity, respectively.

Definition 4.21. Let R be a ring with unity 1 # 0. An element u in R is a unit of R if it has a
multiplicative inverse in R. If every nonzero element of R is a unit, then R is a division ring (or
skew field). A field is a commutative division ring. A noncommutative division ring is called a
“strictly skew field”.

Example 4.22. (a) Z is not a field because 2, for example, has no multiplicative inverse, so 2 is
not a unit in Z.

(b) Q, R, and C are fields.

Example 4.23. Let n € N. The units in Z,, are precisely those m € Z,,~{0} such that ged(m,n) =
1 by the remark after Example 1.88. Thus, Z, is a field if and only if n is a prime.

Definition 4.24. A subring of a ring is a subset of the ring that is a ring under induced operations
from the whole ring; a subfield is defined similarly for a subset of a field.

4.2 Integral domains

Definition 4.25. If a¢ and b are two nonzero elements of a ring R such that ab = 0, then a and b
are 0 divisors.

Remark. a € R is a not a 0 divisor if and only if whenever ab = 0 for some b € R, we have that
b=0.

Remark. If a € R is a unit, then a is not a 0 divisor because if ab = 0 for some b € R, then
0=a'0=a""(ab) = (a"ta)b=1b=b.
Thus, a field has no 0 divisors.

Theorem 4.26. The 0 divisors of Z,, are precisely those m € Z,, \ {0} such that gcd(m,n) # 1.
Thus, Z, is a disjoint union of 0, units, and 0 divisors.

Proof. Let m € Z, ~ {0} be such that gcd(m,n) # 1. Then € Z, ~ {0} and

_n
ged(m,n)

n m

= =0
mgcd(m7 n)  ged(m,n) ne

and so m is a 0 divisor. For m € Z,, \ {0} such that gcd(m,n) = 1, we know that m is a unit by
Example 4.23. O

Corollary 4.27. If p is a prime, then Z, has no 0 divisors.

Definition 4.28. The cancellation laws hold in R if ab = ac with a # 0 implies that b = ¢, and
ba = ca with a # 0 implies that b = c.

Theorem 4.29. The cancellation laws hold in a ring R if and only if R has no 0 divisors.

Proof. 1t is straightforward. O
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Definition 4.30. An integral domain D is a commutative ring with unity 1 # 0 and containing
no 0 divisors.

Remark. If the coefficients of a polynomial are from an integral domain, one can solve a polynomial
equation in which the polynomial can be factored into linear factors in the usual fashion by setting
each factor equal to 0.

Remark. Theorem 4.29 shows that the cancellation laws hold in integral domains.

Example 4.31. Z and Z,, with p a prime, are integral domains. The direct product R x S of two
integral domains R and S is not an integral domain because (1g,0)(0,15) = (0,0), and 1 # Or
and ]-S # Os.

Example 4.32. Maty(Z5) is not an integral domain because

1 0](0 0of |0 O
0 0|1 0] |0 O
Theorem 4.33. Every field is an integral domain.
Proof. 1t follows from the second remark after Definition 4.25. O

Theorem 4.34. FEvery finite integral domain is a field.

Proof. Let R be a finite integral domain. Then 0 # 1 € R and so we can find a € R~ 0. Define a
map

Yo R— R

r=——ar

Since R is an integral domain, cancellation laws implies that ¢, is 1-1. Since R is finite, ¢ is onto
by Pigeonhole principle. Since 1 € R, there exists b € R such that ab = 1. O

Corollary 4.35. If p is a prime, Z, is a field.

Definition 4.36. Let R be a ring, if there exists n € N such that n-a = 0 for all @ € R, then the
characteristic
char(R) =min{n € N|n-a=0,Ya € R},

otherwise, char(R) = 0.
Example 4.37. For n € N, char(Z,,) = n, while char(Z) = char(Q) = char(R) = char(C) = 0.

Theorem 4.38. Let R be a ring with unity. Ifn-1# 0 for alln € N, then char(R) =0. Ifn-1 =10
for some n € N, then
char(R) = min{n e N|n-1=0}.

Proof. If n-1 #£ 0 for all n € N, then we cannot have n-a = 0 for all a € R for some n € N, and so
char(R) = 0.
Suppose that there exists n € N such that n -1 = 0. Then for any a € R, we have that

n times n times
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4.3 Fermat’s and Euler’s Theorems

Theorem 4.39 (Little Theorem of Fermat). If a € Z and p is a prime, then for a £ 0 (mod p),
a?~t =1 (mod p).

Proof. Tt is a special case of Euler’s Theorem. O
Example 4.40. Let us compute the remainder of 8% when divided by 13.
8103 = (812)8(8") = (18)(87) = 8" = (—5)" = (25)3(—5) = (=1)3(=5) = 5 (mod 13).
Example 4.41. Show that 21213 — 1 is not divisible by 11.
Proof. Since 2!° =1 (mod 11), we have that
U218 = (212 (93)y 1 =1"121(23) —1 =23 -1=8—-1=7 (mod 11). O

Definition 4.42. Primes of the form 2P — 1 where p is prime are known as Mersenne primes.

Example 4.43. Show that for every n € Z, the number n3? — n is divisible by 15.
Proof. Tt is enough to show that 3 | n®3 —n and 5 | n33 — n. Note that n®3 —n = n(n3? —1). If
3| n, then 3 | n(n®? —1).
If 3tn,ie, n#0 (mod 3), then n? =1 (mod 3), so
n3? —1=m*)%-1=1%—-1=0 (mod 3),

and hence 3 | n3? — 1.
If 5| n, then 5 | n(n3? —1). If 54 n, i.e., n Z 0 (mod 5), then n* =1 (mod 5), so

n?—-1=m"?-1=1%-1=0 (mod 5),

O

and hence 5 | n3% — 1.
Theorem 4.44. Let R be a ring and R* the set of units in R. Then (R*,-) is a group.

Proof. Let a,b € R*. Then there exists a~!,b~! € R such that aa™' =1 =a"laand b~ ! =1 =
b=1b. Then
(ab)(b e =ab o =aa! =1,

(b~ ta N (ab) = b ata)b =0t = 1.
Hence ab € R*, and so R* is closed under -.

% : The associativity of - on elements in (R*, ) is inherited from the associativity of - on elements
in (R,+,).
%: Since 1x1=1,1¢€ R*.

“5: Let a € RX. Then a has the multiplicative inverse a~!.
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Definition 4.45. Let n € N, and define

Gn:=2)
={a € Z, ~ {0} | a is a unit}
={a € Z, ~ {0} | a is not a 0 divisor}
={a € Z, ~ {0} | ged(a,n) = 1}.
Corollary 4.46. For n € Z>2, G5, is a group under multiplication modulo n.

Definition 4.47. Define the Euler phi-function ¢ : N — N by

p(n) = {1 <m < n|ged(m,n) =1}
In particular, p(1) =1, and when n € Zxo,
p(n) = |Gnl.
Theorem 4.48 (Euler’s Theorem). Letn € N. Ifa € Z and ged(a,n) = 1, then a#™ =1 (mod n).

Proof. If n = 1, then it is trivial. Assume now that n € Z,. By the division algorithm, a =
ng + r for some ¢, € Z with 0 < r < n. Since ged(a,n) = 1, we have that r # 0. Note that
ged(r,n) = ged(a — ng,n) = ged(a,n) = 1, where the second equality follows from Corollary 1.78.
Hence r € Gy, so |r| | |Gn| by Corollary 2.55, and thus 7#(") = 7%l =1 (mod n). Therefore,

w(n)
a#™ = (ng + 770 = 3 (w(-" )) (ng)r#") =" = (Sp(on)) (ng)°r#™=0 = ¢ = 1 (mod n). O
i
i=0

Example 4.49. Let n = 12. Then ((12) = 4. Since ged(7,12) = 1, we have that 74 = 1 (mod 12).

Theorem 4.50. Let m € N and a € Z,, be such that gcd(a,m) = 1. For each b € Z,,, the equation
ax = b has a unique solution in Z,,.

Proof. Since ged(a,m) = 1, a € G, and then a is a unit in Z,,. The unique solution is
a~tb (mod m). O

Corollary 4.51. Let a,m,b € Z be such that ged(a, m) = 1, then az = b (mod m) has as solutions
all integers in precisely d reside class modulo m.

Theorem 4.52. Let m € N and a,b € Z,,,. Let d = ged(a, m). The equation ax = b has a solution
in Zy if and only if d | b. When d | b, the equation has exactly d solutions in Z,y,.

Corollary 4.53. Let a,m,b € Z be such that ged(a, m) = d, then axz = b (mod m) has a solution
if and only if d | b. When this is the case, the solutions are the integers in exactly d distinct residue
classes modulo m.

Example 4.54. Find all solutions of the congruence 15z = 27 (mod 18).

Note that ged(15,18) = 3 and 3 | 27. We divide everything by 3 and consider 5z = 9 (mod 6),
which amounts to solving the equation 5z = 3 (mod 6). It has a unique solution 5-%(3) = 5(3) =
3 (mod 6). Consequently, the solution of 152 = 27 (mod 18) are the integers in the three residue
classes: 3+ 187, 3+ 6 + 18Z and 3 + 2(6) + 18Z, i.e., 3+ 18Z, 9 + 18Z and 15 + 18Z.
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4.4 The field of quotients of an integral domain

Let D be an integral domain in this section.

Definition 4.55. Let S be the subset of D x D given by
S ={(a,b) | a,be D and b# 0} = D x D*.

Definition 4.56. Two elements (a,b) and (¢,d) in S are equivalent, denoted by (a,b) ~ (¢, d) if
and only if ad = be.

Lemma 4.57. The relation ~ in Definition 4.56 is an equivalence relation.

Definition 4.58. Define

F ={(a,b) | (a,b) € S}.

Lemma 4.59. For (a,b) and (¢,d) in F, the equations

(a,b) + (¢, d) = (ad + be, bd)

and

(a,b)(c,d) = (ac, bd)

give well-defined operations of addition and multiplication on F'.

Theorem 4.60. F' is a field under the operations addition and multiplication, with unity (1,1).

Remark. For (a,b) € F,

(a,b)(b,a) = (ab,ab) = (1,1) = (ba,ba) = (b,a)(b,a),

we have that (a,b)~* = (b,a), it can also be written as 1/(a,b) = (b,a).

Lemma 4.61. We have a ring isomorphism

i:D— F

a— (a,l)
Thus, D can be regarded as a subring of F'.
Example 4.62. We have a ring isomorphism
1: 72— Q

a— (a,1) =a/L.

Since (a,b) = (a,1)(1,b) = (a,1)/(b,1) = i(a)/i(b) clearly holds in F', we have now proved the
following theorem.

Theorem 4.63. Any integral domain D can be enlarged to (or embedded in) a field F such that
every element of F can be expressed as a quotient of two elements of D. (Such a field F is a
field of quotients of D.)
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Theorem 4.64. Let F' be a field of quotients of D and L be any field containing D. Then there
exists 1-1 ring homomorphism

Y F— L

a —— a.

Corollary 4.65. Every field L containing an integral domain D contains a field of quotients of D.

Corollary 4.66. Any two fields of quotients of an integral domain D are isomorphic.



Chapter 5

Ideals And Factor Rings

Theorem 5.1. Let ¢ : R — R’ be a ring homomorphism. Then

(a) $(0) = Op.

(b) b(a) = ~(a) fora € R.

(c) If S is a subring of R, then ¢(S) = Im(¢|s) is a subring of R'.

(d) If S is a subring of R', then ¢=1(S’) is a subring of R.

(e) If 1 € R, then ¢(1) is the unity for ¢(R) = Im(¢).

Definition 5.2. Let ¢ : R — R’ be a ring homomorphism. The subring
Ker(¢) := ¢~ (0p) = {r € R| ¢(r) = Op'}

is the kernel of ¢.

Theorem 5.3. Let ¢ : R — R’ be a ring homomorphism, and H = Ker(¢). Let a € R. Then
¢~ ({¢(@)}) =a+H =H +a.
Corollary 5.4. A ring homomorphism ¢ : R — R’ is 1-1 if and only if Ker(¢) = {0}.

Theorem 5.5. Let ¢ : R — R’ be a ring homomorphism with Ker(¢) = H. Then R/H = {a+ H |
a € R} forms a ring, where fora+ H,b+ H € R/H,

(a+H)+ (b+H)=(a+b)+ H,

and
(a+ H)(b+ H) = (ab) + H.

Also, we have a ring isomorphism

w s R/ — Ti(6)
a+ H — ¢(a).
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Example 5.6. Example 4.12 shows that

07— Z,

a — a (mod n)

is a ring homomorphism. Since Ker(¢) = nZ, we have that Z/nZ is a ring.

Theorem 5.7. Let H be a subring of the ring R. Multiplication of additive cosets of H is well-
defined by the equation
(a+H)b+H)=ab+H

if and only if ah € H and hb € H for all a,b € R and h € H.

Definition 5.8. An additive subgroup N of a ring R satisfying the properties aN C N and Nb C N
for all a,b € R is an ideal.

Example 5.9. We see that nZ is an ideal in the ring Z since we know it is a subring, because
s(nm) = n(sm) € nZ and (nm)t = n(mt) € nZ for all s,t € Z and nm € nZ.

Corollary 5.10. Let N be an ideal of a ring R. Then R/N = {a+ N | a € R} forms a ring, where
fora+ N,b+ N € R/N,
(a+N)+(b+N)=(a+b)+N,

and
(a+ N)(b+ N) = (ab) + N.

Definition 5.11. The ring R/N in the preceding corollary is the factor ring (or quotient ring) of
R by N.

Theorem 5.12. Let N be an ideal of R. Then
v:R— R/N
z—ax+ N
is a ring homomorphism with kernel N.

Theorem 5.13. Let ¢ : R — R’ be a ring homomorphism with kernel N. Then Im(¢) is a ring,
and we have a ring isomorphism

p: R/N - Im(9)
z+ N — g(x)

Let v : R — R/N be the natural ring homomorphism given by v(xz) = = + N, then the following
diagram commutes:

R —2 Im(¢)

N T

R/N

ie., =y, ie., ¢(x) = py(x) for each x € R.



	Preliminary
	Notations of sets
	Relations between sets

	Groups
	Binary operations
	Isomorphic Binary Structures
	Groups
	Finite groups
	Subgroups
	Cyclic subgroups
	Properties of cyclic groups
	Cyclic subgroups of finite order

	Permutations, Cosets and Direct Product
	Permutations and Dihedral groups
	Cayley's Theorem
	Obits, Cycle and Alternating Groups
	Cosets and the theorem of lagrange
	Direct product and finitely generated abelian groups

	Homomorphisms and Quotient Groups
	Homomorphisms
	Factor groups
	Factor group computations and simple groups
	Group action on a set
	Application of G-sets to counting

	Rings and Fields
	Rings and fields
	Integral domains
	Fermat's and Euler's Theorems
	The field of quotients of an integral domain

	Ideals And Factor Rings

