1 Probability

Theorem 1.1. Suppose all n men at a party throw their hats in the center of the room. Fach man
then randomly selects a hat. Show that the probability that none of the n men selects this own hat
18

Example 1.2. The probability of winning on a single toss of the dice is p. A starts, and if he fails,
he passes the dice to B, who then attempts to win on her toss. They continue tossing the dice back
and forth until one of them wins. What are their respective probabilities of winning?

1
P(A wins) E P(A wins on(2n + 1)* toss) E p(1— =5
—-p
n=0

Example 1.3. A and B play until one has 2 more points than the other. Assuming that each
point is independently won by A with probability p, what is the probability they will play a total
of 2n points? What is the probability that A will win? (In each trial, one point either is won by A
or by B.)

P(2n points are needed) = (2p(1 —p))" " (p* + (1 —p)?), n > L.
2

P(A wins) =p® Y~ (2p(1 —p))" "' = #(1—17)'

Example 1.4. A deck of 52 playing cards, containing all 4 aces, is randomly divided into 4 piles
of 13 cards each.

n=1

39 26 13
51 50 49

(We know 51 cards have not been put, and the second one can just be put in 39 positions.)

P(each pile includes one ace) =1 -

Example 1.5. A fair coin is continually ﬂippes. What is the probability that the pattern T, H, H, H
occurs before the pattern H, H, H, H? 167 since the only way in which the pattern H, H, H, H can
appear before patten T, H, H, H is if the first four flips all land heads.

Example 1.6. Suppose that each coupon obtained is, independent of what has been previously
obtained, equally likely to be any of n different types. Find the expected number of coupons one
need to obtain in order to have at least one of each type.

Let X; denote the number of additional coupons collected until the collector has 7 + 1 types.

Then X; ~ Geo(1 — i/n). Then E [Z” ! X} S EX) =Y s =n Y L

n!

T @F T @) (- P

PXo <o) =3 (1) FH@) (0= F@)"* fx,, =

_ n!HZ:l flag), =1 <---<ayn
fx(1)7,,_,X(”> (T1,.. ., 20) = { 0, otherwise



Example 1.7. Let X ~ Binom(n,p), then for 1 < m < n, E[X(X-1)--- (X —m+1)] =
(nfin)lpm'
Example 1.8. Consider n independent flips of a coin having probability p of landing heads. Say a
changeover occurs whenever an outcome dif and only ifers from the cone preceding it. For instance,
if the results of the flips are H H T H T H H T, then there are a total of five changeovers. If
p= %, what is the probability there are k changeovers?

Each flip after the first will, independently, result in a changeover with probability % Therefore,

n—1\ (1\""
P(k changeovers) = ( i ) <2) .

n n
number of Changeovers = Z ]l{if a change over results from the i*® flip} = Z Xi? E[XZ] = 2p(1 - p)
1=2 =1

Example 1.9. An urn contains n + m balls, of which n are red and m are black. They are

withdrawn from the urn, one at a time and without replacement. Let X be the number of red balls
removed before the first black ball is chosen. Let

X; = ]]-{if red ball ¢ is taked before any black ball is chosen} -

Then

since each of these n + 1 balls is equally likely to be the one chosen earliest.

Example 1.10. A total of r keys are to be put, one at a time, in k boxes, with each key indepen-
dently being put in box ¢ with probability p;, Zle p; = 1. Each time a key is put in a nonempty
box, we say that a colllision occurs. Find the expected number of collisions.

Let N; denote the number of keys in box 4, Vi € [k]. Then, with X equal to the number of collisions

k

K
X = (Ni =1t =) (Ni = 1+ Tyy,—oy)-

i=1 i=1

Example 1.11. Let a; < as < -+ < a, denote a set of n numbers, and consider any permutation
of these numbers. We say there is an inversion of a; and a; in the permutation if 7 < j and a;
precedes a;. Consider now a random permutation of aq,...,a,—in the sense that each of the n!
permutations is equally likely to be chosen—and let N denote the number of inversions in this
permutation. Also, let N; = {number of k : k < i,a; precedes ay, in the permutation},Vi € [n].
Then N = Z;;l N;. Show Ny, ..., N, are independent random variables.

Knowing the values of Ny,...,N; is equivalent to knowing the relative ordering of the elements
ai,...,a;. The independence result follows for clearly the number of a1,...,a; that follow a;4;
does not probabilistically depend on the relative ordering of a,...,a;.
Also,

1

P(N;=k)==,Vk=0,...,i—1,

i
which follows since of the elements aq,...,a; 41, the elements a;,1 is equally likely to be the first
or second or -+ or (i+ 1),



2 Conditional probability
Definition 2.1. The conditional variance of X given that Y = y is defined by
Var(X|Y =y) = E | (X — E[X|Y = y])Q‘ Y = y] Var(X|Y) = E [(X - E[X|Y])2‘ Y} :

Var(X|Y = y) = E[X*Y =y - (E[X]Y = y])*, Var(X|Y) = E[X*[Y] - (B[X|Y])*.

Example 2.2. At a party n men take off their hats. The hats are then mixed up and each man
randomly selects one. We say that a match occurs if a man selects his own hat. What is the
probability of no mathes? What is the probability of exactly k matches?

—1
P, = P(E) = P(E|M)P(M) + P(E|M®)P(M°) = P(E|M®)>—.

1 111 (—1)"
P(E|M®) = Py 1+ ——Pp g, Pyo= = — — 4~ —... .

We consider any fixed group of £ men. The probability that they, and only they, select their own

hat is £ L. mPn_k = ("%Ik)lpn_k. There are (}) choices of a set of k men, the desired
-  Pag _ Boder G
probability of exactly k matches is ~7* = A , which for n large, ~ %

Example 2.3 (The Ballot Problem). In an election, candidate A receives n votes, and candidate
B receives m votes where n > m. Assuming that all orderings are equally likely, show that the
probability that A is always ahead in the count of votes is e

Let P, ,, denote the desired probability. Then

P, ., = P(A always ahead|A receives last vote) 4 P(A always ahead|B receives last vote) m
n+m n

+m
n m
P, + —
n—1m n+m

Consider successive flips of a coin that always land on “heads” with probability p,

an—l
n+m e

2
P(first time equal 2n) = P(first time equal 2n|n heads in first 2n)( n) p" (1 —p)".
n

_ ( n__ n-l ) P <2:>p"(1 )= w

n—14+n n—14n 2n—1

Example 2.4. If X is a discrete r.v. and Y is a continuous r.v., we have

P(X =ilY =y)fy(y)
P(X =1i) '

fY|X:i(y) =

Example 2.5. An individual whose level of exposure to a certain pathogen is x will contract the
disease caused by this pathogen with robability P(x). If the exposure level of a randomly chosen
member of the population has pdf f, determine the conditional probability density of the exposure
level of that member given that he or she (1) has the disease; (2) does not have the disease.

_ _ P(diseaselz)f(z) _  P(z)f(x) (1 - P(z)) f(z)
[ P(disease|z) f(x)dz [ P(x)f(x)dz J (1 —=P(z)) f(z)dx

f(z|disease) , f(z|no disease) =



Example 2.6. A coin having probability p of coming up heads is successively flipped until two of
the the most recent three flips are heads. Let N denote the number of flips. (Note that if the first
two flips are heads, then N = 2.) Find E[N].

Let X denote the first time a head appears. Then

E[N|X] = E[N|X,h, h]p* + E[N|X, h,t]pg + E[N|X, t,h]pg + E[N|X,t,]¢°
= (X +1)p* + (X + 1)pg + (X + 2)pg + ((X +2) + E[N]) ¢°.
Example 2.7. You have two opponents with whom you alternate play. Whenever you play A you
win with probability pa; whenever you play B, you win with probability pg, where pg > pa. If
your objective is to minimize the expected number of games you need to play to win two in a row

(two consective success), should you start with A or B?
Let N4 and N denote the number of games needed given that you start with A and B.

E[Na] = E[Na|wlpa + E[Na|l](1 - pa),

E[Na|w] = E[Na|lww]pp + E[Na|wl|(1 —pp) =2+ (1 — pp)E[Na], E[Nal|l] =1+ E[Ng].

Example 2.8. Each element in a sequence of binary data is either 1 with probability p or 0 with
probability 1 —p. A maximal subsequence of consecutive values having identical outcomes is called
a run. For instance, if the outcome sequence is 1,1,0,1,1, 1,0, the first run is of length 2, the second
is of length 1, and the third is of length 3.

E[L1] = E[L1[]1]p + E[L1|0](1 — p) = ﬁzﬂ %(1 —p), E[Ls] = P% +0 ’p)ﬁ =2

Example 2.9. Let X7, Xs, -+ be independent continuous random variables with a common dis-
tribution function F' and density f = F’, and for k > 1 let

Ny =min{n > k: X, = kM largest of X1, .. LX)

(a) Show that P(N, =n) = n(kn:ll)m > k.
Let A; denote the event that X; is the k' largest of X1,..., X;,Vk <i < n. Then Ay, ..., A, are

independent events with P(A4;) = %,Vk: <i < n.
k—=1 k  n-21_ k-1

P(Vi= ) = PUATAL 1+ 45 1 40) = (1= P(AW) - P(A,) = i g =

(b) Argue that

i+k—-2
1

- k—1 = i
e (o) = 1) (F)* S (T2 ()
i=0
Proof. Since knowledge of the set of values {X1,..., X, } gives us no information about the order
of these random variables it follows that given Ny = n, the conditional distribution of Xy, is the
same as the distribution of k*" largest of n random variables having distribution F (!!).

oo

P ) = ¥ s e (F@) ™ (o)

k—1

f(@).

n==k

Then make the change of variable i = n — k.



3 Discrete time markov chains
Definition 3.1. State j is called recurrent if f; = P;(n; < co) = 1. Positive if E[n;| X, = j] < oo.

Corollary 3.2. Let N; = ZZO:O 1;x,=i}- The state i is recurrent if
> P = E[N;| X = i] = oc.
n=0

Proof. P(N; =1|Xog =1i) = P(n; = 00| Xo = i) = 1 — f;0. by the strong Markov property,
P(N; =2[Xo =1) = P(n; < 00|Xo = i)P(n; = oo|Xo = 1) = fi(1 - fi).
P(N; =k|Xo=1)=fF'(1 - f),Yk€ZT, P(N;,>k|Xo=1i)=fF"tvVkezt.
E[Ni|Xo=i] =Y P(N; > k|Xg=i)=Y fF7'=>"fk O
k=1 k=1 k=0
Definition 3.3.
fr(i, j) = P(nj = k|Xo = ).

f(i,§) = P(X,, = j for some n > 0|Xo = i) = P(m < 0o|Xo = 1) = > fuli, ).
k=1

m; = En;|Xo = j1 =Y _ kfr(4,9),
k=1

Theorem 3.4. If the MC is irreducible and recurrent, then for any initial state m; = %
J

Proposition 3.5. Suppose f: E — [0,00) is a nonnegative function. Moreover, suppose our MC
is irreducible and positive recurrent, then for any initial state

N
lim %Zf(Xn) =3 f()mj, w.p.l.

N—o0
n=0 jeE

Proposition 3.6. Suppose {X,} is irreducible and recurrent. Then for each state i € E, all

invariant measures of {X,,} are scalar multilples of (Y. Moreover, if 3 ek AL

;= Eilni] < oo, ie,
1 is positive recurrent, a unique stationary distribution 7 exists, and

i n;—1
e Bi |3 020 Lix.=i
ﬂ-] = J =

ZjeE VJ('Z) Eilni

Theorem 3.7. (a) If j is transient or recurrent null, then for any i € E, lim,_, o P =0.

(b) If j is positive recurrent and aperiodic, then m; = lim,_, o0 P >0, lim, oo Pl = figmj.



E={0,....mym+1,...,M},

where the states T = {0,...,m} are all transient states, and the states R = {m+1,..., M} are all
recurrent states. The transition matrix P for this DTMC is then of the form

=(Q,U;0,9).

=Y P(Xa=5)=> P=>Q=[I-@7"],,, n=min{n>1:X,¢cR}.
n=0 n=0 n=0

Xy =34)=>_ Pi(X,=jlX1 =k) P+ Y _ Pi(X,=3j|X1 = k)P = Y QuPu(X, = j) +usj,
keT kER keT

or equivalently, if we let H = [P(X,, = j)], et jer De a matrix containing all such probabilities, we
see instead that
H=QH+U H=(I-Q)"

o =P(Xog=1i),VieT, Zai =1

i€T
Plp>n)=Y P(Xp=j)=> Y PXo=jlXo=i)ai=> a;» P} =0aQ" ly1,YneZ".
jeT JET €T €T jeET
Remark.
X,, n<N
Wi = { A n>N

Qij=Pij, i¢AjEA Qia=> Pij i¢A Qaa=1
jeEA
Because the original MC will have entered a state in A by time m if and only if the state at
time m of the new MC is A, we see that

P(X) € Aforsome k=1,...,m|Xg =1i) = P(W,, = A|Xo = i) = P(W,,, = AWy = i) = Q4.

In a sequence of independent flips of a fair coin, let N denote the number of flips until there is
a run of three consecutive heads. Find

(a) P(N <8).

Define a MC with states 0, 1,2,3 where for ¢ ( 0 < 7 < 3) means that we currently are on a run
of i consecutive heads, and where state 3 means that a run of three consecutive heads has already
occurred. (!!! 3 is an absorbing state). Because there would be a run of three consecutive heads
within the first eight flips if and only if Xg = 3, the desired probability is Q8,3.

Remark.
T=min{n>0:X, € {0,N}}, P,:=P(Xr=N|Xy=1).

1-(q/p)’
P, = 1_(;/5)Na p#1/2
i/N, p=1/2



4 Poisson processes

P(Xo>t|X;=8)=P(N(s,5+t =0 X1 =5)=P(N(s,5s+t] =0) =e . Vs> 0.
Tnwy =sup{Ty : T, <t}, Tnpyg1 = inf{T, : T, > t}.

Example 4.1 (The coupon collecting problem). There are m different types of coupons. Each
time a person collects a coupon it is, independently of ones previously obtained, a type j coupon
with probability p;, Z;"Zl pj = 1. Let N denote the number of coupons one needs to collect in
order to have a complete collection of at least one of each type. Find E[N].

Thinking of each L, as the type of coupon collected during the n*® trival,vn € Z+.

N;=min{n >1:L, =j},Vj€[m], N= max N;.
1<j<m

Introduce a Poisson process {N(t);t > 0} with rate A = 1, and assign to each point T, of
{N(t);t > 0} the label L,,, the n*® coupon collected variable from our iid sequence of interest.

Ne(t) =Y Imu<tn,=ky, ¥t >0, T = max T
ne1 IIxM

Then {Ny(t);t > 0},...,{Nn(t);t > 0} are indep PP. {T}},cpt,. .., {T"}hcz+ are indep.

T ~exp(1/p;) = P(T < t) = P( max TV < t) =P(T{ <tVjem)=][(1—-e"").

1<G<m i
[ o) m
E[T] = / P(T > t)dt = / 1- H (1—e P | dt.
0 0 j=1
N
T'=) T, and T, I N = E[T| = E[N]E[T}] = E[N].
i=1
Example 4.2.
n+m—1 k n+m—1—k
+m-—-1 A1 Ao
P(T! <T2) = " ) ( ) ( ) .
(n m) I;z ( k A1+ A A1+ A
Theorem 4.3. Let Ay,..., A, be disjoint intervals with union B, let ay,...,ay, be their respective

lengths, and setb=a1 + - -+ a,. Then forki+---+k, =k, k1,...,kn € N,

k! ap\k an\ kn
P(Na, =ki,....,Na =k, | N :kzi(f) (l) .
(Nay =k An No =0 = b
Theorem 4.4. Given that N(t) = n, the n arrival times T, ..., T, have the same distribution as

the order statistic corresponding to n independent random variables uniformly distributed on the
interval (0,t), i.e.,

b = 20<t < e <ty
0, otherwise



Example 4.5. Let X,Y7,...,Y, be independent exponential random variables; X having rate A,
and Y; having rate u. Let A; be the event that the 5 smallest of these n 4 1 random variables is
one of the Y;. Find p = P(X > max; Y;) by using the identity

p=P(Ay- Ay) = P(A1)P(A3|A1) - P(An| Ay -+ An_1).

__(n=j+Dpu
A+ (n—7d+1pu

P(A;) o P(Aj[Ar -+ Aj1)

= ) Vi< j<n.
A+ nu SIS

Theorem 4.6. If X;,...,X,, are independent exponential,, then min; X; indep the order of X;’s.

1 1 1
+ = H1 4+ = 2 _
M1+ p2 o 2 1+ p2 phr p1 2

E[Xg]=E[Xy]+E[Xqg—-Xu] =

Example 4.7. Customers arrive at a two-server service station according to a Poisson process with
rate \. Whenever a new customer arrives, any customer that is in the system immediately departs.
A new arrival enters service first with server 1 and then with server 2. If the service times at the
servers are independent exponentials with respective rates u; and po, what proportion of entering
customers completes their service with server 27

Let S; denote the service time at server 4,7 = 1,2 and let X denote the time until the next arrival.
Then, with p denoting the proportion of customers that are served by both servers, we have

H1 M2
=P(X >85+85)=P(X>85)P(X>5+5X>5)= .
D ( 1+ S2) ( 1)P( 1+ S| 1) PR Y

Example 4.8. Consider an n-server parallel queuing system where customers arrive according to
a Poisson process with rate A, where the service times are exponential random variables with rate
1, and where any arrival finding all servers busy immediately departs without receiving any service.
If an arrival finds all servers busy, find

(a) the expected number of busy servers found by the next arrival, N|T =t ~ Binom (n, e‘“T).

BINT = / E[N|T = t]Ae”Mdt = / ne M e Mdt = %
0 o .

(b) the probability that the next arrival finds all servers free, P(N =0) = H?:l %

(c) the probability that the next arrival finds exactly ¢ of the servers free. Conditioning on T

A : (n—j+1u

P(N=n—i)= .
(W =n—i) A= ip gt X =+

Example 4.9. Consider a single server queuing system where customers arrive according to a
Poisson process with rate A, service times are exponential with rate u, and customers are served in
the order of their arrival. Suppose that a customer arrives and finds n — 1 others in the system. Let
X denote the number in the system at the moment that customer departs. Find the probability
mass function of X. P(X =m) = ("+m71)pn(1 —p)™. with p = ﬁ

n—1



Example 4.10. A cable car starts off with n riders. The times between successive stops of the car
are independent exponential random variables with rate A\. At each stop one rider gets off. This
takes no time, and no additional riders get on. After a rider gets off the car, he or she walks home.
Independently of all else, the walk takes an exponential time with rate p. Then distribution of the
time S,, at which the last rider departs the car is Gamma(n, \).

Suppose the last rider departs the car at time t. What is the probability that all the other riders
are home at that time?

Use the result that given S,, = t, the set of times at which the first n — 1 riders departed are
independent uniform(0,¢) random variables. Therefore, each of these riders will not be walking at
time ¢ with probability

t 1— —put
p:/ (1—67M(t78)) ds/t = 767 so p™.
0 pt

5 Renewal processes

To(w)=inf{t >0: N(t,w) >n}, N(t,w)=sup{n>1:T,(w) <t}
TN(t) = sup{Tn 2T, < t}, TN(t)Jrl = 1nf{Tn 2T, > t}, TN(t) <t < TN(t)Jrl
(a) h(t),t > 0is bounded on fintie intervals and F' is a cdf satisfying F'(0) = 1 and lim;_,o, F'(t) = 1.

I h(s)ds

(b) See if F' is nonarithmetic and h is dRI on [0, 00). Then lim; o, H(t) = SETIaek
0

Proposition 5.1. A necessary condition for h(t),¢ > 0 being directly Riemann integrable is h is
bounded and continuous a.e. w.r..t lebesgue measure. Some sufficient conditions are

(a) h is nonnegative and nonincreasing and Riemann integrable on [0, co).

(b) h is continuous a.e. on [0, 00), and there exists a positive function b(t),t > 0 such that |h(t)| <
b(t),Vt > 0 with b being directly Riemann integrable.

Definition 5.2. A stochastic process {X (¢),¢ > 0} is a regenerative process w.r.t. the sequence of
random times {7, },ez+ if the random blocks {(7,41 — Tn, {X(£); T <t < Tpy1})}, e are iid.

Example 5.3. Suppose {N(t)} is a renewal process with increments {X,,} that have cdf F satis-
fying F(0) = 0 and lim;—,o F'(t) = 1. Show that its renewal function u satisfies u(t) = E[N(t)] + 1.

u(t + a) — u(t) = E[N(t + a) — /E (t+a) = NOY () = 5] dCi(y)

/E (t+a) — N@)|Y(t) = y] dGi(y /E1+N(a— y)] dG(y)

:/0( D)dGi(y) < u /Gt\).

Example 5.4. If A(t) and B(t) are, respectively, the age and the excess at time ¢ of a renewal
process having an interarrival distribution F, calculate

P (B(t) > z|A(t) = s) = P (0 renewals in (¢,t + z]|A(t) = s) = P (interarrival > = + s|A(t) = s)
1—F(x+s)

= P (interarrival > x + s|interarrival > s) = 1= F(s)
— F(s



6 Continuous time Markov chains

Theorem 6.1. A jump process {X(t);t > 0} on E with embedded process {X,}n>0 and sojourn
times (holding time) {T,,}n>1 is a CTMC if and only if the following are satisfied:

(a) {Xn}n>0 is a DTMC on E with transition matriz P = (P;;) where P;; = 0,Vi € E.

i jEE’
(b) Form € Z* and t1,... ,t, >0, we have
P(Ty <ty,...,Toy St Xp,n €N) = [ P(To < tn] Xpoa) = [ (1 = 770",
n=1 n=1

which says that the sojourn times {T, } nez+ are conditionally independent, given the entire { X, }nen
and such a sojourn time in state i is exponentilly distributed with rate v;.

Example 6.2 (M/M/s).

o A
P(Xpi1 =i+ 1,Thy1 > t|X, =i, (X;,T)),j < n) = e minladntAt = vzt
( +1 1+ ) +1> | Za( VR j)7j n) € /\—|—min(i,s),u’ 1€ )
P(Xpor =i~ 1T > 11X = i, (X;.Ty),j < m) = e~ im0 gy gy

A+ min(Z, s)p
Lemma 6.3.

P (t S
% =qi,Vi# J.

lim ———= =yp;, lim
t—0
Palt) = P(X(6) = 11X(0) = 1), 1~ Pult) = P(X(t) £ i|X(0) = ).
Let {N;(t),t > 0} be a Poisson process with rate v;. Then
P(X(t)#£iX(0)=1i)=P(N;(t) >1) =t +o(t), ast — 0.

lim 1_73(” = ;.
t—0 t

Pij(t) = P(X(t) = j|X(0) =4) = P(X(t) = j,Th < t|X(0) =4) + P(X(t) =4, Th > t|X(0) =1)
— Z P(X(t)=j,Ty <t,X(T1) = k|X(0) = i) + Lymjpe ™"

ki
= Z P(X(t) =j,Tn <tX(Th) =k, X(0) = i) Pig + Lg—jye™""
ki
t
= Z/ P(X(t) = jITy = 5, X(T1) = k, X(0) = i) ve™"*ds Py + Lmjye"!
ki V0

t
= Z/ P (X(t) = j|X(S) = k) Vl-ef’”sdspik + ]].{izj}eiyit
ki 70

t t
= Z/ ij(t — s)yie_”"'sdsPik + ]l{i:j}e_l/"'t = / Zij(t — S)Vie_uisdspik + ]l{i:j}e_u’t.
ki v 0 0 ki

10



. ij(t) (t—
VAN _ Vi . s) P,
thrr(l) p t 0 t ; kg Pk] t 3 Pkds hm ; kg Pk](s) Pjrds = kg kj

Corollary 6.4.

) P, (t) — P (0) ) Pii(t) _ Pii(O) ] )
/ _ 2] ] _ — .
H;(O)—ltlfgf—w Pij,Yi# j, Pji(0 )—ltligf——vuw#y,

Qii Qi
Vi ZViPij = Z%‘ja Py = # = %
J# J#i i g4 dij
Example 6.5. The backward equations for the birth and death process become
Pi(0) = DoPus(t) = MPos(), P(8) = MiPoys (1) + pProag(6) — O+ o) Py(8),¥i > .

Pi;(t+s) — Pi; (1) > wer Pik(®)Prj(8) = > e Pin(t) Pr; (0)

P! (¢ lim =1
i5(t) = lim s o ;
P P,
=" Pult 11m ’”()—’” = > Pu(t)P[;(0) = > Pir(t)qr;, ¥finite E.
kelE kekE keE

Example 6.6. The forward equations for the birth and death process become

Pio(t) = mPir(t) — MoPio(t),  Pj(t) = Nj—1Pij—1(t) + w1 Pijra(t) — (A + ) Pij(t).

oo k
Q" = SA"S™!, P(t) = ZQ’“% — L £20, & =inf{t>0: X (1) £ X(t) = i},Vi € B,
k=0 ’
& 1 ni—1
Ei / Lixw J}] Ei| > 1ix,= J}] Vi,j € E.
0 n=0

Theorem 6.7. Suppose X is irreducible, and let w be a positive measure on E. Then the following

statements are equivalent.

(a) {X(t);t > 0} is ergodic, i.e., irreducible, and positive recurrent, with stationary distribution .

(b) m satisfies the balance equation 7Q =0, >, pm = 1.

B[ 57 Lx =it
Ei[&i]
Theorem 6.8. Suppose X is ergodic, with stationary distribution w. Then for each i,j € E,

1 .
lim n P;i(s)ds = m;, tlggo P;j(t) = m;.

t—o00 0

(c¢) For a fizred i € E, E;[§] < oo and m; =

\Vj€E.

Example 6.9. The birth and death process with parameters A\, = 0 and p,, = pu,n > 0 is called a

pure death process. Find P;;(t).

Since the death rate is constant, it follows that as long as the system is nonempty, the number of

deaths in any interval of length ¢ will be a Poisson random variable with mean ut. Hence,

Pij(t) = e ut) =)L 0< G i, Palt) = Y e ()" /k?

11

Py, = I/LPU,VZ 7é



7 Brownian Motion

Theorem 7.1. More generally, for a sequence 0 < t1 < -+ < iy,

IBt1),Btn) (21, -+ s 20) = [B) (21) [B(ta—t1) (22 — 21) = [B(tp—tn_1) (Zn — Zn—1), 21,...,20 €R.
B()|B(1) =0~ N(0,¢ — 1),¥¢ > 1.
1 e_Li 1 e_ z(fit)
f () = IB#),B1)(2,0) _ ) (2) fB1-4)(0— 2) _ Vart V2r(1-t) 1
BOIBML=0 IB(1)(0) IB(1)(0) ﬁ 2mt(1 —t)

B)|B(1) ~ N(0,t(1—1)) YO <t <1= P(B(t)>a|rs <t) = 1/2.

P(B(t) > a|lr, <t) = P(B(t) — B(1,) + B(1a) > a|t, <t) = P(B(t) —
=P(B({t—174) > 0|1 <t) =P (Bt —714) >0)=1/2
P(B(t)>a)=P(B(t) >a,7, < )+P(B( ) > a, Ta>t)
— P (5

P(M(t) < z) = P(ry > t).

e 2dr =2
V27t /;z V2T

B(14) > 0|1, < 1)

P(B(t) > a,7, < 1)

Let A denote the event that the standard BM B(t) has at least one zero in the time interval (¢, t1).

to<s<ti to<s<ti

P(A|B(ty) =z)=P < min  B(s) < 0|B(ty) = x) =P ( max B(s) > 0|B(ty) =

—p ( max B(s) > z|B(to) = o) =P ( max

to<s<ty

= (M(tl—tg)zx):P(ngtl—to),Vx>0.

P = /Oo (AlB(to) = ) fpe)(7) = 2/000 P(ry <t1 — to)\/QlﬂToe_%d:v

0<s<t;—to

_x>

B(s) > z|B(0) = O)

22

t1—to N 22 t1—to [e'e] .
27ty /o Jo 0

tl to 7;1 1 2 t1 — to
= u 2fﬁdu:farctan —_— .
7T\/t0 0 25—‘,—% T to

Theorem 7.2 (Optimal sampling theorem). Let {X(t);t > 0} be a martingale w.r.t. {Y (t);t > 0}

and let T be a stopping time w.r.t. {Y (¢t);t > 0}.

P(r <oo) =1, lim sup E[|X (¢t A7)[Lyxanizes] = 0. B [X(7)]
a oo ti

P (B(Tap) =a) = %, Elrap) = |alb

12

E[X(0)].

22
e 2t(1-1)
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