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Chapter 1

Fundamental Properties of

Monomial Ideals

Let A be a nonzero commutative ring with identity and R = A[X1, . . . , Xd].

1.1 Monomial Ideals

Notation 1.1.

(n1, . . . , nd) = n 2 Nd

0.

X = X
n1
1 · · ·X

nd
d

,

which is monomials in X1, . . . , Xd.

Remark. A monomial is nonzero.

Definition 1.2. A monomial ideal I in R is an ideal generated by a set of monomials in I or R.
Denote this as I 6m R.

Definition 1.3. If I 6m R, then

JIK = {monomials in I} = I \ JA[X1, . . . , Xd]K = I \ JRK.

Lemma 1.4. Let I 6m R, then (I \ JRK) = (JIK) = I.

Proof. Let I = (S), where S ✓ JIK. Then I = (S) ✓ (JIK) ✓ I.

Theorem 1.5. Let I, J 6m R. Then

(a) I ✓ J if and only if JIK ✓ JJK.

(b) I = J if and only if JIK = JJK.

Proof. (a) It folllows from I = (JIK) and J = (JJK).

(b) By (a), I = J if and only if I ✓ J and J ✓ I if and only if JIK ✓ JJK and JJK ✓ JIK.
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2 CHAPTER 1. FUNDAMENTAL PROPERTIES OF MONOMIAL IDEALS

Definition 1.6. The d-tuple n 2 Nd

0 is the exponent vector of Xn =: f 2 JRK.

Definition 1.7. Let f, g 2 JRK. f is monomial multiple of g if f = gh for some h 2 JRK.

Remark (Notation). Let m,n 2 Nd

0. m < n means mi > ni for i = 1, . . . , d.

Lemma 1.8. Let f = X
m
, g = X

n
2 JRK and h 2 R. If f = gh, then h 2 JRK, m < n and h = X

p,
where p = m� n.

Proof. Let h =
P

p2⇤ ↵pX
p, where ⇤ ✓ Nd

0 is finite and 0 6= ↵p 2 A for p 2 ⇤. Then X
m =

f = gh = X
n
P

p2⇤ ↵pX
p =

P
p2⇤ ↵pX

n+p. Since monomials in R are A-linear independent

as A-module, ↵p =

⇢
1 if n+ p = m

0 if n+ p 6= m
for p 2 ⇤. So gh = f = X

m = X
n
X

p = gX
p. Since

X
p
2 NZD(R), h = X

p. Also, m = n+ p < n and p = m� n.

Lemma 1.9. Let R = A[X1, . . . , Xn] and f = X
m and g = X

n. The followings are equivalent.

(a) f 2 gR.

(b) f is a multiple of g.

(c) f is a monomial multiple of g.

(d) m < n.

(e) m 2 hni := {p 2 Nd

0|p < n}.

Proof. (d)=)(c) If m < n, then p := m� n 2 Nd. Let h = X
p, then gh = X

n+p = X
m = f . So f

is a monomial multiple of g.

Theorem 1.10. Let f, f1, . . . , fn 2 JRK. Then f 2 hf1, . . . , fni if and only if f 2 hfii for some
i 2 {1, . . . , n}.

Proof. (= It is straightforward.
=) Let f 2 hf1, . . . , fni. Assume f = X

n and fi = X
ni for i = 1, . . . , n. Then f =

P
n

i=1 gifi,

where gi =
Pfinite

p
↵i,pX

p
2 R. So X

n = f =
P

n

i=1 gifi =
P

n

i=1

Pfinite
p

↵i,pX
ni+p. Hence there

exists i 2 {1, . . . , n} and p 2 Nd

0 such that f = X
n = X

ni+p = fiX
p.

Lemma 1.11. Let I 6 R. The followings are equivalent.

(a) I 6m R.

(b) For f 2 I, each monomial occuring in f is in I.

Example 1.12. If I 6m A[X,Y, Z] and X
2 +XZ + Y Z 2 I, then X

2
, XZ, Y Z 2 I.

Definition 1.13. Let I 6m R. The graph of I is

�(I) = {n 2 Nd

0 | X
n
2 I} = {exponent vector for f 2 JIK} ✓ Nd

0.

Theorem 1.14. If I = hX
n1 , . . . , X

nti, then �(I) = hn1i [ · · · [ hnti.
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Proof. m 2 �(I) if and only ifXm
2 I if and only ifXm

2 hX
n1 , . . . , X

nti if and only ifXm
2 hX

nii

for some i 2 {1, . . . , t} if and only if m < ni for some i 2 {1, . . . , t} if and only if m 2 hnii for some

i 2 {1, . . . , t} if and only if m 2
S

t

i=1hnii.

Example 1.15. Let I = hX
4
, X

3
Y, Y

2
i 6m A[X,Y ]. Then �(I) = h(4, 0)i[h(3, 1)i[h(0, 2)i ✓ N2.

X

Y

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

· · ·

· · ·

· · ·

· · ·

· · ·

...
...

...
...

...
...

1.2 Generators of monomial ideals

Remark (Facts). Let R be a commutative ring with identity, S ✓ R and I = (S). If I is finitely
generated over R, then there exist s1, . . . , sn 2 S such that I = (s1, . . . , sn).

Theorem 1.16 (Dickson’s lemma). Let I 6m R. Then I is finitely generated by a list of monomials.

Proof. Induct on d > 1. Base case: d = 1. I 6m R = A[X]. If I = 0, then I = (;). Assume I 6= 0.
Let r = min{n > 0 | X

n
2 I}. Then r < 1. So X

r
2 I and then (Xr) ✓ I. Let Xs

2 JIK. Then
r 6 s by the minimality of r. So X

s
2 (Xr). Hence JIK ✓ (Xr). Since I = (JIK) is the smallest

ideal containing JIK, I ✓ (Xr).
Inductive step. d > 2. Let R

0 = A[X1, . . . , Xd�1] ✓ R. Assume the statement is true for R
0.

Let I 6m R. Set S = {z 2 JR0K | zX
a

d
2 I for some a 2 N0} and J = (S)R0. Then J 6m R

0.
By inductive hypothesis, there exist z1, . . . , zn 2 S such that J = (z1, . . . , zn)R0. Note there
exists ei 2 N such that ziX

ei
d

2 I for i = 1, . . . , n. Let e = max{e1, . . . , en}. Then ziX
e

d
2 I

for i = 1, . . . , n. Set Sm = {z 2 JR0K | zX
m

d
2 I} and Jm = (Sm)R0 for m = 0, . . . , e � 1.

(For e = 0, there are no Sm’s nor Jm’s to consider.) Similarly, for m = 0, . . . , e1, there exist
wm,1, . . . , wm,nm 2 Sm such that Jm = (wm,1, . . . , wm,nm)R0. Let

I
0 = ({ziX

e

d
| i = 1, . . . , n} [ {wm,iX

m

d
| m = 0, . . . , e� 1; i = 1, . . . , nm})R.

Then I
0 6m R is finitely generated by monomials from I and I

0
✓ I. Let Xp = X

p1
1 · · ·X

pd

d
2 JIK.

Assume pd > e. Since X
p1
1 · · ·X

pd�1

d�1 · X
pd

d
2 I, X

p1
1 · · ·X

pd�1

d�1 2 S ✓ J = (z1, . . . , zn)R0. So
X

p1
1 · · ·X

pd�1

d�1 2 ziR
0 for some i 2 {1, . . . , n}. Let X

p1
1 · · ·X

pd�1

d�1 = ziz for some z 2 R
0. Since

pd > e, X
p = X

p1
1 · · ·X

pd�1

d�1 X
pd

d
= zizX

e

d
X

pd�e

d
= (ziXe

d
)(zXpd�e

d
) 2 (ziXe

d
)R ✓ I

0. Assume
pd < e. Since X

p1
1 · · ·X

pd�1

d�1 · X
pd

d
2 I, X

p1
1 · · ·X

pd�1

d�1 2 Spd ✓ Jpd = (wpd,1, . . . , wpd,npd
)R0.

So X
p1
1 · · ·X

pd�1

d�1 2 wpd,iR
0 for some j 2 {1, . . . , npd}. Let X

p1
1 · · ·X

pd�1

d�1 = wpd,jw for some
w 2 R

0. Since pd < e, we have wpd,jX
pd

d
2 I

0. Hence X
p = X

p1
1 · · ·X

pd�1

d�1 X
pd

d
= wpd,iwX

pd

d
=

(wpd,iX
pd

d
)(w) 2 (wpd,iX

pd

d
)R ✓ I

0. Thus, in either case, JIK ✓ I
0. Similarly, we have I ✓ I

0.

Corollary 1.17. Let S ✓ JRK. If I = (S), then there exist s1, . . . , sn 2 S such that I = (s1, . . . , sn).
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Proof. By Dickson’s Lemma, there exists i1, . . . , in 2 I such that (S) = I = hi1, . . . , ini. So
ij =

Pnj

k=1 sjkrik, where ri1, . . . , rinj 2 R for j = 1, . . . , n. Hence I = ({sjk | j = 1, . . . , n, k =
1, . . . , nj}).

Theorem 1.18. (a) (ACC) Every ascending chain of monomials I1 ✓ I2 ✓ I3 ✓ · · · must stablize,
i.e., there N 2 N such that In = IN for n > N .

(b) Let ⌃ 6= ; be a set of monomial ideals in R. Then ⌃ contains at least one maximal element
with respect to ✓. Moreover, for I 2 ⌃, there exists J 2 ⌃ maximal such that I ✓ J .

Proof. (a) Let I =
S1

i=1 Ii. Since the Ii’s form a chain, I 6 R. Moreover, I 6m R since I =P1
i=1 Ii =

S1
i=1 Ii = (

S1
i=1 Si), where Si is a set of monomials generating Ii for each i. Then by

Dickson’s lemma, there exists s1, . . . , sn 2 JIK such that I = (s1, . . . , sn). Since I =
S1

i=1 Ii, there
exists pj such that sj 2 Ipj for j = 1, . . . , n. Let p = max(p1, . . . , pn). Then s1, . . . , sn 2 Ip ✓ I.
So I = (s1, . . . , sn) ✓ Ip ✓ Ip+1 ✓ · · · ✓ I, i.e., I = Ip. Thus, Ip = Ip+1 = Ip+1 = · · · .

(b) Let I 2 ⌃. If I is maximal in ⌃, then done. Assume there exists I1 2 ⌃ such that I ( I1. If I1
is maimal, then done. Otherwise, there exists I2 2 ⌃ such that I ( I1 ( I2. ACC implies process
must terminate. So there exists p 2 N such that I ✓ Ip with Ip 2 ⌃ maximal. Hence ⌃ 6= ;.

Definition 1.19. Let z1, . . . , zn 2 JRK and I = (z1, . . . , zn). The generating sequence z1, . . . , zn is
redundant if there exists i 2 {1, . . . , n} such that I = (z1, . . . , zi�1, zi+1, . . . , zn). It is irredundant
if it is not redundant, i.e., if for i = 1, . . . , n, (z1, . . . , zi�1, zi+1, . . . , zn) ( (z1, . . . , zn).

Example 1.20. X
3
, X

2
Y,X

2
Y

2
, Y

5 is redundant since (X3
, X

2
Y,X

2
Y

2
, Y

5) = (X3
, X

2
Y, Y

5).

Theorem 1.21. z1, . . . , zm 2 JRK and I = (z1, . . . , zm). The followings are equivalent.

(i) zi is not a monomial multiple of zj for i, j = 1, . . . ,m with i 6= j.

(ii) For i = 1, . . . ,m, zi 62 (z1, . . . , zi�1, zi+1, . . . , zm).

(iii) z1, . . . , zm is an irredundant monomial generating sequence for I.

Proof. (i)=)(ii) Assume (i). Suppose (ii) fails. Then there exists i 2 {1, . . . ,m} such that zi 2

(z1, . . . , zi�1, zi+1, . . . , zm). So zi 2 zjR for some j 2 {1, . . . , i � 1, i + 1, . . . ,m} and then zi is a
monomial multiple zj , a contradiction.

(ii)=)(iii) Note zi 2 I r (z1, . . . , zi�1, zi+1, . . . , zm). So (z1, . . . , zi�1, zi+1, . . . , zm) ( I for
i = 1, . . . ,m. Thus, it is irredundant.

(iii)=)(i) Suppose (i) fails. There exists i, j 2 {1, . . . ,m} with i 6= j such that zi is a monomial
multiple of zj . So zi 2 (z1, . . . , zi�1, zi+1, . . . , zm). Then I ✓ (z1, . . . , zi�1, zi+1, . . . , zm). Also,
I ◆ (z1, . . . , zi�1, zi+1, . . . , zm). So I = (z1, . . . , zi�1, zi+1, . . . , zm), a contradiction.

Remark. Divisibility order on JRK: z, w 2 JRK, z 6 w if z | w, i.e., w is a monomial multiple of z.
This is a partial order: reflexive, transitive and antisymmetric: if z | w and w | z, then w = z.

Nd

0 ! JRK given by n 7! X
n is 1-1 and onto. m < n if and only if Xn

| X
m, partial order for

Nd

0.

Remark (Criterion). If I = (f1, . . . , fn) 6m R, then f1, . . . , fn is irredundant if and only if fi - fj
for i, j = 1, . . . , n with i 6= j.

Theorem 1.22. Let I 6m R.
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(a) Every generating set S ✓ JIK for I contains a finite irredundant monomial generating sequence.

(b) In particular, I have an irredundant monomial generating sequence.

(c) Irredundant monomial generating sequence for I is unique up to reordering.

Proof. (a) Assume without loss of generality, S 6= ;. By Dickson’s Lemma I = (s1, . . . , sn) for
some s1, . . . , sn 2 S. If s1, . . . , sn is irredundant, then done. If not, re-order s1, . . . , sn to assume
I = (s1, . . . , sn�1). If this is irredundant, then done, else, remove another generator. Process
terminates in at most n� 1 steps.

(b) By definition, I has a monomial generating set.

(c) Let f1, . . . , fm and g1, . . . , gn be two irredundant monoial generating sequences for I. Fix
i 2 {1, . . . ,m}. Then fi 2 (f1, . . . , fm) = I = (g1, . . . , gn). Since fi, g1, . . . , gn 2 JRK, there exists
j 2 {1, . . . , n} such that fi 2 gjR. Similarly, there exists k 2 {1, . . . ,m} such that gj 2 fkR. So
fk | gj and gj | fi. Hence fk | fi. Since f ’s are irredundant, k = i. Then fi | gj and gj | fi.
So fi = gj . Define � : {1, . . . ,m} ! {1, . . . , n} by i 7! j such that fi = gj = g�(i). Suppose
gj = fi = gl, Since g1, . . . , gn is irredundant, l = j and then � is well-defined. Similarly, since
f1, . . . , fm is irredundant, � is 1-1. Reverse the process to get ⌧ : {1, . . . , n} ! {1, . . . ,m} is
well-defined and 1-1. By PHP, � and ⌧ are bijections.

Remark. Algorithms for finding an irredundant monomial generating sequence.

(a) Start with a finite monomial generating sequence f1, . . . , fm.

(b) If fi - fj for i 6= j, then done, else, fi | fj for some i 6= j, let I = (f1, . . . , fj�1, fj+1, . . . , fm).

(c) Repeat with f1, . . . , fj�1, fj+1, . . . , fm.

(d) Process terminates in at most m iterations.

Example 1.23. Since (X2
Y,XY

3
, X

2
Y

2) = (X2
Y,XY

3), X2
Y,XY

3
, X

2
Y

2 is redundant.

Theorem 1.24. Let J = (S) with ; 6= S ✓ JRK. Let � = {nz | z = X
nz 2 S} ✓ Nd

0 and
�0 = {min. elts of � w.r.t <}.

(a) S
0 := {X

n
| n 2 �0

} is an irredundant generating sequence for J .

(b) Thus, �0 is finite.

Proof. Note � has minimal elements. by well-ordering axiom.

(a) Since S
0
✓ S, (S0) ✓ (S) = J . Let z = X

nz 2 S, then nz < nw for some nw 2 �0. So
X

nz 2 (Xnw) ✓ (S0). Hence S ✓ (S0) and so (S) ✓ (S0). Thus, (S0) = (S) = J . Then by
previous theorem, J = (z1, . . . , zm) for some irredundant generating sequence z1, . . . , zm 2 S

0. Let
z 2 S

0
✓ J , then z 2 zjR for some j 2 {1, . . . ,m}. Since z, zj 2 S

0 such that zj | z, zj = z. So
z 2 {z1, . . . , zm}. Thus, {z1, . . . , zm} = S

0.

(b) Since S
0 is finite and �0 is bijective with S

0, �0 is finite.
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Chapter 2

Operations on Monomial Ideals

Let A be a nonzero commutative ring with identity and R = A[X1, . . . , Xd]

2.1 Intersections

Theorem 2.1. Let I1, . . . , In 6m R. Then I1 \ · · ·\ In 6m R and is generated by JI1K\ · · ·\ JInK.
Also, JI1 \ · · · InK = JI1K \ · · · \ JInK.

Proof. Let J = (S), with S := JI1K \ · · · \ JInK ✓ I1 \ · · · \ In. Then J = (S) ✓ I1 \ · · · \ In. Let

f 2 I1 \ · · · \ In, with f =
Pfinite

n2Nd
0
anX

n
2 Ij for j = 1, . . . , n. Since Ij 6m R, Xn

2 JIjK whenever

an 6= 0 for j = 1, . . . , n. So X
n
2 JI1K\ · · ·\ JInK = S whenever an 6= 0. Hence f 2 (S) = J . Thus,

I1 \ · · · \ In = J = (JI1K \ · · · \ JInK).
Note JI1 \ · · · InK = (I1 \ · · · \ In) \ JRK = (I1 \ JRK) \ · · · \ (In \ JRK) = JI1K \ · · · \ JInK.

Remark. �(I1 \ · · · \ In) = �(I1) \ · · · \ �(Tn).

Definition 2.2. Let X
m
, X

n
2 JRK. Define LCM(Xm

, X
n) = X

p, where pi = max(mi, ni) for
i = 1, . . . , d.

Remark. If R is UFD, then always true for any polynomial.

Example 2.3. In A[X,Y ], to compute (XY
2)\(XY

2), it su�ces to compute �((XY
2)\(X2

Y )) =
�(hXY

2
i) \ �(hX2

Y i) by previous remark.

X

Y

~
~
~

~
~
~

~
~
~

* * *

�

�

�

· · ·

· · ·

· · ·

· · ·

...
...

...
...

...

7
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Lemma 2.4. Let f, g 2 JRK. Then (f) \ (g) = (LCM(f, g)).
If R is UFD, then always true for any polynomial.

Proof. “◆”. Let f = X
m and g = X

n for some m,n 2 Nd

0. Let X
p = LCM(f, g). Then p < m and

p < n. So X
p
2 (f) and X

p
2 (g).

“✓”. It su�ces to show J(f)K \ J(g)K ✓ (LCM(f, g)). Let X
q
2 J(f)K \ J(g)K. Then X

q
2

J(f)K, J(g)K. So q < m,n. Then qi > mi, ni for i = 1, . . . , d. So qi > max(mi, ni) = pi for
i = 1, . . . , d, i.e., q < p. Hence X

q
2 (Xp) = (LCM(f, g)).

Theorem 2.5. Let I = (f1, . . . , fm) and J = (g1, . . . , gn) with f1, . . . , fm, g1, . . . , gn 2 JRK. Then
I \ J = (LCM(fi, gj) | i = 1, . . . ,m, j = 1, . . . , n) := (K).

Proof. “✓”. Let f 2 JIK \ JJK. Then f 2 JIK, JJK. So f 2 (fi), (gj) for some i 2 {1, . . . ,m} and
j 2 {1, . . . , n}. Hence f 2 (fi) \ (gj) = (LCM(fi, gj)) ✓ (K).

“◆”. Since LCM(fi, gj) 2 (fi) \ (gj) ✓ I \ J for i = 1, . . . ,m and j = 1, . . . , n, we have
K ✓ I \ J . So (K) ✓ I \ J .

Example 2.6.

I := (X2
, Y

3) \ (X3
, Y ) =

�
LCM(X2

, X
3),LCM(X2

, Y ),LCM(X3
, Y

3),LCM(Y, Y 3)
�

= (X3
, X

2
Y,X

3
Y

3
, Y

3) = (X3
, X

2
Y, Y

5).

X

Y

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

· · ·

· · ·

· · ·

· · ·

· · ·

...
...

...
...

...

�(hX2
, Y

3
i)

X

Y

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

· · ·

· · ·

· · ·

· · ·

· · ·

...
...

...
...

...

�(hX3
, Y i)

X

Y

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

· · ·

· · ·

· · ·

· · ·

· · ·

...
...

...
...

...

�(I)

One goal of this text is the following: given a monomial ideal I, to find simpler I1, . . . , In 6m R

such that I = I1 \ · · · \ In.

X

Y

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

· · ·

· · ·

· · ·

· · ·

· · ·
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...

...

�(I)

q

q
X

Y

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

· · ·

· · ·

· · ·

· · ·

· · ·
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...

...
...

...

�(hX2
, Y

3
i)

X

Y

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

· · ·

· · ·

· · ·

· · ·

· · ·
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...

...
...

...

�(hX3
, Y i)
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The two corners of the form q suggest the decomposition I := (X3
, X

2
Y, Y

5) = (X3
, Y

2)\ (X3
, Y ).

Lemma 2.7. (f1, . . . , fm, gh) = (f1, . . . , fm, g) \ (f1, . . . , fn, g), as long as g and h are “relative
prime”, i.e., LCM(f, g) = fg.

2.2 Monomial ideals

Remark. Radical of a monomial ideal may not be a monomial ideal. Let R = Z
8Z [x] > (x) =: I.

Since 23 = 0 2 I, 2 2 rad(I). So rad(I) = (2, x) is not a monomial ideal.

Definition 2.8. Define the nilradical of A by

Nil(A) = radA(0).

Definition 2.9. A ring A is reduced if fn = 0 for some n 2 N with f 2 A, then f = 0.

Theorem 2.10. A is reduced if and only if Nil(A) = 0.

Lemma 2.11. Let f = a0 + a1x + · · · amx
m

2 A[x]. Then f
n = 0 for some n 2 N if and only

if ak
i
= 0 for i = 1, . . . ,m and k >> 0. Or f is nilpotent if and only if coe�cients of f are all

nilpotent. Or f 2 Nil(A[x]) if and only if a1, . . . , am 2 Nil(A). Or Nil(A[x]) = Nil(A)[x].

Proof. =) Note 0 = f
n = (a0 + a1x + · · · + amx

m)n = a
n

0 + · · · + a
n

m
x
mn. So a

n

m
= 0. Then

am 2 Nil(A) ✓ Nil(A[x]) 3 f . Since Nil(A[x]) 6 A[x], Nil(A[x]) 3 f�amx
m = a0+· · ·+am�1x

m�1.
Induct on m to get a0, . . . , am�1 2 Nil(A).

Example 2.12. If A is an integral domain, then A is reduced.

Definition 2.13. Let I 6m R. Then the monomial radical of I is

m-rad(I) = (rad(I) \ JRK) .

Remark. m-rad(I) 6m R and Jm-rad(I)K = rad(I) \ JRK.

Example 2.14. Let R = A[X,Y ]. Then m-rad
�
(X5

, Y
7)
�
= (X,Y ). “◆”. Done. “✓”. Since

1 62 (X5
, Y

7), 1 62 rad
�
(X5

, Y
7)
�
. Note rad

�
(X5

, Y
7)
�
\ JRK = {X

a
Y

b
| a > 1 or b > 1}.

Example 2.15. m-rad
�
(X2

, XY )
�
= (X,XY ) = (X).

Theorem 2.16. Let I 6m R.

(a) m-rad(I) ✓ rad(I).

(b) m-rad(I) = rad(I) if and only if rad(I) 6m R.

(c) If A is a field, then m-rad(I) = rad(I). If A is reduced, then m-rad(I) = rad(I).

Proof. (a) By definition of monomial radical.

(b) rad(I) = m-rad(I) 6m R if and only if rad(I) = (rad(I) \ JRK) 6m R.
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(c) Assume A is reduced. Let 0 6= f 2 rad(I). Let w1, . . . , wn 2 JRK be all the distinct monomials
occurring in f . Then there exist a1, . . . , an 2 Ar {0} such that f =

P
n

i=1 aiwi. We use induction
to show w1, . . . , wn 2 rad(I). Base case: n = 1 and f = a1w1 2 rad(I). Then there exists m 2 N
such that am1 w

m

1 = f
m

2 I. If am1 = 0, then a1 = 0 since A is reduced, contradicted by assumption
a1 6= 0. So a

m

1 6= 0. Inductive step. Assume there exists t 2 N such that f
t
2 I. Reorder wi’s if

necessary to assume w1 <lex w2 <lex · · · <lex wn. Claim. the largest monomial occurring in f
t is

w
t

n
w.r.t. lex. Note f

t induces (anwn)t = a
t

n
w

t

n
. Since other monomials occuring in f

t have form
wi1 · · ·wit , where 1 6 i1 6 · · · 6 it 6 n and i1 < n, we have wi1 <lex wn and wij 6lex wn for
j = 2, . . . , t. So wi1 · · ·wit <lex w

t

n
. Hence coe�cients of wt

n
in f

t is at
n
. Since A is reduced, at

n
6= 0.

Also, since f
t
2 I 6m R, wt

n
2 I. So wn 2 rad(I). Then

P
n�1
i=1 aiwi = f1 = f � anwn 2 rad(I). By

induction, w1, . . . , wn�1 2 rad(I). So w1, . . . , wn 2 rad(I). Thus, rad(I) 6m R by previous lemma.
So m-rad(I) = rad(I) by (b).

Theorem 2.17. Let I, J 6m R.

(a) J ✓ m-rad(J).

(b) Jm-rad(J)K = JRK \ rad(J).

(c) I ✓ J implies m-rad(I) ✓ m-rad(J).

(d) m-rad(m-rad(J)) = m-rad(J).

(e) m-rad(J) = R if and only if J = R.

(f) m-rad(J) = 0 if and only if J = 0.

(g) m-rad(Tn) = m-rad(J).

Proof. (a) J = (J \ JRK) ✓ (rad(J) \ JRK) = m-rad(J).

(b) “✓”. Since JRK \ rad(J) ✓ (JRK \ rad(J)) = m-rad(J) and JRK \ rad(J) ✓ JRK, we have
JRK\ rad(J) ✓ JRK\m-rad(J) = Jm -rad(J)K. “◆”. Jm -rad(J)K = JRK\m-rad(J) ✓ JRK\ rad(J).

(c) By definition.

(d) “◆”. By (a), m-rad(J) ✓ m-rad(m-rad(J)). “✓”. Let f 2 Jm-rad(m-rad(J))K = JRK \

rad(m-rad(J)). Then there exists a 2 N such that fa
2 m-rad(I)\JRK = Jm-rad(J)K = JRK\rad(J).

So there exists b 2 N such that fab = (fa)b 2 J . Thus, f 2 rad(J) \ JRK = Jm-rad(J)K.

Theorem 2.18. Let I, J, I1, . . . , In 6m R. Then

(a) m-rad(IJ) = m-rad(I \ J) = m-rad(I) \m-rad(J).

(b) m-rad(I1 · · · In) = m-rad(\n

i=1Ii) = \
n

i=1 m-rad(Ii).

(c) m-rad(I + J) = m-rad(I) + m-rad(J).

(d) m-rad(
P

n

i=1 Ii) =
P

n

i=1 m-rad(Ii).

Proof. (a) Since rad(IJ) = rad(I \ J) = rad(I) \ rad(J), JRK \ rad(IJ) = JRK \ rad(I \ J) =
JRK \ rad(I) \ rad(J) = (JRK \ rad(I)) \ (JRK \ rad(J)). So Jm-rad(IJ)K = Jm-rad(I \ J)K =
Jm-rad(I)K \ Jm-rad(J)K.
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(b) Induct on n.

(c) “◆”. Since rad(I + J) = rad(rad(I) + rad(J)) ◆ rad(I) + rad(J), we have Jm-rad(I + J)K =
JRK \ rad(I + J) ◆ JRK \ (rad(I) + rad(J)). So

Jm-rad(I) + m-rad(J)K = Jm-rad(I)K [ Jm-rad(J)K = (JRK \ rad(I)) [ (JRK \ rad(J))

= JRK \ (rad(I) [ rad(J)) ✓ JRK \ (rad(I) + rad(J))

✓ Jm-rad(I + J)K.

“✓”. Exercise.

(d) Induct on n.

2.3 Generators of monomial ideals

Example 2.19. m-rad(hX3
Y

2
, XY

3
, Y

5
i) = hXY,XY, Y i = hY i.

Definition 2.20. Let f = X
n
2 JRK. The support of f is

supp(f) = {i 2 N | ni > 1} = {i 2 N | xi | f}.

The reduction of f is

red(f) =
Y

i2supp(f)

Xi =
Y

Xi|f

Xi.

Example 2.21. Supp(X5
1X

4
3 ) = {1, 3} and red(X5

1X
4
3 ) = X1X3.

Lemma 2.22. Let J 6m R and f 2 JRK.

(a) There exists n > 1 such that red(f)n 2 (f);

(b) If f 2 J , then red(f) 2 m-rad(J).

Proof. (a) Let f = X
m, then n := max(m1, . . . ,md) > mi for i = 1, . . . , d. So f | red(f)n.

(b) Since f 2 J , by (a), there exists n > 1 such that red(f)n 2 (f) ✓ J . So red(f) 2 m-rad(J).

Theorem 2.23. Let S ✓ JRK and J = hSi, then m-rad(J) = hred(s) | s 2 Si.

Proof. “◆”. Let s 2 S, then s 2 J . By previous lemma, red(s) 2 m-rad(J).
“✓”. Let g 2 Jm-rad(J)K = JRK \ rad(J). Then g

n
2 J for some n 2 N. Since g 2 JRK,

g
n
2 JJK = JhSiK. So there exists s 2 S such that s | g

n. Hence red(s) | red(gn) = red(g) | g. So
g 2 hred(s)i ✓ hred(t | s 2 S)i. Hence Jm-rad(J)K ✓ hred(s) | s 2 Si.

Corollary 2.24. m-rad(hXa1
i1
, . . . , X

at
it
i) = hXi1 , . . . , Xiti.
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2.4 Colon’s of monomial ideals

Theorem 2.25. If I, J 6m R are monomial ideals, then (J : I) 6m R.

Proof. Special case: Let I = zR with z = X
m

2 R. Let f =
Pfinite

n2Nd anX
n

2 (J : z). Then

fz =
P

n2Nd anX
n+m

2 J 6m R. So zX
n = X

n+m
2 J whenever an 6= 0, i.e., Xn

2 (J : zR)
whenever an 6= 0. So (J : z) 6m R.

General case: Let I = hs1, . . . , sni =
P

n

i=1hsii for some s1, . . . , sn 2 JIK. Then (J : I) =
(J :

P
n

i=1hsii) =
T

n

i=1(J : hsii) =
T

n

i=1hJ : sii.

Remark. Let f 2 R = A[X,Y ] and X = hX,Y i. Then f 2 (I : X) if and only if f 2 (I : X)\(I : Y )
if and only if Xf, Y f 2 I.

Example 2.26. Consider the ideal I = (X3
, X

2
Y, Y

3) with R = A[X,Y ] and X = hX,Y i.

X

Y

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

· · ·

· · ·

· · ·

· · ·

· · ·

...
...

...
...

...

�(I)

q

q
X

Y

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

· · ·

· · ·

· · ·

· · ·

· · ·

...
...

...
...

...

�(hX2
, Y

3
i)

X

Y

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

· · ·

· · ·

· · ·

· · ·

· · ·

...
...

...
...

...

�(hX3
, Y i)

The two corners of the form q show us where to find elements of (I : X) not in I. It is not di�cult to
show that the monomials X2 and XY

2 are precisely the monomials in (I : X)r I. Note that these
“corners” corresponding to the “corners” in the ideals (X2

, Y
3) and (X3

, Y ) in the decomposition
I = (X2

, Y
3) \ (X3

, Y ).

Remark (Notation). Let p, q 2 Nd. Set (p � q)+
i
=

⇢
pi � qi, if pi � qi > 0

0, otherwise
= max(pi � qi, 0)

for i = 1, . . . , d.

Example 2.27. ((1, 3)� (2, 1))+ = (0, 2).

Theorem 2.28. (hXp
i : hXq

i) = hX
(p�q)+

i.

Example 2.29. (hX3
Y i : hXY

2
i) = hX

2
Y

0
i = hX

2
i.

Theorem 2.30. Let I = hz1, . . . , zni and J = hw1, . . . , wmi with zi, wj 2 JRK. Then (J : I) =
T

n

i=1

⇣P
m

j=1(hwji : hzii)
⌘
.

Proof. Note for S ✓ R, (I : hSi) = (I : S). Case 1: n = 1. NTS (J : I) = (hw1, . . . , wmi :
z1) =

P
m

j=1(hwji : z1). “◆”. Let f 2 (hw1i : z1). Then fz1 2 hw1i ✓ J . So f 2 (J : z1).
Then (hw1i : z1) ✓ (J : z1). Similarly, (hw1i : zj) ✓ (J : z1) 6 R for j = 1, . . . ,m. SoP

m

j=1(hwji : z1) ✓ (J : z1). “✓”. We have showed (hwji : z1) 6m R for j = 1, . . . ,m. So
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P
m

j=1(hwji : z1) 6m R. Let f 2 JRK such that fz1 2 J = hw1, . . . , wmi. So fz1 2 hwji for some

j 2 {1, . . . ,m}. Then f 2 (hwji : z1). So f 2
P

m

j=1(hwji : z1). Since I, J 6m R, (J : I) 6m R.

Hence (J : I) ✓
P

m

j=1(hwji : z1).
General case:

(J : I) = (hw1, . . . , wmi : hz1, . . . , zni) =

 
hw1, . . . , wmi :

nX

i=1

hzii

!

=
n\

i=1

(hw1, . . . , wmi : zi) =
n\

i=1

0

@
mX

j=1

(hwji : zi)

1

A .

Example 2.31. (hX3
, Y

4
i : hX2

Y,XY
2
i) =

⇥
(hX3

i : hX2
Y i) + (hY 4

i : hX2
Y i)
⇤T ⇥

(hX3
i : hXY

2
i)

+(hY 4
i : hXY

2
i)
⇤
=
⇥
hXi+ hY

3
i
⇤
\
⇥
hX

2
i+ hY

2
i
⇤
= hX,Y

3
i\hX

2
, Y

2
i = hX

2
, XY

2
, X

2
Y

3
, Y

3
i =

hX
2
, XY

2
, Y

3
i.

Theorem 2.32. Let I = hg1, . . . , gti 6m R. Let h 2 JRK, then (I : h) = h
g1

gcd(g1,h)
, . . . ,

gt

gcd(gt,h)
i.

2.5 Bracket powers of monomial ideals

We know the power In of an ideal I is not generated by the nth powers of the generators of I. This
section investigates the ideal that is generated by powers of the generator of I.

Definition 2.33. Let I 6m R. The k
th bracket power of I is the ideal I [k] = ({fk

| f 2 JIK}) for
k 2 N.

Remark. By definition, J [k] 6m R for k 2 N.

Lemma 2.34. Let S ✓ JRK and k 2 N. Set I = (S) and J = ({fk
| f 2 S}). If g 2 JRK, then

g 2 I if and only if gk 2 J .

Proof. =) Assume g 2 I. Since I 6m R, by Dickson’s lemma, there exists a finite S
0
✓ S such

that I = (S0). So g 2 (f) for some f 2 S
0
✓ S. Hence g

k
2 (fk) ✓ J .

(= Assume g
k
2 J . Since J 6m R, there exists a finite S

0
k
✓ Sk := {f

k
| f 2 S} such that

J = (S0
k
)R by Dickson’s lemma. So g

k
2 (fk) for some f

k
2 S

0
k
with f 2 S. Write f = X

m and
g = X

n with m,n 2 Nd

0. Then km < kn, i.e., m < n. So g = X
n
2 (Xm) = (f) ✓ (S) = I.

Proposition 2.35. Let I 6m R.

(a) If S ✓ JRK and I = (S), then I
[k] = ({fk

| f 2 S}).

(b) If I = (f1, . . . , fn) 6m R, then I
[k] = (fk

1 , . . . , f
k

n
).

Proof. (a) By definition of I [k], I [k] ◆ ({fk
| f 2 S}) =: J . Let g 2 JRK\I = JIK. Then by previous

lemma, gk 2 J = ({fk
| f 2 S}). Note g

k is an arbitrary genertor of I [k]. So I
[k]

✓ ({fk
| f 2 S}).

(b) This is the special case of (a).

Example 2.36. Let I := (X3
, X

2
Y, Y

2) 6 A[X,Y ]. Then I
[2] = (X6

, X
4
Y

2
, Y

4).
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X

Y

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

· · ·

· · ·

· · ·

· · ·

...
...

...
...

...
...

...

�(hX3
, X

2
Y, Y

2
i)

X

Y
• • • •

•

•

•

•

•

•

•

•

•

•

•

· · ·

· · ·

· · ·

· · ·

· · ·

...
...

...
...

...
...

...

�(hX6
, X

4
Y

2
, Y

4
i)

Lemma 2.37. Let I 6m R, g 2 JRK and k 2 N. Then g 2 I if and only if gk 2 I
[k].

Proof. It follows from previous lemma and proposition.

Proposition 2.38. Let I 6m R. Let f1, . . . , fn 2 JIK be an irredundant generating sequence for I
and k 2 N. Then I

[k] is irredundantly generated by f
k

1 , . . . , f
k

n
.

Proof. By previous proposition, f
k

1 , . . . , f
k

n
2 JIK is a generating sequence for J

[k]. Suppose
f
k

1 , . . . , f
k

n
is redundant. Then there exsits i, j 2 {1, . . . , n} with i 6= j such that fk

i
2 (fk

j
) = (fj)[k].

So by previous lemma, fi 2 (fj), a contradiction.

Lemma 2.39. Let I, J 6m R and k 2 N.

(a) I ✓ J if and only if I [k] ✓ J
[k].

(b) I = J if and only if I [k] = J
[k].

Proof. (a) =) By definition of I [k] and J
[k].

(= Assume I
[k]

✓ J
[k]. Let g 2 JIK. Then g

k
2 I

[k]
✓ J

[k]. So g 2 J by previous lemma.

(b) It follows from (a).

Since ther intersection of monomial ideals is a monomial ideal, (
T

n

i=1 Ji)
[k] is defined.

Proposition 2.40. Let J1, . . . , Jn 6m R and k 2 N. Then (
T

n

i=1 Ji)
[k] =

T
n

i=1 J
[k]
i

.

Proof. By induction.



Chapter 3

M-Irreducible Ideals and

Decompositions

Let A be a nonzero commutative ring with identity and R = A[X1, . . . , Xd].

3.1 M-irreducible monomial ideals

Definition 3.1. I 6m R is m-reducible if there exist J,K 6m R such that I = J \ K and
J 6= I 6= K.

I �m R is m-irreducible if it is not m-reducible.

Theorem 3.2. If A is a field and I 6m R is m-irreducible, then I is irreducible.

Theorem 3.3. I 6m R is m-irreducible if and only if I 6= R and for any J,K 6m R, if I = J \K,
then I = J or I = K.

Example 3.4. (X3
, X

2
Y

2
, Y

4) is m-reducible since (X3
, Y

2) \ (X2
, Y

4) = (X3
, X

2
Y

2
, Y

4), and
Y

2
2 (X3

, Y
2)r

�
(X3

, X
2
Y

2
, Y

4) [ (X2
, Y

4)
�
, X2

2 (X2
, Y

4)r
�
(X3

, X
2
Y

2
, Y

4) [ (X3
, Y

2)
�
.

Theorem 3.5. 0 6= I 6m R is m-irreducible if and only if it is generated by “pure powers”, i.e., if
and only if I = hX

a1
i1
, . . . , X

at
it
i for some t > 1 and ai > 1 for i = 1, . . . , t.

Proof. “(”. Reorder Xi1 , . . . , Xit if necessary to assume I = hX
a1
1 , . . . , X

at
t
i ✓ hX1, . . . , Xdi ( R.

Suppose there exist J,K 6m R such that I = J \ K and J 6= I 6= K. Then I ( J,K. So
JIK ( JJ, JKK. Let f = X

m
2 JJK r JIK and g = X

n
2 JKK r JIK. Let X

p := LCM(f, g).
Since f 62 JIK, Xai

i
- Xm, i.e., ai > mi for i = 1, . . . , t. Similarly, ai > ni for i = 1, . . . , t. So

ai > max(mi, ni) = pi, i.e., X
ai
i

- Xp for i = 1, . . . , t. Hence X
p
62 hX

a1
1 , . . . , X

at
t
i = I. Since

f 2 JJK and g 2 JKK and J,K 6m R, (LCM(f, g))R = (f) \ (g) ✓ (JJK) \ (JKK) = J \ K. So
X

p = LCM(f, g) 2 J \K = I, a contradiction.
=) Take an irredundant monomial generating sequence f1, . . . , fk for I, where at least one of

the fi’s is not a pure power. Reorder the fi’s to assume fk is not a pure power. Then there exists j 2
{1, . . . , n} such that fk = X

cj

j
g, where cj > 1, Xj - g and g 6= 1. Reorder the variables if necessary

15
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to assume j = 1. Then fk = X
c1
1 g, where c1 > 1, X1 - g and g 6= 1. Set J = hf1, . . . , fk�1, X

c1
1 i,

K = hf1, . . . , fk�1, gi. Then

J \K = hLCM(f1, f1),LCM(f2, f2), . . . ,LCM(fk�1, fk�1),LCM(Xc1
1 , g), · · · i

= hf1, f2, . . . , fk�1, X
c1
1 g, · · · i = hf1, f2, . . . , fk�1, X

c1
1 gi = hf1, f2, . . . , fk�1, fki = I.

Suppose X
c1
1 2 I. Then there exists i 2 {1, . . . , k} such that fi | X

c1
1 | fk, i.e., fi | fk. Since

f1, . . . , fn is an irredundant monomial generating sequence, fk = fi | X
c1
1 , a contradiction. So

X
c1
1 62 I. Hence I ( K. Similarly, I ( K.

Example 3.6. (X3
, X

2
Y

2
, Y

4) is not m-irreducible. (X2
, Y

4) and (X3
, Y

2) are both m-irreducible.

Theorem 3.7. If I, J1, . . . , Jn 6m R such that I is m-irreducible and I ◆
T

n

i=1 Ji, then I ◆ Ji for
some i 2 {1, . . . , n}.

Proof. If I = 0, then I = 0 ◆
T

n

i=1 Ji, so
T

n

i=1 Ji = 0. Then J1 · · · Jn ✓
T

n

i=1 Ji = 0. So there
exists i 2 {1, . . . , n} such that Ji = 0 = I. Assume I 6= 0. Assume n > 2. Induct on n. Let’s
show n = 2. Let hX

a1
i1
, . . . , a

at
it
i = I ◆ J1 \ J2. Suppose I 6◆ J1, J2. Then JIK 6◆ JJ1K, JJ2K. Let

f1 = X
m

2 JJ1Kr JIK and f2 = X
n
2 JJ2Kr JIK. Let Xp := LCM(f1, f2) = (f1)\ (f2) ✓ J1 \ J2 ✓

hX
a1
i1
, . . . , X

at
it
i. Then X

aj

ij
| X

p for some j 2 {1, . . . , t}. So aj 6 pij = max(mij , nij ) 6 mij , nij ,

i.e., X
aj

ij
| X

m = f1 or X
aj

ij
| X

n = f2 for j = 1, . . . , t. Hence f1 2 hX
a1
i1
, . . . , X

at
it
i = I or

f2 2 hX
a1
i1
, . . . , X

at
it
i = I. Thus, f1 2 JIK or f2 2 JIK, a contradiction.

3.2 M-irreducible decomposition

Definition 3.8. An m-irreducible decomposition of I �m R is an expression I =
T

n

i=1 Ji with
n > 1 such that J1, . . . , Jn 6m R are m-irreducible.

Remark. 0 intersection of ideals is R.

Example 3.9. (X2
, XY, Y

3) = (X,Y
3) \ (X2

, Y ) is an m-irreducble decomposition.

Theorem 3.10. I �m R has an m-irreducible decomposition.

Proof. Suppose not. Let ⌃ = {J �m R | J doesn’t has an m-irreducble decomposition}. Then
⌃ 6= ;. By previous theorem, ⌃ has a maximal element I1, not m-irreducible. So there exists
J,K 6m R such that I1 = J \ K and I1 ( J,K. Since I1 is maximal in ⌃, J,K 62 ⌃. Since
J,K �m R, they have an m-irreducible decomposition. So I1 = J \ K has an m-irreducble
decomposition, a contradiction.

Definition 3.11. An m-irreducible decomposition I =
T

n

i=1 Ji is redundant if I =
T

n

i 6=k
Ji for

some k 2 {1, . . . , n}.

Theorem 3.12. Given an m-irreducible decomposition I =
T

n

i=1 Ji. The followings are equivalent.

(i) The decomposition is redundant.

(ii) There exists i, j 2 {1, . . . , n} with i 6= j such that Ji ✓ Jj.
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Proof. “(ii))(i)”. If Ji ✓ Jj , then I =
T

n

k=1 Jk =
T

n

k 6=j
Jk.

“(i))(ii)”. If the decomposition is redundant, then there exists j 2 {1, . . . , n} such that Jj ◆T
n

i=1 Ji = I =
T

n

k 6=j
Jk. By previous theorem, there exists k 2 {1, . . . , n} with k 6= j such that

Jj ◆ Jk.

Theorem 3.13. I �m R has an irredundant m-irreducble decomposition.

Proof. Let I =
T

n

i=1 Ji with n > 1 be an m-irreducible decomposition. If it is irredundant, stop.
Else, there exists j 2 {1, . . . , n} such that I =

T
n

i 6=j
Ji. Repeat with the new decomposition.

Process terminate in at most n� 1 steps.

Theorem 3.14 (Irredundant m-irreducible decompositions are unique up to reodering). Let I 6m

R with two irredundant m-irreducible decompositions
T

s

i=1 Ii =
T

t

j=1 Ij. Then s = t and there
exists � 2 St such that Ii = J�(i) for i = 1, . . . , t.

Proof. Let i 2 {1, . . . , s} be given. Then
T

s

i=1 Ii =
T

t

j=1 Ij ✓ Ii. So there exists j 2 {1, . . . , t}

such that Jj ✓ Ii. Similarly, there exists k 2 {1, . . . , s} such that Ik ✓ Jj ✓ Ii. Since
T

s

l=1 Il is
irredundant, k = i and then Jj = Ii. Suppose there exists m 2 {1, . . . , t} such that Jm = Ii = Jj .
Since

T
t

l=1 Jl is irredundant, j = m. So there exists a unique j 2 {1, . . . , t} such that Jj = Ii.
Define � : [s] ! [t] by i 7! unique j such that Jj = Ii = J�(i). By symmetry, there exists ⌧ : [t] ! [s]
given by j 7! unique k such that Ik = Jj = I⌧(j). Check � � ⌧ = id and ⌧ � � = id.

Remark. The “splitting generators” algorithm can be established using the previous proof. Assume
I has a m-reducible monomial generators f1 = X

e1
1 g, e1 > 1 and X1 - g. Then decompose I as

I = hf1, . . . , fni = hX
e1
1 , f2, . . . , fni \ hg, f2, . . . , fni.

Example 3.15.

hX
3
Y Z,XY

4
Zi = hX

3
, XY

4
Zi \ hY,XY

4
Zi \ hZ,XY

4
Zi

= hX
3
, Xi \ hX

3
, Y

4
i \ hX

3
, Zi \ hY,Xi \ hY i \ hY, Zi \ hZ,Xi \ hZ, Y

4
i \ hZi

= hXi \ hY i \ hZi \ hX
3
, Y

4
i.
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Chapter 4

Connections with Combinatorics

Let A be a nonzero commutative ring with identity and R = A[X1, . . . , Xn].

4.1 Square free monomial ideals

Definition 4.1. A monomial Xn is square-free if ni 6 1, i.e., X
2
i

- X
n for i = 1, . . . , d, i.e.,

X
n = red(Xn).
I 6m R is square-free if it is generated by square free monomials.

Example 4.2. hX
3
Y Z,XY

4
Zi is not square-free.

Theorem 4.3. I 6 R is square-free if and only if irredundant monomial generating sequence is
square-free.

Example 4.4. 0 is square-free since 0 = h;i and ; ✓ {square-free monomials}.

Theorem 4.5. J 6m R is square-free if and only if J = m-rad(J) if and only if J = m-rad(I) for
some I 6m R. In particular, if I 6m R, then m-rad(I) is square-free.

Proof. Assume first that J is square-free. Then J has a square-free monomial generating sequence.
Let f1, . . . , fn 2 JJK be a irredundant generating sequence for J . Then by previous theorem, the
square-free monomial generating sequence contains the fi’s. So f1, . . . , fn is square-free. Hence
m-rad(J) = hred(f1), . . . , red(fn)i = hf1, . . . , fni = J .

Assume J = rad(I) for some I 6m R. Let g1, . . . , gm 2 JIK be a generating sequence for I.
Then J = m-rad(I) = hred(g1), . . . , red(gn)i. So J is square-free.

Remark. Assume A is a field. We know then m-rad(I) = rad(I). So J is square-free if and only
if J = rad(J) if and only if J = rad(I) for some I 6m R.

Theorem 4.6. Let I 6m R. Then I is square-free and m-irreducible if and only if I = hXi1 , . . . , Xiti

for some t > 1 and i1, . . . , it 2 {1, . . . , d}.

Proof. =) Assume I is square-free and m-irreducible. Since I is m-irreducible, there exists an
irredundant monomial generating sequence X

a1
i1
, . . . , X

at
it

with a1, . . . , at > 1. Since I is square-
free, by previous theorem, I = m-rad(I) = hXi1 , . . . , Xiti.

(= It is similar.

19
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Theorem 4.7. Let J =
T

n

i=1 Ji be an m-irreducible decomposition.

(a) If J1, . . . , Jn are square-free, so is J .

(b) If J is square-free and the intersection is irredundant, then J1, . . . , Jn are square-free.

Proof. (a) Since J1, . . . , Jn are square-free, Ji = m-rad(Ji) for i = 1, . . . , n. So m-rad(J) =
m-rad (

T
n

i=1 Ji) =
T

n

i=1 m-rad(Ji) =
T

n

i=1 Ji = J .

(b) Assume J is square-free. Let k 2 {1, . . . , n}. Then Jk ◆
T

n

i=1 Ji = J = m-rad(J) =T
n

i=1 m-rad(Ji). So Jk ◆ m-rad(Ji) ◆ Ji for some i 2 {1, . . . , n}. Since the decomposition is
irredundant, k = i. So Jk = m-rad(Ji) = Ji. Then Jk = m-rad(Ji) = m-rad(Jk).

Example 4.8. hX
3
Y Z,XY

4
Zi = hXi \ hY i \ hZi \ hX

3
, Y

4
i, is not square free.

Example 4.9. hXY Z, Y ZW i = hY i \ hZi \ hX,W i is square-free.

Definition 4.10. Let V = {v1, . . . , vd} and V
0
✓ V . Define

PV 0 = hXi | vi 2 V
0
i.

Example 4.11. Pv1,v3 = hX1, X3i and P; = h;i = 0.

Theorem 4.12. I �m R is square-free if and only if there are V1, . . . , Vn ✓ V such that J =T
n

i=1 PVi .

Proof. By previous theorems.

4.2 Polarization

Definition 4.13. Let Xa
2 JRK. Define the polarization of M to be the square-free monomial

PO(Xa) = X1,1 · · ·X1,a1X2,1 · · ·X2,a2 · · ·Xd,1 · · ·Xd,ad

in the polynomial ring S = A[Xi,j | 1 6 i 6 d, 1 6 j 6 ai].
Let I = (Xa1 , . . . , X

an) 6m R. Define the polarization of I by

PO(I) = (PO(Xa1), . . . ,PO(Xan)).

Example 4.14. Let (X2
1 , X1X2, X

3
2 ) ✓ A[X1, X2]. Then PO = (X1,1X1,2, X1,1X2,1, X2,1X2,2X23)

in A[X1,1, X1,2, X2,1, X2,2, X2,3].

Remark. By identifying each Xi with Xi,1, one can consider S as a polynomial extension of R.

Let A be a field.

Proposition 4.15. Let I, J 6m R.

(a) PO(I + J) = PO(I) + PO(J).

(b) Let f, g 2 JRK. Then f | g if and only if PO(f) | PO(g).

(c) PO(I \ J) = PO(I) \ PO(J).
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(d) If p is a (minimal) prime containing I, then PO(p) is a (minimal) prime containing PO(I).

(e) ht(I) = ht(PO(I)) in the corresponding ring, respectively.

Proposition 4.16 (Froberg). Let Xa1 , . . . , X
an 2 JRK. Let mj = max16i6n{ai,j} for j = 1, . . . , d.

Let N1 = PO(Xa1), · · · , Nn = PO(Xan) in S := A[Xi,k | 1 6 i 6 d, 1 6 k 6 mi] such that
Xi,mi appears in at least one of the monomials N1, . . . , Nn for i = 1, . . . , d. Then the sequence
of elements Xi,1 � Xi,k, 1 6 i 6 d, 2 6 k 6 mi forms a regular sequence in R

0 := S

(N1,...,Nn)
. Let

I = ({Xi,1 �Xi,k | 1 6 i 6 d, 2 6 k 6 mi}) 6 R
0. Then

k[X1, . . . , Xd]

(Xa1 , . . . , X
an)

=
R

(Xa1 , . . . , X
an)

=
R

0

I
=

A[Xi,k | 1 6 i 6 d, 1 6 k 6 mi]

(N1, . . . , Nn) + ({Xi,1 �Xi,k | 1 6 i 6 d, 2 6 k 6 mi})
.

Moreover, R is Cohen-Macaulay (Gorenstein) if and only if R0 is.

Example 4.17. Let H = (VH , EH) be a suspension of G with VH = {VG} [ {w1, . . . , wd}. Then

K(⌃G) := k[X1,...,Xd,Y1,...,Xd]
I(H) = k[X1,...,Xd,Y1,...,Yd]

(I(G)+hX1Y1,...,XdYdi) . So
K(⌃G)

hX1�Y1,...,Xd�Ydi
⇠=

k[X1,...,Xd]
(I(G)+hX2

1 ,...,Y
2
d i) .

4.2.1 Primary decomposition

Definition 4.18. Let I 6 R. p 2 Spec(R) is called a minimal prime ideal of I if I ✓ p and there
is no p0 2 Spec(R) such that I ✓ p0 ( p.

We denote the set of minimal prime ideals of I by Min(I).

Theorem 4.19. Let I 6m R. Then I =
T

n

i=1 X
ai for some n > 1 and a1, . . . , an ✓ Nd

0.

Theorem 4.20. Let I 6m R be square-free. Then I =
T

n

i=1 X
ai for some n > 1 and a1, . . . , an ✓

{0, 1}d.

Lemma 4.21. If I 6 R has an irredundant decomposition I =
T

m

i=1 pi as an intersection of prime
ideals, then Min(I) = {p1, . . . , pm}, where p 6m R.

Corollary 4.22. Let I ✓ S be a square-free monomial ideal. Then I =
T

p2Min(I) p, where p 6m R.

Definition 4.23. The support of M is

Supp
R
(M) = {p 2 Spec(R) | Mp 6= 0}.

Definition 4.24. p 2 Spec(R) is called a minimal prime ideal of M if Mp 6= 0 and for p ◆ p0 with
p0 2 Spec(R), one has Mp0 = 0, i.e., p 2 Supp

R
(M) and for p ◆ p0 2 Spec(R), p0 62 Supp

R
(M).

Remark. Note (R/I)p 6= 0 if and only if Ip � Rp if and only if I \Rr p = ; if and only if I ✓ p,
and (R/I)p0 = 0 if and only if I 6✓ p0, similarly.

So p 2 Supp
R
(R/I) if and only if I ✓ p 2 Spec(R) if and only if p 2 V(I). Thus, Supp

R
(R/I) =

V(I).
Also, p 2 Spec(R) is a minimal prime ideal of R/I if and only if I ✓ p and there is no

p0 2 Spec(R) such that I ✓ p0 ( p. Thus, Min(Supp
R
(R/I)) = Min(I) = Min(R/I).

Corollary 4.25. Let I 6m R. Then p 6m R for p 2 AssR(I).

Corollary 4.26. Let I 6m R and p 2 AssR(I). Then there exists h 2 JRK such that p = (I : h).
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Proof. Since R is noetherian and p 2 AssR(I), there exists f 2 R such that p = (I : f). Since
I 6m R, we have g 2 (I : f) if and only if gf 2 I if and only if gu 2 I for all u in monomials of f
if and only if g 2

T
u monomials of f (I : u). So p = (I : f) =

T
u monomial of f (I : u). Thus, p = (I : u)

for some u 2 JRK.

Proposition 4.27. Let I 6 R and S = R/I. Then there exists a polynomial ring R
0 and a square-

free monomial ideal I 0 such that S = S
0
/(↵), where S

0 = R
0
/I

0 and ↵ is a regular sequence on S
0

of forms of degree 1.

Proof. Let F = {f1, . . . , fr} be a set of monomials that minimally generate I. Assume without
loss of generality X1 occurs in at least one of the monomials in F with multiplicity greater than 1,
say f1 Then one may write f1 = X

a1
1 g1, . . . , fs = X

as
1 gs, where a1 > 2, a2, . . . , as > 1, X1 - gi for

i = 1, . . . , s and X1 - fi for i = s+ 1, . . . , r. Set

I
0 = (X0X

a1�1
1 g1, . . . , X0X

as�1
1 gs, fs+1, . . . , fr) ✓ R

0 = R[X0],

where X0 is a new variable. Claim. X0 �X1 is a nonzero divisor of S0 = R
0

I0 . Suppose not, then
X0 � X1 2 ZD(R0

/I
0) =

S
p2AssR(R0/I0) p, so X0 � X1 2 p for some p 2 AssR(R0

/I
0) = AssR(I 0)

since R
0 is noetherian. By previous corllary, we have p 6m R

0, so X0, X1 2 p. Also, by previous
corollary, p = (I 0 : h) for some h 2 JRK. So X0h,X1h 2 I

0. Also, since h 62 I
0, through the restricted

form of genertors of I, we must have X1h = X0X
ai�1
1 gih1 for some i 2 {1, . . . , s} and h1 2 R

0.
Since X0h 2 I

0, we have

X
2
0X

a1�2
1 gih1 = X0h =

⇢
X0X

aj�1
1 M for some j 2 {1, . . . , s} and M 2 R

0 or
fjM for some j 2 {s+ 1, . . . , r} and M 2 R

0 .

Since X0 is a new variable, X0 - fj . So in bothe cases, X0 | M . Then h =

(
X

aj�1
1 M or

fj
M

X0

2 I
0,

a contradiction. Thus, X0 �X1 is regular for R0
/I

0 = S
0. Since

S
0

(X0 �X1)
⇠=

R
0

(I 0 + (X0 �X1))
⇠=

R

(Xa1
1 g1, . . . , X

as
1 gs, fs+1, . . . , fr)

=
R

(f1, . . . , fr)
=

R

I
= S,

one can repeat the contruction to obtain the asserted monomial ideal I 0.

Remark. The ideal I 0 constructed above is called the polarization of I. Thus, any monomial ring
is a deformation by linear forms of a monomial ring with square-free relations.

Note that I is Cohen-Macaulay (resp. Gorenstein) if and only if I 0 is Cohen-Macaulay (resp.
Gorenstein).

Example 4.28. LetR = A[X1, X2, X3]. Then
A[X1,X2,X3]
(X1

1 ,X
2
2 ,X

2
3 )

⇠=
k[X1,X2,X3,Y1,Y2,Y3]

(X1Y1,X2Y2,X3Y3)+(X1�Y1,X2�Y2,X3�Y3)
.

X1 X2 X3

Y1 Y2 Y3
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4.3 Graphs and edge ideals

Graph means here finite simple undirected graph. We will take the more combinatorial approach
(as oppose to the geometric approach) to the study of graphs. However, these objects still model
important objects from other area, like social networks and electrical power systems.

Definition 4.29. For n > 1, let Pn be a path on n vertices, i.e.,

v1 v2 · · · vn

Definition 4.30. Let G be a graph with vertex set V = {v1, . . . , vd}. The edge ideal of G is defined
by

IG = ({XiXj | vivj is an edge in G}).

Remark. By definition, the edge IG is square-free.

4.4 Decomposition of edge ideal

Let G be a graph with vertex set V = {v1, . . . , vd}.

Definition 4.31. A vertex cover of G is a subset of V 0
✓ V such that for any vivj 2 E, either

vi 2 V
0 or vj 2 V

0.
A vertex cover V 0 is minimal if it doesn’t properly contain another vertex cover.

Fact 4.32. (a) {vertex cover of G} is closed under supersets.

(b) If |V | < 1, then every vertex cover contains a minimal one.

(c) V itself is a vertex cover for finite graph G, so there exists a minimal vertex cover.

Lemma 4.33. Let V 0
✓ V . Then I(G) ✓ PV 0 if and only if V 0 is a vertex cover of G.

Proof. Let vivj 2 E be arbitrary. Then I(G) ✓ PV 0 if and only if XiXj 2 PV 0 if and only if
Xk | XiXj for some vk 2 V

0 if and only if Xk = Xi or Xk = Xj for some vk 2 V
0 if and only if

vi = vk 2 V
0 or vj = vk 2 V

0 for some vk 2 V
0 if and only if V 0 is a vertex cover of G.

Theorem 4.34. I(G) =
T

V 0 v. cover PV 0 =
T

V 0 min. v. cover PV 0 . These are m-irreducible decom-
positions and the second decomposition is irredundant.

Proof. Since {V
0 v. cover} ◆ {V

0 min. v. cover},
T

V 0 v. cover PV 0 ✓
T

V 0 min. v. cover PV 0 . Let ↵ 2T
V 0 min. v. cover PV 0 . Let V

0 be a vertex cover for G. Then there exists V
00
✓ V

0 such that V
00 is

a minimal vertex cover. So ↵ 2 PV 00 ✓ PV 0 . Hence ↵ 2
T

V 0 v. cover PV 0 . Thus,
T

V 0 v. cover PV 0 ✓T
V 0 min. v. cover PV 0 .
By previous lemma, I(G) ✓ PV 0 for any vertex cover V 0. So I(G) ✓

T
V 0 v. cover PV 0 . Since I(G)

is square-free, by previous theorem, there are V1, . . . , Vn ✓ V such that I(G) =
T

n

i=1 PVi ✓ PVk for
k = 1, . . . , n. So Vk is a vertex cover for k = 1, . . . , n by previous lemma. Then

T
V 0 v. cover PV 0 ✓T

n

i=1 PVi = I(G).
Besides, let V

0
, V

00
✓ V be satisfying V

0
6✓ V

00
6✓ V

0. Then PV 0 6✓ PV 00 6✓ PV 0 . So the second
decomposition is irredundant.

Remark. This can be used to decompose any square-free quadratic monomial ideal.
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Definition 4.35. Specify a length l. The path ideal is Il(G) = hgenerated by the Pl’s in Gi.

Remark. I2(G) = I(G).

Definition 4.36. An l-vertex cover is a subset V 0
✓ V such that for any Pl : vi1 , . . . , vil , we have

vij 2 V
0 for some j.

Lemma 4.37. Let V 0
✓ V . Then V

0 is an l-vertex cover if and only if Il(G) ✓ PV 0 .

Let � ✓ G be a fixed graph.

Definition 4.38. Define

I�(G) = hall isomorphic copies of � ✓ Gi.

Definition 4.39. �-vertex cover : V
0
✓ V such that for any isomorphic copy T of � ✓ G, some

vertex in T is in V
0.

Lemma 4.40. Let V 0
✓ V . Then V

0 is a �-vertex cover if and only if I�(G) ✓ PV 0 .

Theorem 4.41. I�(G) =
T

V 0: �-v. cover PV 0 =
T

V 0: min. �-v. cover PV 0 . The second decomposition
is irredundant.

Example 4.42. Let I3(G) = habc, abd, abf, ade, adfi. Then hai \ hb, e, fi \ hb, di \ hc, d, fi =
habc, abd, abf, adei.

Definition 4.43. Weighted graph:

a b

d c

2

14 3

9

Define
Iw(G) = ha

2
b
2
, ac, a

4
d
4
, b

3
c
3
, c

9
d
9
i.
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